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CHAPTER -1
NETWORK ELEMENTS

INTRODUCTION:

An electric circuit is an interconnection of electrical elements such as
resistors, capacitors, inductors, voltage source etc. In electrical engineering, transfer of
energy takes place from one point to another, which requires interconnection of
electrical devices. Such interconnection is known as electric circuit and each component
of the circuit is known as an element.

EXAMPLE # Consider an electrical circuit as shown in

the figure. This electric circuit consists of four elements

a battery, a lamp, switch & connecting wires. Circuitand ——— \
@

network theorem is the study of the behaviour of the == et
circuit: Its behaviour tells us how does it respond to a _
given input how do the interconnected elements and oy

devices in the circuit interact? —®7

ELECTRIC CURRENT:

Electric current may be defined as the time rate of net motion of an
electric charge across a cross sectional boundary as shown in the figure given below. A
random motion of electrons in a metal does not constitute a current unless there is a net
transfer of charge with time i.e. electric current.

i = Rate of transfer of electric charge
= Quantity of electric charge transferred during a given time
duration/ Time duration

-
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Coulomb is the practical as well as SI unit for measurement of electric
charge. Since current is the rate of flow of electric charge through conductor and
coulomb is the unit of electric charge, the current may be specified in coulombs per
second. In practice the ampere is used as the unit of current. Coulomb is the practical as
well as SI unit for measurement of electric charge. Since current is the rate of flow of
electric charge through conductor and coulomb is the unit of electric charge, the current
may be specified in coulombs per second. In practice the ampere is used as the unit of
current.



VOLTAGE:

The voltage is the potential difference between two points of a
conductor carrying a current of one ampere when the power dissipated between these
two points is equal to one watt. The practical unit of voltage is volt.

POWER:
Power is defined as the rate of doing work or rate at which it can perform
work. So Power = work done/ Time in seconds
dw dw dq
P =—=——=VIi
dt dq dt

Absolute unit of power is watt. One watt is that power which is required to perform one
joule of work in one second. The practical unit of power is horse power (HP). This value
in metric system is 75kg meters per second and in British system is 550 Foot
Pounds/second. Therefore

1 HP (Metric) =75 Kg meters per second= 735.5 watt

1 HP (British) =550 Foot Pound/ second = 746 watt

ENERGY:

Energy of a body is its capacity of doing work.

E= [ Pdt

The unit of energy in MKS system is joule and in SI system is KWH. A
system can have this energy in various forms, such as electrical, mechanical, heat,
chemical, atomic energy etc. Energy of one form can be transformed to other form, but
cannot be created nor be destroyed. If one form of energy disappeared, it reappears in
another form. This principle is known as law of conservation of energy.

CIRCUIT ELEMENTS/PARAMETERS:

1. RESISTANCE:

Resistance restricts the flow of electric current through the material. Unit
of Resistance(R) is Ohm. From Ohm’s law

R=V/I
When an electric current flows through any conductor, heat is generated due to collision
of free electrons with atoms. If I amp is the strength of current for potential difference V
volts across a conductor, the power observed by resistor is :

P=VI= (IR).I=/?R watts
Energy lost in the resistor in form of heat is then

t t o 2 V2
E=[, p.dt=[; I’R dt=I’Rt=—xt

2. INDUCTANCE:
It opposes any change of magnitude or direction of electric current
passing through the conductor. Unit is Henry (H).When a current will flow through the
coils/Inductor an electromagnetic field is created. However in the event of any change
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of flow on direction of current, the electromagnetic field also changes. This change of
field induces a voltage (V) across the coil & is given by

v=L> e (1)
Where 1’ is current through the inductor.

Voltage across an inductor is zero when current is constant.
Hence an inductor acts like short circuit to dc.

Power absorbed by inductor

P=VxisLiZwatts. e 2)
Energy absorbed.
t 1..
E=[ p.dt =~z e (3)

From equation (2) & (3): The inductor can store finite amount of energy,
even the voltage across it may be nil. A pure inductor does not dissipate energy but can
only store it.

3. CAPACITANCE:

It is the property of capacitor, which have the capability to store electric
charge in its electric field established by the two polarities of charges on the two
electrodes of a capacitor.

The amount of charge store by capacitor is

q=cv
. dq . dv
I=—=>i=c —

dt dt

Therefore if voltage across capacitor is constant, current through it is
zero. Hence capacitor acts like a open circuit to dc.

Power absorbed P=V.l= VCZ—:
Energy stored E:fot p.dt = % CV2

A capacitor can store finite amount of energy. Even if the current through it is zero. It
never dissipates energy.

TYPES OF ELEMENTS:
ACTIVE AND PASSIVE ELEMENT:
An active element has capability to generating energy while passive
elements have not.
Ex: Active Element: Generators, Batteries, And Amplifiers.
Passive Element: Resistor, Inductor, capacitor.

BILATERAL AND UNILATERAL ELEMENT:

If the magnitude of current passing through the element is affected due to
change in the polarity of the applied voltage, the element is called unilateral element.
And if the current magnitude remains same, it is called as bilateral element.

Ex: Unilateral Element: - Diodes, Transistors.
Bilateral Element: - Resistor, Inductor, Capacitor




LINEAR AND NON-LINEAR ELEMENTS:

A linear element shows linear characteristics of voltage Vs current.
Resistors, Inductor, Capacitor are linear elements and their property does not change in
applied voltage on circuit current.

For non-linear elements the current passing through it does not change
linearly with the time as change in applied voltage at a particular frequency.

Ex: Semiconductor devices.
ENERGY SOURCES:

Independent Energy sources: The voltage & current sources whose values or
strength of voltage and current does not change by any variation in the connected
network are called independent sources.

= -l—_ Vs B vil) 2 Is 5 I(1)
B B £ 8
g g g g
. . Series Connection:

Series connected independent Voltages Add, Capacity is Constant
sources: Consider the series connection of two oY :'"_A.L
voltage sources as shown in the figure. By KVL  + —— +
the total voltage between the terminals is equal 12V 20 Ah —
to algebraic sum of individual sources ie. the Sa JV
voltage sources connected in series may be ) 20 AN 24V
replaced by a single voltage source whose | A — Wire +
voltage is equal to the algebraic sum of the 12v 20 Ah 1
individual sources. et — B

‘\Wire

Dependent Energy sources: When the strength of voltage and current changes
in the sources for any change in the connected network, they are called dependent
sources. There four different types of dependent sources

a) Voltage controlled voltage source (VCVS)
b) Voltage controlled current source (VCCS)
c) Current controlled voltage source (CCVS)
d) Current controlled current source (CCCS)

| Al |
T . :_' (: - | SRR
J 5 J &5 Al
CCes CCVS
AV
g 0 —, , = &
& AN v i !\_
VWS VCCS



SOURCE TRANSFORMATION:
The voltage and current sources are mutually transferable as shown in
the figure below.

! R, R

KIRCHHOFF’S LAW:

These laws are more comprehensive than Ohm'’s law and are used for
solving electrical networks which may not be readily solved by latter. Kirchhoff’s law is
of two types, Kirchhoff’s current law and Kirchhoff’s voltage law. Kirchhoff’s current law
is used when voltage is chosen as variable while Kirchhoff’ voltage law is used when
current is chosen as variable.

KCL: According to Kirchhoff’s current law the algebraic sum of currents at any
node of a circuit is zero. From the figure given below:

-l1-Ip+13-14+15=0
=>[1+I2+ [4=I3+Is
Hence:

Algebraic sum of currents entering a node =
Algebraic sum of current leaving a node.

Examplel: Find the magnitude and direction of the unknown current as shown
in figure given I1= 10 A, I>= 64, 5= 4A

Solution: Assume direction of current in the ;b
network

(i) 1=17=10A
(i) li=a+[4=>14= [1-1;=10-6=4 A
(iii) Atnode b: I;-13-1s=0
=>6-[3-4=0=>13=2A
(iv) Atnode d: I4+13-16-0
=>4+ 2 -16=0
=>Ig=6A




Assume direction of all current are correct because of their positive
magnitude. Assume directions of unknown current are arbitrary and any direction can

be taken.

Example2: Find v and the

magnitude and direction of the unknown T Y z
currents in the branch xn, yn and zn as L 4 }
x J 0
shown in figure. 10A +
@ s v T
n
Solution:
Atnodey: 10 + Ix+Iz=1y + 2
Ix-1Iy+1z=-8
U [since Ix=K,Iy=— K,Iz=z]
5 2 4 5 5 5
V = —8.42 volt
Negative magnitude shows that n to be positive.
Therefore Ix = —% =-1.684 A (i.e. from flowing current n to x)
Iy =- (_82—'42)= 4.21 A (ie Current flowing from n to y)
Iz = _8;2: -2.1 A (ie current flowing from n to z)
The circuit can be redrawn as given below
b N P -n
& A S ,597£‘i é %1"2.
B e 0 i 2
a® 2. 95m On g
T M 4
sanee=—y Ty
Example3: Find i1 and i2 as shown in figure
Solution: The circuit is redrawn in figure L iy
Accordingto KCL:  i1+i2=5+4i2  ----mmmmmm- (D g 1o
i1-3i2=5  eeeeeeeee- (2) e,
V.Y
Here11—1,12—5 )
Therefore equation 2:V-3C= , i n
t
=>V =12.5 volt - ¢ 3
Therefore i1 =12.5Aandiz=25A GeL # 5
T 7




KIRCHHOFFS VOLTAGE LAW:

This law can be stated as
“The algebraic sum of voltage in any
closed path of a network that is traversed in single
direction is zero.”
Explanation: According to KVL
Vi-IR1-V2-1IR2-1IR3=0

IRi+IR2+IR3=V1-V;
_ V1-v2

T R1+R2+R3

CURRENT DIVISION RULE:

Two resistors are joined in parallel
across a voltage V. The current in each branch, as given
in ohm’s law is

[1=V/Riand [,=V/ R>

Therefore 11/l =Rz2/ Ri1=G1/ G

Hence the division of current in the
branch of parallel circuit is directly proportional to the
conductance of the branches or inversely proportional to their resistances. We may also
express the branch currents in terms of the total circuit current thus:

Now L+]x=1
=> Iz =] - 11
11 R2
Therefore TaTmof [1Ri=Rx(I-11)
Therefore I1-1 Rz and I, =I R
R1+R2 R1+R2

Thus current division rule is stated as
“The current in any of the parallel branches is equal to the ratio of
the opposite branch resistance to the total resistance, multiplied by the total current.”

Example4: A resistance of 10 ohm is connected in series 4 A8
with two resistances each of 15 ohm arranged in parallel.

What resistance must be shunted across this parallel — —www A
combination so that the total current taken shall be 1.5 A I l
with 20 volt applied? R
Solution: The circuit connected in figure L5A

Drop across 10 ohm resister = 1.5 * 10=15V

Drop across parallel combination, Vag= 20-15=5V 20V

Hence voltage across each parallel resistance is 5V.
h=5/15=1/3A
I=5/15=1/3 A
I=1.5-(1/3+1/3)=5/6 A

Therefore  IR=5 or (5/6)R=50r R=6 ohm



Example5: Calculate the value of different current for by 5

the cireui N M
e circuit shown in given figure. b 25
A
Solution: Total currentI =11+ I + I3 . b &
Let the equivalent resistance be R. a‘
Then V=IR ' "

Also V=011 R
Therefore IR=I1Ry

Or T 02 3 — (1)
Now (1/R) = (1/R1) + (1/R2) + (1/R3)
R1R2R3

" R1R2 + R2 R3+ R3R1

R2R3

From equation 1:  [1=
R1R2+ R2R3+R3R1

. R1 R3
Similarly 2= S mrmmrmr
R1R2
I3=
R1R2 + R2 R3+ R3 R1
VOLTAGE DIVISION RULE:

A voltage divider circuit is a series network which is used to feed other
networks with a number of different voltages and is derived from a single input voltage
source. Figure shows a simple voltage divider circuit which provide two output voltages
V1 and V2. Since no load is connected across the output terminals, it is called an
unloaded voltage divider. We may also express the branch voltages in terms of the total
circuit voltage thus:

Now V1+V2=V

=>V,=V-V;
Vi Rl
Therefore vvi-m or V1R2=R1 (V-Vi)
Therefore vVi-V R and V2=V Rz
R1+R2 R1+R2

Thus Voltage division rule is stated as
“The voltage across a resistor in series circuit is equal to the value of that

resistor times the total impressed voltage across the series elements divided by the
total resistance of the series elements.”

Example9: Find the value of different voltages that can be ’—T—_“
obtained from a 12 V battery with the help of voltage divider a3k "
circuit of figure. J.
Solution: 12V ?
R=R1+R2+R3=4+3+1=8ohm
Drop across R1=Vgr1 =12 X (4/8) = 6 volt
Drop across R2=Vgrz =12 X (3/8) = 4.5 volt
Drop across R3=Vgr3 =12 X (1/8) = 1.5 volt =

10



Example10: What are the output voltages of the unloaded voltage divider shown in

figure what is the direction of current Through AB?

Solution:

It may be remember that both V1 and V2 are with

respect to ground.
R=6+4+2 =12 ohm
Therefore
V1= Drop across R2=24 x (4/12) = 8 volt
V2 =Drop across R3=-24 X (2/12) =-4 volt

It should be noted that point B is negative potential with respect to the
ground. Current flows from A to b i.e. from a point at a higher potential to appoint at a

lower potential.

Problem 1
Find the values of V, V55 and the power delivered by the 5V source. All values of resistances are in
ohm.
al- 2V +
Solution

.2 1
Current, j=—=—
=030

By KVL,
20i+2+5+v+70i=0

TR0 = O K i
v=—7-90i=-7 9U><30 10 V
"V =200 + v+ 30i =50i - 10

I g

—50x30 10=-833V

a~2V+

Power drawn by the 5V source = — (Power taken source) = =5 x % =—0.166 W

11



Problem 2
Find the equivalent resistance between the terminals A and B of the circuit shown belaw.

A

6 4 0

W —

Solution

Converting star into delta,

i 5
»n
”y :(r} FHA L ]:11+§=15.39
* e 5
A
6 2 4 0Q
» #
AAWA
9.875 Q)
50 40
15.8 Q2 26.33 0
1
R
A
A 1.2075 Q
60 40 2.981 Q 1.887 Q
9.875 Q2
3.798 Q2 3.4720 3.798 Q 3.472 Q2

le ls

Combining the parallel connections of 5 Q and 15.8 Q and 4 Q and 26.33 Q, we have the reduced
circuit.

Again, converting the delta made of 6 Q, 4 Q and 9.875 Q into equivalent star,

TR |
L }'1+}'2 +.l'3
6x4

=10875 — 1.2075 Q2
4 x9.875
6% 9.875

12



1.2075 Q2

6.779 O g % 5.459 Q

Is

So, the given circuit becomes as shown in figure.

6.779 % 5.459
R,z =12075+ 6.779 + 5.459 =4.23 L) Ans.

Problem 3

Find the current through the galvanometer using delta-star conversion.
B

Solution

Converting the delta consisting of 20 Q, 30 @ and 50 Q, we get,
20> 30
A= 55 +30+50 O™
— 20 x 50
2 20+ 30+ 50

. __ 30x50
320+ 30+ 50

S Rap=160

=10

=15€Q

13



10 2 B 10 Q2

" 60 c A 60 102 c
— = X
D
|y | 1
| f I
av av
Main cuu‘ent;‘:%zﬂ.SA

Now, to calculate potential difference between the points Band D;

Vie=10x05=5V
S Vep=(10x0.25-5x0.25)=1.25V
.. Currant through the galvanometer, (50 (Q)

. 1.25
‘6 =50

=0.025A

14



CHAPTER -2
NETWORK THEOREMS

INTRODUCTION

Electric circuits on network consist of a number of interconnected
single circuit elements. This circuit will generally contain at least one voltage on current
source. The arrangement of elements results in a new set of constraints between
currents and voltages. These new constraints and their corresponding equations added
to the current-voltage relationships of the individual elements provide the solution of the
network. There are different approaches for this but the solution is always unique.

STAR DELTA TRANSFORMATIONS

Figure shows a Y (star or wage) connected resistance circuit. Let
the resister value of Y network are Ro, R» /A and R.. Figure shows a (delta)
connected resistances and Let the resistor values are Rap, Roc and Rea .

A

Rab Rac
c
Rb
C f'U"-f".'W C
B B Rbc
Star Connected Delta Connected

It is possible to substitute a star connected system of resistance for a delta
system and vice-versa if proper values are given to the substituted resistances.

DELTA TO STAR CONVERSION

The two systems will be exactly equivalent if the resistance between any
pair of terminals A, B and C in figure for the star is the same as that between the
corresponding pair for the delta connection when the third terminal is isolated.

For the Y-network resistance between the terminal

AandBisRap=Ra+Rp, e eq. (i)

For the /\ network resistance between the terminals AB is

Rab = Rab | | (Rac + Rbc)

=Rap (Rac+Rpd) ™ e eq. (ii)
Rab+Rac+Rbc

Hence Ra + Rb= Rab (Rac+Rbc) eq. (iii)
Rab+Rac+Rbe

15



Simalarly for Y-network resistance between terminal B and C is
Rbe = Rpb+Rc

For the ,\ networkresistance between terminal B and C is
Rbe = Rie | | (Rab+Rac)

Rb+Rc = Rbe(Rab+Rac) eq. (iv)
Rbc+Rab+Rac
Similarly we can find Rac between terminal A and C is
Ra+Rc = Rac (Rab+Rbc) eq. (v)
Rac+Rab+Rac
Subtracting eq.(v) from the sum of eq.(iii) and eq.(iv) yields
2 Rpb =2 Rab . R
Rab+RbctRca
Rb= Raph.Rpc
Rab+Rbc+Rea

Subtracting eq.(iv) from the sum of eq.(iii) & eq.(v) yields

ZRaZZRab.Rac
Rab+Rbc+Rac

Ra= Rab.Rac
Rab+Rbc+Rac

Similarly subtracting eq.(iii) from the sum of eq.(iv) and eq.(v) yields

2 RC = 2 Rbc . Rca
Rab+Rbc+Rca

Rc=Rbc. Rea
Rab+Rbc+Rca

Therefore, the equivalent impedance of each arm of the star is given by the
product of the impedance of the two delta sides that meet at its ends divided by the sum of
there delta impedance

STAR TO DELTA CONVERSION

Similarly we can find conversion formula forYto /\ as

Rab:Ra.Rb+Rb.Rc+Rc.Ra

Rc
Rbc=Ra.Rp+ Rp.Rc+ Re. Ra
Ra
Reca=Ra.Rp+ Rp.Rc+ Rc. Ry
Rp

16




SOURCE TRANSFORMATIONS

In the circuit analysis, a circuit with either voltage source or current
sources is preferred. Sometimes a circuit may have both i.e. voltage source & current
source. In that case it is convenient to transform voltage source to equivalent current
source and current source to equivalent voltage source .

A A
R DUNS T
B B E -I_—OE

(Transformation of Voltage source to (current source to an equivalent
an equivalent current source) voltage source)

NODE ANALYSIS & MESH ANALYSIS

Two methods one Node analysis and the other mesh analysis are used to
analyse a circuit depending on the arrangement and types of elements in the circuit.
Nodal analysis is based on Kirchhoff’s Current Law (KCL) and Mesh analysis is based on

Kirchhoff’s Voltage Law (KVL).

NODAL ANALYSIS

Let us consider a circuit shown in fig 2.2 with four 1
. - . 1
nodes. A convenient way of defining voltages for any network is
the set of node voltages. u

One node i.e. 4 (generally the node at the —I:—
fig22 =

4

bottom)is marked as reference node with ground and other
nodes are associated with a voltage. The reference node also can be called as Ground
Node. In fig 2.2, the voltages Vi, V2, V3 are called Node Voltages because they represent
the potential differences between the nodes 1,2 & 3 and reference node respectively.
That is the voltage of each of the non-reference

nodes with respect to the reference node is defined IE:- Rs
as a node voltage. ] W
. . T 11 - Rj
Consider the circuit in figure vil= v, 3
1 W, W 3Vs
1 Ri 2

i1=Vi-V, is=V1-V3 .
Vi=Va , Vi-Vs - (1 R is| % Ra

Now applying KCL at node 1, the sum of currents
leaving is zero. =
Therefore i1+is -i=0

17



i=Vi-Vp + Vi-V3 eq. (1)
R1 Rs

Similarly atnode 2 -i1=Vy-Vi, i2=Vy , i3=V-V3

R1 R2 R3
Vo=V +Vo-V3 + Vo, =0 eq.(2)
R1 R3 Rz

At Node 3 Sum of currents leaving are
-iz=V3-Vo, 4a=V3 ,-i5=V3-V;

R3 R4 Rs
Vs-Vo + V3 + V3-V3 eq. (3)
R3 R4 Rs

All the above these equation can be solved to determine the individual
node voltages V1, V2& Vs.

Example 1
Find the node voltages Vi and V; for the Vi Eﬁl’; Vs
circuit at figure. (1) -
Solution At node 1 apply KCL sum of all 100 § @)
the current leaving the node (1) is zero current leaving # - 56 4
node 1 are Vj, Vi-V; and -2A (2A is entering)
10 15
Vi+Vi-Vp -2=0
10 15
Vistes) - 5 =2
5Vi-2Vy =60 e eq. (1)
Similarly At node 2 current leaving are 52 22771 and -4A
v2 v2-vi ,
5 15
4V, - V1 =60 eq. (2)
Solving the above two equations (1) & (2)
We get V1 = 20V, V2 = 20V o
Vi " 2 W 3 Vs
1 L i
Example 2 10 Va4
Find V1, V2 and V3 for the circuit in figure. 5 2 330 s (1) 7
Solution
Atnode 1
ViV + A3 L3¢
3V1-2V2-V3 = -6 eq. (1)
At node 2
Va- V1+—+V2 -0
-12V1 + 19V, -3V3 =0 eq.(2)

18



At node 3

Vv3-v1i V3 V3-V2
2 tstTa 7
-10V:- 5V2 +19V3 = 140 eq. (3)

By solving we get V1 =5.238V,V; =5.12V & V3 = 11.47V

Example 3
Find the node voltage V1& V- ) 2‘;’:—3 " 52
Solution LT
D 20 20Q
To write node equation treat node 1 and 2 U § §
and the voltage source together as a Sort of Super node

and apply KCL to both nodes at the same time. The
super node is individual by dotted line.

Applying KCL, we get
Vi V2 V2
-1+7+7+?—0 eq. (1)
And from voltage source Vi -2 =V; eq. (2)
Now we can solve for V1 and V> using both equations.

MESH ANALYSIS

Mesh analysis is restricted to the category called Planar Circuit whereas
nodal analysis can applied to any electrical circuits. A planer circuit is a circuit if the
diagram of the circuit can be drawn on a plane surface without crossover. Example of
planner and non-planar circuit are shown in fig (2.7).

Crossover

Planer Circuit

Figure depicts a circuit comprising two meshes.

They are
Mesh1: Vs > R1i—»> R2 > V3
Mesh 2: R3 — R4 — R2—>R3
The two mesh currents are labeled as i; and iz flowing in clockwise
direction. Now we will apply KVL around each mesh.

19



For mesh 1

i1R1 + (i1-i2) R2 = Vs eq. 1
For mesh 2
i2R3 +i2R4 + Rz (i2-i11) =0 eq. 2

Eq.(1) & (2) can be rewritten as
(R1+R2)i1 - Roiz = Vs eq.3
-R2i1 + (R2+R3+R4) i2=0
Finally the two equations can be put in matrix form
[Rl + R2 —R2 ] [il _ [VS]
—R2 R2 + R3 + R4! Li2 0

Which can be solved for i; and is.

Examples 4 find the mesh current i; and iz for the circuit shown in figure.
20 46
iy UMy

For first mesh 2i1+3(i1-i2) =9 eq.1
4i,-5+3(i2-i1) =0

__________eq.Z2 n B
Equation can be rewritten as C)“’ D §3Q )51{()
5i1-3i2=9 eq.3 ~ i iz 4

-3i1+7i2=5 eq.4

By solving i1=3A,12=2A

Example 5

Determine the voltage drop across 3 resister using mesh analysis in figure.

JORSRN*

SUPERMESH

When a current source is common to two meshes we use the concept of
super mesh to analysis the circuit using mesh current method. A super mesh is a larger
mesh created from two meshes that have a current source as common element. A super
mesh encloses more than one mesh for each common current source between two
meshes, the number of meshes reduce by one, thus reading the number of mesh

20



Solution to Example 6
The 2A current source is common to mesh 2 & 3. So we create a super

mesh as shown in dotted line.
For super mesh

6i3 + 3iz + 5(i2-i1)-8=0

= -5i1 + 8iz + 6i3=8 eq. 1

For mesh 1
-12+8+5(i1-i2) =0
=5i1-5i2=4 eq.2
iz-iz =2

From current source
By solving we get
Voltage across 3} resistor

i» = 2.664
= 2.66x3 = 8v.

Example 7
Use node analysis to find V1, V2, V3 & i1
'l;\ ﬁii;r
v 2
ZA
Tl2a § § .
Solution
Applying KCL at node 1
We get
vi-vz vi-vs _, eq. 1
20 2
Applying KCL at node 2
Vi ’2i8=0 eq.2
20 4
Applying KCL at node 3
V3 V3-V1
—+ =8 eq.3

2 2
By solving all these equations we can get V1= 16v, V2= -24v, V3 = 16v, i1 = 0A

Examples 8
Find the voltage V; using mesh analysis. +, 20 soa
° i %'»WW% W
Solution 3°“§ UEA + ' :
Applying KVL for super mesh “ U : C)_ 200
30i1+20(05+i1)+10=0 oo
= 50112 =-20 . Y ) fig 2.12
=i1=-2=-0.44, V2=20(i1+0.5) upermes
=20x0.1=2v
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Superposition Theorem

In a linear bilateral network containing two or more independent sources,
the voltage across or current in any branch is algebraic sum of individual voltages or
currents produced by each independent sources acting separately with all the
independent sources set equal to zero.

Procedure to solve the circuit using superposition theorem

1. Select only one source and replace all other sources with
their internal resistance. If the source is an ideal current
source replace it by open circuit. If the source is an ideal
voltage source, replace it by short circuit.

2. Find the current and its direction through the desired
branch.

3. Add all the branch currents to obtain the actual branch
current.

Examples 9
Find the current through 2Q register using

superposition theorem.
24

Solution

First we find the contribution to I due to 5V
source by replacing 2A current source with open-circuit.

Applying KCL for the circuit in figure. 3
My— o
E::E + K + K = 0
3 2 6

V= §V, I1 = gAmp (jm’ a0 § § g0 0/C

Next we find the contributions I> due to 2A current source
by replacing the voltage source by short-circuit.

30

6113

5C 20 § § (’I‘ 24 §=29 20 “

&0
Iz

I2= in =1Amp

Total current flowing through the 2Q resistor = I1+I2 = 1+§ = %Amp
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Limitation of Super-position Theorem

1. Notapplicable to the circuits consisting of only dependent sources.

2. Not applicable to the circuits consisting of non-linear elements.

3. Not applicable for calculation of power, since power is potential is propositional
to the sequence of current or voltage.

4. Not useful to the circuits consisting of less than two independent sources.

Example 10
Find current I using Superposition theorem for the circuit in the figure.
10

168

Solution:
The circuit has three voltage sources. First we find the contribution to 1
due to 2V. Therefore short-circuit the remaining two voltage sources as shown in figure.

n=-2-10_54 i 29 3Q 20
z+§ 16 8
+ I
1 2V 20 v
[1==-x==-A - Q
4
When 4V acting as shown in figure
4 gs 8 20 . 30
T=—==-A
245 4 s 20
NI AY
I, = 5 XZ _1 A
475 2
When 3V is acting alone as shown in figure 20 Iy 39
I[3=- ZAmp
When all the sources are acting together total %29 +
current will be ' 3V
1 1 3_1+2-3 -
I—Il+12+l3—z +E-Z_ —OAmp
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Example 11

Find current I,

Solution: Let us assume that only 12V is acting done and current
through it ia1, open circuit 4A and 1A current source and short-circuit the 6V voltage
source as in the figure. .

— o =
I
(PEIZV 14 (P 30
12 4
Ial =- ? =- EA
&0 30
When 4A current source is acting alone as shown in figure.
_Ax6_24_8 L2
lz=—==F=3A
When 1A is acting alone as shown in figure. & 52
— E - l IaS
la3=1x5=34 1A

e &V

When 6V is acting alone as in figure

| £ e

6 2
la=-=-2A
a4 9 3

When all the sources are acting total current will be

Ia =la1 + lag + [a3 + Laa
4 8 1 2 —4+8+1-2
S —fme o — ———
3 3 3 3 3
3
T3
= lamp
I =1A

APPLICATION OF SUPER-POSITION THEOREM

The super-position theorem is applicable for any linear circuit having time
varying or time invariant elements. It is useful in circuit analysis for finding current &
voltage when the circuit has a large number of independent sources.
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LIMITATION OF SUPER-POSITION THEOREM

1. Notapplicable to the circuits consisting of dependent sources.

2. Not applicable to the circuits consisting of non linear elements like
diode, transistor etc.

3. Notapplicable for calculation of power.

THEVENIN'’S THEOREM

Thevenin’s theorem states that any linear active two terminal network
containing resistance and voltage sources or current sources can be replaced by a single
voltage sources Vu in series with single resistance Rw. The Thevenin equivalent voltage
Vi is the open circuit voltage at the network terminal and the Thevenin resistance R is
the resistance between the network terminals when all the sources are replaced with
their internal resistance.

Fig (a) shows a linear network containing resistance, voltage sources or
current sources with output terminal AB using Thevenin’s theorem the linear network
can be replaced by single voltage source Vi in series with a single resistor R, as shown
in fig(b). Now any resistor can be corrected between the terminal AB and current
through it can be obtained easily.

Procedure to find the current through a branch using Thevenin’s Theorem.

1. Remove the branch through which current is to be found and mark the terminal
AB.

2. Calculate the open circuit voltage Vi, between the terminal AB.

3. Replace the independent sources with their internal resistance. (if the internal
resistances are zero, then voltage source should be short-circuited and current
source should be open-circuited)

4. Calculate R, between the terminal AB.

5. Correct thevenin’s voltage sources in series with Thevenin resistance with output
terminal AB.

6. Correct the removed resistance between AB and find the current through it.

- "."'._,"h"-._f.- 2 / . \ . A
12k ' 8k '
Example J
Find Vru, Rruand the load current == < RL
- a8V  aka S
flowing through and load voltage across the load — <, ok

-
resistor in figure by using Thevenin’s Theorem. i

- eB
Solution —\A . N\/A—eA
Step 1 12k0 ' 8kn
Open the 5k load resistor figure. = a8V < ako
Step 2 7
Calculate / measure the Open Circuit = : B

Voltage. This is the Thevenin Voltage (Vrtn)
figure. We have already removed the load resistor from figure 1, so the circuit became an
open circuit as shown in fig 2. Now we have to calculate the Thevenin’s Voltage. Since
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3mA Current flows in both 12k and 4k() resistors
as this is a series circuit because current will not
flow in the 8k() resistor as it is open.

So 12V (3mA x 4kQ) will appear across the
4k resistor. We also know that current is not
flowing through the 8kl resistor as it is open
circuit, but the 8kQ resistor is in parallel with 4k
resistor. So the same voltage (i.e. 12V) will appear

.

1]

| e VATA VAV —eA
12ke 8ka
|
o e A4S
=awv "' g 12v
‘-r“} i
l B
ImA x 4k =12V

across the 8kQ resistor as 4k} resistor. Therefore 12V will appear across the AB

terminals. So,

Vg =12V

Step 3

Open Current Sources and Short
Voltage Sources figure.

Step 4

Calculate /measure the Open Circuit
Resistance. This is the Thevenin Resistance (Rrh)

We have Reduced the 48V DC source
to zero is equivalent to replace it with a short in step
(3), as shown in figure () We can see that 8k()
resistor is in series with a parallel connection of 4kQ
resistor and 12k Q resistor. i.e.:

8kQ + (4k Q || 12kQ) ..... (]| = in parallel with)

Rrn = 8kQ + [(4kQ x 12kQ) / (4kQ + 12kQ)]

RTH = 8k.Q. + 3kﬂ

Rru = 11kQ

Step 5

Connect the Rryin series with Voltage
Source Vry and re-connect the load resistor. This is
shown in figure i.e. Thevenin circuit with load

resistor.

S — \_.._._, v.—'J'\/\/\_. A
12k0 8ka
g 4kQ
‘ @B
A A r V.-'..__J.». -.,-"'I. aA
12Kk 1 8kn
< aka —
J B
= 8KkN + (4k 2 || 12k0) — = Bk + 3k
Ry =11k
I ‘»/\( /\Jﬂ_ A
11kQ
i Ru
> 12V 5kQ
B
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Step 6

Now apply the last step i.e. calculate the
total load current & load voltage as shown in figure.

IL =Vru/ (Rtu + Ry)

=12V / (11kQ + 5kQ) —

= 12/16kQ
I. =0.75mA
And
Vi  =IxRy
Vi  =0.75mAx 5kQ
V. =3.75V
NORTON’S THEOREM

terminals when all the sources are replaced with internal resistances.
Procedure to find the current through a branch using Norton’s theorem.

ANAN A
11k
Ru
5k
o B

Norton’s theorem states that any linear active two terminal network
contains resistance and voltage source or current source can be replaced by single
current source or current source can be replaced by single current source Iy in parallel
with a single resistance Ry. The Norton’s equivalent current Iy is the state circuit current
through the terminals AB and resistance Ry is the resistance between the network

1. Remove the branch through which current is to be found and mark terminal AB.

2. Short-circuit the terminal AB and find current through it and denote it as Isc.

3. Replace the independent sources with their internal resistances (if internal
resistances are zero then voltage source should be short circuited and current
sources should be open-circulated).

4. Calculate Ry between the terminals AB.

5. Connect the short-circuit current (Norton’s) I, in parallel with Ry with output
terminal AB.

Correct the removed branch between terminals AB and find current.

Example

Find the current in RL using Norton’s Theorem

;

R, R;
VA VA
4Q 1Q

— IV
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After Norton conversion. ..

that
acurrent sourceis a component

Remember

whose job is to provide a constant
amount of current, outputting as
much or as little voltage necessary
to maintain that constant current.

As
Theorem, everything in the original

with Thevenin's

circuit except the load resistance has
been reduced to an equivalent circuit
that is simpler to analyze. Also similar
to Thevenin's Theorem are the steps
Norton's Theorem to

used in

Norton Equivalent Circuit
]-Nm'ton C‘f‘) RNm‘ton % R3 %(Load]
2Q
R, R;
VWA VA
40 l 1O
B, — 28V Loaa resistor B, — 7V

!

calculate the Norton source current (Inorton) and Norton resistance (Rnorton).

As before, the first step is to identify the load resistance and remove it

from the original circuit.

Then, find the
Norton current (for the current

to

source in the Norton equivalent
circuit), place a direct wire (short)
connection between the load points
and determine the resultant current.
Note that this is

step exactly

R R,
VA VA
4 - | X 10
TA TA
+ +
B, — 28V TI4A B, —

4

Is}wrr = IRI + 1R2

opposite the respective step in Thevenin's Theorem, where we replaced the load

resistor with a break (open circuit).

With zero voltage dropped

between the load resistor

connection

Norton Equivalent Circuit

points, the current through Riis strictly a

function of B1's voltage and R1's resistance:

7 amps (I=E/R). Likewise, the current
through Rz is now strictly a function of B's

14Al

Tnecen (1)

Rum.,%o.s Q

2Q

voltage and R3's resistance: 7 amps (I=E/R).

R; < (Load)
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The total current through the short between the load connection points is the sum of
these two currents: 7 amps + 7 amps = 14 amps. This figure of 14 amps becomes the
Norton source current (Inorton) in our equivalent circuit.

Current through load of 2Q resistor =14 X.8 /2.8 = 4 Amp.

Maximum Power Transfer Theorem

In a linear bilateral network containing an independent voltage
source in series with resistance Rs delivers maximum power to the load resistance Ry
when Ry =Rs

Let us consider a circuit shown in fig(a)

Current I=
Rs+RI1
Vs

Power delivered to the load P = I2R}, = (st)2 RL

To find the value of Ry, for optimum power transfer differentiate Pi, with respect to Ri. and
equal to 2nd

dpPl = V2 [(Rs+Rl)2—2Rl(Rs+Rl)] -0 R

dRl (Rs+RI)2

= (Rs +R1)X¥ =2 RL (Rs/+R1)

=>Rs + RL =2RL C:) v Ry
= Rs =Ry,

Maximum power willbe = (Vs/2RL)? x RL = Vs2/4RL,

Example

Find the value of Ry for the given network below o “
that the power is maximum? And also find the Max Power _ . a8
through load-resistance Ri by using maximum power transfer w 82 125
theorem?
Solution A B

For the above network, f i
we are going to find-out the value of ii,______%,,_f.t_ { '\5/2/1\’
unknown resistance called “R.”. In s_c[— j W=
previous post, | already show that when 8BRS 2120
power is maximum through load- { l 15_4’;/?;\'
resistance is equals to the equivalent 1] Il
resistance between two ends of load- A B T 2
resistance after removing. P

W W\I

So, for finding load- g 3.77Q
resistance R.. We have to find-out the 3430 > S48 So,
equivalent resistance like that for this i '| Bag/B=3.T103

circuit. |I]
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Now, For finding Maximum Power through
load-resistance we have to find-out the value of V... Here,
Vo.c is known as voltage between open circuits. So, steps are

For this circuit using Mesh-analysis. We get
Applying Kvl in loop 1st:-
6-611-811+812=0
14148Ip=-6  rererereress. (1)
Again, Applying Kvl in loop 2nd:-
-812-512-1212+811=0
811-25[,=0  erererereeesensensssenn (2)
On solving,eqn (1) & eqn (2), We get
[1=0.524 A
[=0.167 A
Now, From the circuit Vo is
Va-512- V=0
Vo./ Vag= 512 = 5X0.167 = 0.835v

60

e

50

6Q

6V I

89;

50

So, the maximum power through the Ry, is given by:-

2

VD.C
Pmax = 4RL
0835
" 4% 377

Pmax = 0.046 watt

30
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Milliman’s Theorem

This theorem states that Any number of current sources in parallel may be
replaced by a single current source whose current is the algebraic sum of individual
source currents and source resistance is the parallel combination of individual source
resistance.

The alternative statement of Milliman’s theorem is Any number of voltage
source Vi, V2, V3, ------m--- Vn having source resistance Ri, Rz, Rz ------------m-o- Rn
respectively connected in parallel may be replaced y a single voltage source V, and

resistance R, where
1

T G1+G2+——-FGn
The above two statements are identical because a voltage source can be
connected in to current source and vice-versa.

Reciprocity Theorem

The Reciprocity theorem states that if the source voltage and zero
resistance ammeters are integrated, the magnitude of the current through the ammeter
will be the same. In lead the principle states that in a linear positive network, supply
voltage V and current I are mutually transferable. The ratio of V and I is called the
transfer resistance.

Problem 1

1 1
Va where G1 = —, G2 = — etc.
R1 R2

1Q

Find the current / in the circuit shown in the figure. using superpasition
theorem.

Solution

2

10 —'Lr- 1€ —Il-
20 20
10 3an 1V 1A 10 an

(i) Voltage Source acting alone  (ii) Current Source acting alone

For Figure (i) [’ :—%A

For Figure (i) I” =1x =
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Problem 2
2V,

- + P

Use superpaosition theorem on the circuit shown in figure to find /.

Solution
2V,
50
AP -+

@ 1) e

(i) Voltage source acting alone (ii) Current source acting alone

For Fig. (i), by KVL, 5i" = 2wx” + 2i" =10 with v =-2i’
= Ti'+4i"=10
= i"=10/11A

For Fig (i1), by KCL at node (x)

L

V. :
2=i, +i" =—2+‘+ i” (1)

But loop analysis in the left loop gives,
5i” +3v. =0

From (i), 2:_%F%1};”
= vy=-20
l”:--%x(-—%)—%ﬁi

So, by superposition theorem total current

5 o I 12 2
f= —_— =l—— = —
=) (11 11) e
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Problem 3

Draw the Thevenin's equivalent of the circuit in figure and find the load
current, i. All values are in ohm.

Solution

Open circuiting the terminals,

1 1

L AN i o+

ﬂ_ AN

10V — i
- i 1§ e <3:Vm
1 2

- .

-+

By KVL for two meshes,
3f| = I.g_ = lﬂ'
and —j| -+ 412 = _5

Solving, i =5/11 and i, =-5/11

. y={5-10)_45
..Vm—(5+2t2)—(5 “)—“V

10 10 10

AMAN

th 2 IH‘tl'i
10 10 20 0 20
5
Equivalent resistance, _ §X2 _10
h T 5342 11

_ o Vo _ 4511 45
So, the load currentis, i = R +2 =To1+2- 32 =1.40625 A




Problem 4

+
A * MA—e A
20
20
-+
10V %451
4 Vg
@ B

Find Thevenin's equivalent about AB for the circuit shawn in figure.

Solution
Open-circuiting The 4 Q resistor, by KCL,

Ve _ 40

A AMA—e A
20 +
20
@ :
4V,
* eB
+ VS_ v1 4Q
A AN —e A
20
20
3 !
® sc
4v,
=
Voo -1
= O, =107,
= V. =10V

Short-circuiting the terminals AB, by KCL,

n-10 v B

T E = 4'?'“. = 4(10 Vi )
_180 _

=g =947V

e :94&:2.368;&

v,
Ry = ‘,i*= 422Q
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Problem 5

Verify the Reciprocity Theorem for the network shown in the figure using

current source and a voltmeter. All the values are in ohm.

2 4
AVATAYE A ATAYA

Solution
Using a current source and a voltmeter,

Let, e, e2 be node voltages, vq be the voltmeter reading.

1 20 2 4 0 3
AVAVAVL ATAYAYA

i1 C‘I‘ 10 30 50 C\D

By KCL,
Atnode (1) = 3¢ —e> — 2 =0 (i)

At node (2) = —6e + 13e; — 3v; = 0 (i)
At node (3) 9v; = Se, (iii)

From (ii) = —6¢, +13x2v, — 3w =0

5
= —6e, +[%—3]v,=0
= 6'31 +%V1=>€|:%V]
_ : 17 9 ,
From (i) = 3><?1r1-—§v|=21

- (&)-(2)e

Interchanging the positions of the current source and the voltmeter,

MNow, let v2 be the voltmeter reading

<V> 10Q 3Q S50
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By KCL,
At node (1) == 3vy; = &5 (iv)

At node (2) =
= —6BVs + 13 2 3v;, —3ey3 =0

= ey = 1 ]:v2 ("u"}

At node () — Se3 — S5e; + dez —

= 20f2 =9€3 —5'82 = O 11V2 —
L =21

Wz ] _( =] ] (B

From equations (A&A) and (B), Reci

Problem 6

Find the load current using Millman's t

—6vs + 132 — 3e3 = 0

20f2 = 0
5 > 3v, = B4v,

procity thecrem is proved.

heorem. All values are in ohm.

1V

I

T

)
- =

Solution
Here, E1 =1V, E2=2V,E5=3V

Z1=10 7=20,73=30Q

¥ =105, Y2=0513, Y= 3

-
3

2\;":_'_[_"_ SV____I_"_

By Millman's theorem, the equivalent circuit is shown.

3

2EY, 1x1+2x05+3x}L
.E_!=1 _ 3 ISV
R Y S TR v

i=1
L Z= =20
an

2 Y

=1

18

e . & 11 18 9
A w7 e =116 ~ 358

ﬁ+10




CHAPTER-3
AC FUNDAMENTAL & AC CIRCUIT
WHAT IS ALTERNATING CURRENT (A.C.)

Alternating current is the current which constantly changes in amplitude,
and reverses direction at regular intervals. We know that direct current flows only in
one direction, and that the amplitude of current is determined by the number of
electrons flowing past a point in a circuit in one second. If, for example, a coulomb of
electrons moves past a point in a wire in one second and all of the electrons are moving
in the same direction, the amplitude of direct current in the wire is one ampere.
Similarly, if half a coulomb of electrons moves in one direction past a point in the wire in
half a second, then reverses direction and moves past the same point in the opposite
direction during the next half-second, a total of one coulomb of electrons passes the
point in one second. The amplitude of the alternating current is one ampere.

PROPERTIES OF ALTERNATING CURRENT

An A.C. source of electrical power
changes constantly in amplitude and the
changes are so regular Alternating voltage and 0
current have a number of properties associated _
with any such waveform. These basic properties
include the following list:

+

ANVA
NV

Time —p

Frequency
One of the most important properties of any regular waveform identifies

the number of complete cycles it goes through in a fixed period of time. For standard
measurements, the period of time is one second, so the frequency of the wave is
commonly measured in cycles per second (cycles/sec) and, in normal usage, is
expressed in units of Hertz (Hz). It is represented in mathematical equations by the
letter ‘f”.

Period

Sometimes we need to know the amount of time required to complete
one cycle of the waveform, rather than the number of cycles per second of time. This is
logically the reciprocal of frequency

Wavelength

Because an A.C. wave moves physically as well as changing in time,
sometimes we need to know how far it moves in one cycle of the wave, rather than how
long that cycle takes to complete. This of course depends on how fast the wave is moving
as well. The Greek letter (lambda) is used to represent wavelength in mathematical
expressions. And, A= c/f. As shown in the figure to the above, wavelength can be
measured from any part of one cycle to the equivalent point in the next cycle.
Wavelength is very similar to period as discussed above, except that wavelength is
measured in distance per cycle while period is measured in time per cycle.
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Amplitude

Mathematically, the amplitude of a sine wave is the value of that sine wave
at its peak. This is the maximum value, positive or negative, that it can attain. However,
when we speak of an A.C. power system, it is more useful to refer to the effective voltage
or current.

THE SINE WAVE

In discussing alternating current and voltage, you will often find it
necessary to express the current and voltage in terms of maximum or peak values, peak-

to-peak values, effective values, average values, Voltage and

or instantaneous values. Each of these values ” current in phase

has a different meaning and is used to describe ['" 4

a different amount of current or voltage. " A
Peak Value|[Ip] —

—>

Refer to figure, it is the maximum \ /

value of voltage [V,] or Current [I,]. The peak

value applies to both positive and negative Fig. 1.6

values of the cycle.
Peak-Peak value [Ip-p]

During each complete cycle of ac there are always two maximum or peak
values, one for the positive half-cycle and the other for the negative half-cycle. The
difference between the peak positive value and the peak negative value is called the
peak-to-peak value of the sine wave. This value is twice the T
maximum or peak value of the sine wave and is sometimes

used for measurement of ac voltages. EZ::: o

Note the difference between peak and peak value
to-peak values in the figure. Usually alternating voltage and |
current are expressed in effective values rather than in T

Peak
value

INSTANTANEOUS VALUE i

The instantaneous value of an alternating voltage or current is the value of
voltage or current at one particular instant. The value may be zero if the particular
instant is the time in the cycle at which the polarity of the voltage is changing. It may also
be the same as the peak value, if the selected instant is the time in the cycle at which the
voltage or current stops increasing and starts decreasing.

There are actually an infinite number of instantaneous values between
zero and the peak value.

peak-to-peak values.

AVERAGE VALUE

The average value of an alternating current or voltage is the average of all
the instantaneous values during one alternation. Since the voltage increases from zero to
peak value and decreases back to zero during one alternation, the average value must be
some value between those two limits.
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The average value of A.C. is the average over one complete cycle and is
clearly zero, because there are alternately equal positive and negative half cycles.

Average voltage = gx peakvalue
T

ROOT MEAN SQUARE VALUE

Circuit currents and voltage in A.C. circuits are generally stated as root-
mean-square or rms values rather than by quoting the maximum values. The root-
mean-square for a current is defined as the value of steady state current which when
flowing through a resistor for a given time produces the same amount of hit as
generated by the alternating current when passed through the same resistor for the
same time.

lT'Zd
T{l ¢

rms_\/z

Voms =1.11

ave
It is the ratio of RMS value to average vale of voltage or current.

Form Factor =

SINE WAVES IN PHASE

When a sine wave of voltage is applied to a pure resistance, the resulting
current is also a sine wave. This follows Ohm'’s law which states that current is directly
proportional to the applied voltage. To be in phase, the two sine waves must go through
their maximum and minimum points at the same time and in the same direction as
shown in the figure.

Voltage wave E, E,

Current wave
90

270 360_ 360 Timg,

90 180 T 0 90 ™7 270

o

Time
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Sine Waves Out of Phase

Figure shows voltage wave E1 which is considered to start at 0° (time
one). As voltage wave E1 reaches its positive peak, voltage wave E2 starts its rise (time
two). Since these voltage waves do not go through their maximum and minimum points
at the same instant of time, a phase difference exists between the two waves. The two
waves are said to be out of phase. For the two waves in figure, the phase difference is
90°.

PHASORS
In an a.c. circuit, the e.m.f. or current vary sinusoidally wih time and may
be mathematically represented as
E =EQ sin wt
and =10 sin (wt + 0)
Where 0 is the phase angle between alternating e.m.f. and current.
Displacement of S.H.M. also varies sinusoidally with time i.e.
Y =Asin wt
And its instantaneous value is equal to the projection of the amplitude A
on Y-axis. Therefore,instantaneous values of alternating e.m.f. (E) and current (/) may be
considered as the projections of e.m.f. amplitude (EO0) and current amplitude (I0)
respectively. The quantities, such as alternating e.m.f. and alternating current are called
phasor. Thus a phasor is a quantity which varies sinusoidally with time and represented
as the projection of rotating vector.

PHASOR DIAGRAM

The generator at the power station which produces our A.C. mains rotates
through 360 degrees to produce one cycle of the sine wave form which makes up the
supply.

In the next diagram there are two sine waves.

They are out of phase because they do not start from zero at the same time.
To be in phase they must start at the same time.

The waveform A starts before B and is LEADING by 90 degrees.

0 90 1%0 270 340 1B

Waveform B is LAGGING A by 90 degrees.

The next left hand diagram, known as a PHASOR DIAGRAM, shows this in another way.
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It is sometimes helpful to treat the phase as if it defines a vector in a
plane. The usual reference for zero phase is taken to be the positive x-axis and is
associated with the resistor since the voltage and current associated with the resistor
are in phase. The length of the phasor is proportional to the magnitude of the quantity
represented, and its angle represents its phase relative to that of the current through
the resistor. The phasor diagram for the RLC series circuit shows the main features.

AV,

Vr lVf Vi Xr lX/
V Z
=)
——] Ve ‘h Vo 7

Ve Y

Note that the phase angle, the difference in phase between the voltage and
the current in an A.C. circuit, is the phase angle associated with the impedance Z of the
circuit.

AC SERIES CIRCUIT
RESISTANCE AC CIRCUIT

A resistance R connected to an ac source is shown. Its voltage can be
written as

e, =FE, smwt

i=1,sinwt

. E, . :
z:Tmsm wt =1 sinwt

The above two equations depict that voltage and current in resistive
network are in phase. Figure shows the voltage and current waveform and phasor
diagram.
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POWER IN RESISTIVE NETWORK

The instantaneous power
curve is plotted in figure it is seen that
the power curve is always positive in
case of resistive network and equal to

p=exi=E,I si”®wt=E, I

m=m

l-cos2wt\ E I, E, I
= - X COS 2wt
2 2 2

The above power equation shows that the power has two components, one is

. E 1 E, 1
constant l1.e. #& an ac component%cos 2wt . The average value of ac component

E I E I
in one cycle is zero. Therefore Average power p =22 =—1x—L =F ]

2 2 2

Inductance AC Circuit

Figure shows an inductance

L connected to an ac supply which voltage Et 1 -
is given by v=E sinwt, i= Cﬂv E L
I, sin(wt—zj Ly

2

Er =E_ 1=1_
The above equation shows

Tm

that current lags the applied voltage by 90°Where / = EL
w

, the quantity wL controls the

current inductor and this quantity wLis known as inductive reactance denoted X,
Hence X, =wL

POWER IN INDUCTIVE NETWORK

The instantaneous power in a purely inductive network is

. . : T
p=exi=FE, sinwtxIl s1n(wt—5)

=—FE, I sinwt.coswt
_—E, 1, sin2wt
2

The average power in a pure inductor during a cycle is zero.
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CAPACITANCE IN AC CIRCUIT

Figure shows a capacitor C connected to an ac source equation of voltage &
current are given below

. ) V4
v=V smwt, I, sm(wt+5j

Equation shows that current leads voltage by 90°and 7, = Vl’” Where %is known as
w
wC

capacitive reactance denoted as X .. Its unit is ohm.

lc +

4 Vmax- 4 — — — \Y)

. ®
I
Imax: — - i ‘\
C |sn /: 60 ,o0°
™, . . ov 90 180 SV h -
. v

Vorms @ 1 Ve | | time
-Q I I
| I
I

L) Ya f Va f af 1 Vaf |
-+ Ll - | - | |

Charge Discharge Charge Discharge

POWER IN CAPACITIVE NETWORK
The instantaneous power in a purely capacitive network is
p=vxi=V sinwtx[, sin(wt+%j

V.1, sin2wt
2
The average power in a pure capacitive network is zero.

SERIES RL NETWORK

Er =Eqt E,
l=lg=1
Figure shows a resistor (R) and inductor (L) series network with its phasor
diagram and impedance diagram. As discussed earlier E, is in phase withland E, leads

Iby 90°.
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E,=E, +E,=I(R+ jX,)
Hence = IZ =I(R+ jX,)
=Z=(R+jX,)=R+ jwL

Where magnitude of Z =/R* + X’

The quantities R, X,,Z are shown in the impedence diagram.
POWER IN SERIES RL NETWORK

The average power in RL series circuit is

E. 1 E. 1
—Imm cos =—2 . —~cos@ =E, I cosb

= NG

E,Icos@ is known as active power. p=E Icos@ = ETI5 = ﬁ.]R =R 1= %

Thus the active power in ac circuit represents the power dissipated across
resistance. It is measured in watt. The product of RMS voltage & current i.e. VI is known
as apparent power and measured in volt ampere. The ration of active power to apparent
power equals to cos@ where @ is the phase angle between V & I. The term cos @ is called
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power factor of the circuit. The power factor is zero in case of pure inductive or
capacitive network. The power factor of a circuit may be either leading or lagging. A
leading power factor means that the current in the circuit leads the voltage and lagging
power factor means the current lags the voltage. The power factor of a circuit is the ratio
of resistance to impedence .

The instantaneous power across inductor of capacitor is known as reactive
power. Thatis Q=1’X, =I’wL=1’Zsin0 = E,[sin@

The reactive power does not contribute anything to the net energy transfer
from source to load. Yet it constitutes a loading of the equipment.

The apparent power VI, active power VI cos @ and reactive power VI siné
is also applicable in this case too. Current in RC circuit leads the apply voltage and
therefore the power factor is leading.

SERIES RC NETWORK R
- VWA
. Figure shows a E. |1 | C
series RC network
@ Ve =/
I J
E.=RI-j—=]|R——— 1
! / wC ( wC j cY
j =E+E
:IZ=J(R—LJ:>Z=R—L=R—J'XC Er =Egt Ec
WC WC 1 _ ]. _ 1
i = 1lg =1
X =CapacitiveReactan ce = —
wC
1
magnitudeofZ = ,|R* + ——
g fZ v
SERIES R-L-C CIRCUIT
R L C W
Y Y Y | 1 ® @ @
A Il N NN
Ve S Ve ﬁ
I Vs 1
i':t = ]'m Sin(t')t) Resistance Inductance Capacitance
: - \Cy} { “in-phass™) ("ELT) (P“ICE']
VS Vc
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X=X Xe

|

Consider a series R-L-C circuit as shown in the figure. The voltage V,is in
phase with the current, the voltage V, leads the current by 90°and the voltage V. lags the
current by 90°. The total impedence

L=Ly+Z,+7Z,
=R+j(X,-X,)

We can find that the reactance is positive if X, > X_.and negative if
X.=X,. If X, =X, the circuit behaves like an R-L series circuit and current lags
voltage by an angle @ if X . >~ X, the circuit behaves as an R-C series circuit and current

leads the applied voltage by angle 8. The phasor diagram for both cases are shown.

The magnitude of the impedence is given by

|Z|:\/R2+(XL—XC)2 =V

z

0 =tan' —WC
R

o —
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CHAPTER-4

R L C
RESONANCE - — : . I_
Consider a series R-L-C circuit
as shown in the figure. The impedence of the . Vi £O

circuit is given by - @

Z=R+j(X,-X.)

. . " 1
where X, isinductive reactance = wL and X . = capacitive reactance =—.

w
Either side of resonance At resonance the voltage
the voltage drop = V-V drop equals zero
R L C R
XT =0
JW\/_NYY\_l |_ ANN —e — e
short circuit
Vr | Vi -Ve = Vr | Ov
D e S -
Tum Taax Jr
- - _
Capacitive : Inductive Capacitive Inductive
T\Tm Xe> Xl L X Xe Zy XerXi | XurXc
w -% - - | -
E ) > X, A !
= Inductive and Capacitive 3 |
= Reactances are equal here = |
@ - |
g 2 |
g |
& I
X -Xc - :
|
|
Z=R
0 (fr) Fraquency, f 0 — -
Series Resonance (fr) Frequency.

Dynamic
impedance  Series Resonance

As frequency of the supply is increased X, increases and X . decreases. At
one particular frequency X, = X and the total reactance of the circuit become zero. At

this particular frequency the impedence is resitive and voltage & current are in phase.
This phenomenon is known as resonance.

XLZXC
=2z f L=
S 27 f,C
1
= fi=—r
Sy 27N LC
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f, is called as frequency of resonance. Impedence Z of the R-L-C series

o . V
circuit is equal to R at resonance and current is equal to;.

Q Factor

The ratio of capacitor voltage or inductor voltage at resonant frequency to
supply voltage is a measure of quality of a resonance circuit. This term is known as
quality factor (Q factor).

At the frequency of the resonance ( f,)

Bandwidth

I I=
At resonant frequency current in the T |
R-L-C series circuit is maximum. Let us define two

frequencies w, & w, at which current is 7077 _ . °7% "

The frequency w,&w, are called half power

frequency.

Bandwidth = w, —w,

[
|
|
|
|
|
|
|
: ! -
0 f f \‘c Frequency, f

Lower Upper
frequency frequency

Where w, = upper half power frequency, w, = lower half power frequency.
Relationship between Q and Bandwidth of R-L-C series circuit
Bandwidth = w, —w,

At w= w,, the reactance is capacity as X, > X,

Hence 1 WL=R oo, eq.1
w,C

At w= w, the reactance is inductive as X, >~ X

Hence sz—L:R ........................... eq. 2

w,C

From equation1 we get w,’LC+wRC-1=0
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R 1
Dividing by LC we get w> +w, ————=0
g by get wy WIL IC
-R  |[R* 1
W=t b —
2L 417 LC

Similarly from equation 2

__Wz__z
L LC
2
_ R R T
2L \4I} LC

w,

W

Hence bandwidth
R, R

R
W, =W =—+—=—
2L 2L L

=27(f,- 1) =
R
L

L
R
L

BT

Jo _ M
f,—f BW

QYN

=0=

The Parallel Resonance Circuit

In many ways a parallel resonance circuit is exactly the same as the
series resonance circuit we looked at in the previous tutorial. Both are 3-element
networks that contain two reactive components making them a second-order circuit,
both are influenced by variations in the supply frequency and both have a frequency
point where their two reactive components cancel each other out influencing the
characteristics of the circuit. Both circuits have a resonant frequency point.

The difference this time however, is that a parallel resonance circuit is
influenced by the currents flowing through each parallel branch within the
parallel LC tank circuit. A tank circuit is a parallel combination of L and C that is used in
filter networks to either select or reject AC frequencies. Consider the parallel RLC circuit
below.

Circulating

1.8 currents
-
L

. . /
Ir in 4 1=
+ ml

UT
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Let us define what we already know about parallel RLC circuits.

Admittance, Y — % _ J&i B

Conductance, G = %
Inductive Susceptance, B = !
2nflL

Capacitive Susceptance, B, = 2n fC

A parallel circuit containing a resistance, R, an inductance,Land a
capacitance, C will produce parallel resonance (also called anti-resonance) circuit when
the resultant current through the parallel combination is in phase with the supply
voltage. At resonance there will be a large circulating current between the inductor and
the capacitor due to the energy of the oscillations, then parallel circuits produce current
resonance.

A parallel resonant circuit stores the circuit energy in the magnetic field of
the inductor and the electric field of the capacitor. This energy is constantly being
transferred back and forth between the inductor and the capacitor which results in zero
current and energy being drawn from the supply. This is because the corresponding
instantaneous values of I;, and Ic will always be equal and opposite and therefore the
current drawn from the supply is the vector addition of these two currents and the
current flowing in Ig.

In the solution of AC parallel resonance circuits we know that the supply
voltage is common for all branches, so this can be taken as our reference vector. Each
parallel branch must be treated separately as with series circuits so that the total supply
current taken by the parallel circuit is the vector addition of the individual branch
currents. Then there are two methods available to us in the analysis of parallel
resonance circuits. We can calculate the current in each branch and then add together
or calculate the admittance of each branch to find the total current.

We know from the previous series resonance tutorial that resonance
takes place when Vy= -Vcand this situation occurs when the two reactance are
equal, Xi, = Xc. The admittance of a parallel circuit is given as:

Y=G+B +B,

1 1 -
=+
Y R ijJrJeoC

or
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Resonance occurs when X, = Xc and the imaginary parts of Y become zero.

Then:
1
X =X o> 2nflL=_-——
LT e e To
fE B 1 1
2nLx27C 44 LC
f = 91
4n LC
= 1 (Hz) or o = 1 (rads)
21 {LC JLC

Notice that at resonance the parallel circuit produces the same equation
as for the series resonance circuit. Therefore, it makes no difference if the inductor or
capacitor is connected in parallel or series. Also at resonance the parallel LC tank circuit
acts like an open circuit with the circuit current being determined by the
resistor, R only. So the total impedance of a parallel resonance circuit at resonance
becomes just the value of the resistance in the circuit and Z = R as shown.

Either side of resonance the At resonance the
current = I_-l¢ reactive current is zero
IMA}: IL - L;j IMIN

L J

R L C Y R Xr=o
% — | = % open circuit

Impedance in a Parallel Resonance Circuit

Note that if the parallel circuits ,__4 .
impedance is at its maximum at resonance then
consequently, the circuit’s admittance must be at its Capacitive Inductive

K= KL KL= Ko
T e

minimum and one of the characteristics of a parallel

resonance circuit is that admittance is very low limiting the
circuits current. Unlike the series resonance circuit, the Dynamic
impedance

resistor in a parallel resonance circuit has a damping
effect on the circuit’'s bandwidth making the circuit
0

less selective. fl'f Frequency, f
Parallel Resonance
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Also, since the circuit current is constant for any value of impedance, Z,
the voltage across a parallel resonance circuit will have the same shape as the total
impedance and for a parallel circuit the voltage waveform is generally taken from across
the capacitor.

We now know that at the resonant frequency, fr the admittance of the
circuit is at its minimum and is equal to the conductance, G given by 1/R because in a
parallel resonance circuit the imaginary part of admittance, i.e. the susceptance, B is
zero because By, = Bc as shown.

Bandwidth & Selectivity of a Parallel Resonance Circuit

The bandwidth of a parallel resonance circuit is defined in exactly the
same way as for the series resonance circuit. The upper and lower cut-off frequencies
given as: fupper and flower respectively denote the half-power frequencies where the
power dissipated in the circuit is half of the full power dissipated at the resonant
frequency 0.5( 12 R ) which gives us the same -3dB points at a current value that is equal
to 70.7% of its maximum resonant value, ( 0.707 x I )2 R.

As with the series circuit, if the resonant frequency remains constant, an
increase in the quality factor,Q will cause a decrease in the bandwidth and likewise, a
decrease in the quality factor will cause an increase in the bandwidth as defined by: BW

=fr/Q or BW=f>- fo.

Also changing the ratio between the inductor, L and the capacitor, C, or
the value of the resistance, R the bandwidth and therefore the frequency response of the
circuit will be changed for a fixed resonant frequency. This technique is used extensively
in tuning circuits for radio and television transmitters and receivers.

The selectivity or Q-factor for a parallel resonance circuit is generally
defined as the ratio of the circulating branch currents to the supply current and is given
as:

R(Q)
H ou I
Quality Factor, Q = R 2nfCR = R"E me gt [
2‘JTf|_ L ot | I
i 2R (Q)
o707 |- 3B__Lf_ | _
| I
Note that the Q-factor of a parallel resonance ! i i
circuit is the inverse of the expression for the Q-factor of the i |
series circuit. Also in series resonance circuits the Q-factor T
gives the voltage magnification of the circuit, whereas in a e .
parallel circuit it gives the current magnification. VR 1
Lower Upper

frequency frequency

e -t Y F}ﬂ,ﬁ ; é’ S
'n-'-_..'[:'-E: = ,_{ 3 2
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CHAPTER-5
Transient Response of Simple Circuit (DC)

Circuits that contain capacitors and inductors can be represented by
differential equation. If a circuit contains one resistor and one Inductor (or one
capacitor), it can be represented by first order differential equation. On the other hand if
a circuit contains a resistor, inductor and Capacitor it can be represented by a second
order differential equation. The solution of the differential equation represents the
response of the circuit. The response consists of two parts (1) Transient response (2)
Steady State response. The transient response depends on the circuit elements and initial
energy stored in it. To obtain the transient response of the network it is necessary to find
the initial state of the network.

Initial Condition
Initial condition of a circuit is important to be calculated when a change of

state occurs and the change of state of the network occurs when the switch change its
position at time t=0. The value of voltage, current derivatives of both at t=0- and t=0+,
that is immediately before and after change of switch position. Initial conditions in a
circuit depends on the past history of the network prior to t= 0-. We will assume that the
switch in the network has been in a position for a long time and at t=0, the switch
changes its position. That is we say the circuit is in steady state at the time of switching.

Initial condition in circuit elements.

1. Resistor:- By Ohm’s Law we have V= IR, if there is a change in voltage, the
current through resistance will change simultaneously. Similarly if the current
change, voltage across resistance changes simultaneously.

2. Inductor:- Current through inductor cannot change instantaneously, if the
current through an inductor before switching is zero, then the current through
inductor after switching is also zero.

i.e. i,(0%) =iL(0)=0
In the same way if the current through inductor before switching is Iy, then the
current through inductor after switching is also Io. i.e. iL(0*)=iL(0-)= lo.

3. Capacitor:- Voltage across capacitor cannot change instantaneously. If the voltage
across capacitor before switching is zero, then the voltage across capacitor after
switching is also zero.

Vc(0%) =Vc(0)=0
If the voltage across capacitor prior to switching is Vo then the voltage across
capacitor immediately after switching is
Vc(0+) =V¢(0-)=Vo
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The equivalent from of the elements in terms of the initial condition of the
elements is shown below.

ELEMENT EQUIVALENT FORM AT t=0*/EQUATION CIRCUIT AT
t=0 t= o0
R R
L oc 5C
11 sC oc
1 T 8
{1 I
—}]: ) 0
e - -
i + N
N o
= ¢ W u} ocC
Vo= ol 0 o0—o
Va

To solve the initial condition of an element it is necessary to study the

steady state behavior of this element. The steady state behavior can be obtained from the
basic relations.

di . dvc
Vi=L— i=C—
dt dt

At t=00, Vi, = 0 hence the inductor acts as short-circuit

Similarly at t= oo, i=0 hence the capacitor acts as open-circuit.

Example: In the network shown in fig.1, the switch K is called at t=0 with the capacitor

_ S di di
uncharged. Find the value of i, —, —3z att=0"
dt

- A
5008 l
=L c
_|_

_|_ 1pF

Solution:
Apply KVL to the circuit
Rie=[ide=V e eq. (i)
1
= 500i+ F.7pe Jidt=50 e eq. (ii)
Ve (04) =V¢(0)=0
At t= 0 500i (0*)+ 0= 50
(0 =—-=0.1A
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Differentiating eq. (ii)

di =~ 1
SOOaH T eq. (iii)
di . 1 1
Att=0* 5005(0+): (07 TgoF =7 Ixioe <01
S Zoy=- 1%~ 000n
dt( )_ W =" mp/sec.
Differentiating eq. (iii)
dzi 1 di _
L n0F gy o
5 o500 B -t Zogl _ L (2000
dt2 1x10-% dt 1x10¢
d?i 2000x10¢
= dtz (0%) = ©00 =4x106 A/sec?

Transient Response of series R-L circuit having DC Excitation.
Consider a R-L series circuit as shown in figure. The switch is closed at time t=0
Applying KVL —

O 4RI =V AR
A | Ry Y
— dt + Ll(t) - I v L §¢ L
General solution of the differential equation

: 4 =
i(t) = =+ ke ©
Since inductor behaves as an open circuit as switching
i(09)=0
4

0=Z4K or K=--
R R

Therefore i(t) = % - % eR/L(D = % [1-eCR/L)Y)

Voltage across inductor Vi(t)=L % = Vel(-R/L)t
Voltage across resistor Vr(t)= V[1-e(-R/L)]
Att=0,i(t)=0, VL(t) =V Vr(t)=0
Att=co,i(t)=-, Vi()=0,  Vg(t)=V

Att== ()= (1-e1) = 0.632—, Vi(t) = 0.368V
i(t) & V(t) are plotted in figure.

L . ) . . .
T=E is known as the time content and is defined as the interval after

which current or voltage charges 63.2% of its total change.
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Let us analyses the transient condition of the R-L circuit as the circuit
reaches steady state charging switch to S1

di' (1)
dt

L +Ri'(1)=0

Solution of i1(t) = Kle(R/L)t

. . 4
Steady state current i(0*) = i(o0) = —
Y — Kie0
R
= k=Y
R

di' (t
Therefore il(t) = — e(R/Lt, VIR(t) = Ve(-R/L)t, Vi1(t) = L%= -VelR/L)t

il(t) and VIR(t), VIL(t) are plotted below.

[ Steady State Walue
Tois - -
63%% Tmax f
375 Uy
- T
=1}
- Teansignt Time ..-l

Transient response of series R-C circuit having DC excitation.

Consider a series R-C circuit as shown in figure. The switch S is closed at
time t=0. Applying KVL =0

Ri() + = i (£) dt=V —AA— S ——

Differentiating, we get "

di( 1.
R YD, i =0 rCD -

General solution of this differential equation is _
i(t)=Ke-t/RC
att=0+,i(0%) = % "+ capacitor acts as a short-circuit at switching.

14 14
—=Kel =K= -
R R

Therefore i(t) = ge ~t/RC
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Voltage across the resistor and capacitor are
Vr(t)=1i(t).R = Vet/RC
Ve(t) =— =- - -YRCdt
=— (-RC) e't/RC = V(1-et/RC)
Att=0,i(t)=— Vc(t)=0,Vr (t)=V
Att=o00, i(t) =0, V¢(t)=V, Vr(t)=0
Att=RC i(t)=-e1=0.368 -,
Vi(t)=V(1-e1) = 0.632V D368 Vi fremimimim
Let us analyze another transient

condition of R-C circuit as the circuit reaches
at steady state (at t=o0) by closing switch at point 2

Ril(t) +- 1(t) =0
Differentiating we get

R +-i'(1)=0
Its solution is i1(t) = Ket/RC

However at t=0*, capacitor keeps the steady state voltage V¢(0*) = V and
direction of i1(t) during discharge is negative

i(0) =---

- — KeO ﬁK: - ——

i(t) =-—evke Vig(t) =i1(t). R= -V e/RC
Vel () =- I(t)dt=Vetre
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CHAPTER 6
LAPLACE TRANSFORM

The Laplace domain or the "Complex s Domain" is the domain into which
the Laplace transform transforms a time-domain equation. s is a complex variable,
composed of real and imaginary parts:

s =0+ jw

The Laplace domain graphs the real part (o) as the horizontal axis, and
the imaginary part (w) as the vertical axis. The real and imaginary parts of s can be
considered as independent quantities. The similarity of this notation with the notation
used in Fourier transform theory is no coincidence; for & = () the Laplace transform is
the same as the Fourier transform if the signal is causal.

The mathematical definition of the Laplace transform is as follows:

F)= (@)= [ erar

The transform, by virtue of the definite integral, removes all t from the
resulting equation, leaving instead the new variable s, a complex number that is normally

written as ¥ = T J&. In essence, this transform takes the function f(t), and
"transforms it" into a function in terms of s, F(s). As a general rule the transform of a
function f(t) is written as F(s). Time-domain functions are written in lower-case, and the
resultant s-domain functions are written in upper-case.

We will use the following notation to show the transform of a function:
f(t) & F(s)

We use this notation, because we can convert F(s) back into f(t) using
the inverse Laplace transform.

The Inverse Transform
L{f(t)}=sF(s)— f(0)
Initial Value Theorem
f(0) Jlim sF(s)

This is useful for finding the initial conditions of a function needed when
we perform the transform of a differentiation operation.
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Final Value Theorem

Similar to the Initial Value Theorem, the Final Value Theorem states that
we can find the value of a function f, as t approaches infinity, in the laplace domain, as
such:

lim f(t) < li_l;%sF(s}

t—o0

This is useful for finding the steady state response of a circuit. The final
value theorem may only be applied to stable systems.

Laplace Transformation of Signal Waveform

. |
Laplace transform of unit step function is S

1
Laplace transform of ramp function is —-
S

Laplace transform of unit impulse function is unity.

The laplace transform can be used independently on different circuit
elements, and then the circuit can be solved entirely in the S Domain (Which is much
easier). Let's take a look at some of the circuit elements:

Resistor

Resistors are time and frequency invariant. Therefore, the transform of a
resistor is the same as the resistance of the resistor:

R(s)=r
Compare this result to the phasor impedance value for a resistance r:
Z. =1/0

You can see very quickly that resistance values are very similar between
phasors and laplace transforms.

Ohm's Law
If we transform Ohm's law, we get the following equation:
V(s) =I(s)R

Now, following ohms law, the resistance of the circuit element is a ratio of

Vis)

the voltage to the current. So, we will solve for the quantity f (5) , and the result will be
the resistance of our circuit element.
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V{(s)
I(s)

This ratio, the input/output ratio of our resistor is an important quantity,
and we will find this quantity for all of our circuit elements. We can say that the

R—

transform of a resistor with resistance r is given by:

L{resistor} =R=r

Capacitors

Let us look at the relationship between voltage, current, and capacitance,

in the time domain:

dt

Solving for voltage, we get the following integral:

o(t) = %f: i()dt

Then, transforming this equation into the laplace domain assuming the
zero initial condition, we get the following:

Vis) = %%I(s}
V(s)

Again, if we solve for the ratio I(S) , we get the following:
Vi(s) 1
I(s) sC
Therefore, the transform for a capacitor with capacitance C is given by:

1
L{capacitor} = e

Inductors
Let us look at our equation for inductance:
di (t)
dt

Putting this into the laplace domain assuming the zero initial condition,

v(t)=L

we get the formula:
Vis) =sLI(s)
Vi(s)

And solving for our ratio I(S) , we get the following:
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Vis)
I(s)
Therefore, the transform of an inductor with inductance L is given by:

L{Inductor} = sL

= sL

Impedance

Impedance of all the load elements can be combined into a single format
dependent on s, we call the effect of all load elements impedance, the same as we call it in
phasor representation. We denote impedance values with a capital Z (but not a phasor Z

).

s-domain t-domain s-domain

+ lrﬁn fs} ‘!‘ I
Ig
Vais) A e WAL L
Series model for Parallel model for
capacitor and inductor capacitorand inductor
Initial conditions modeled as voltage sources Initial conditions modeled as current sources
+ 1s) )
el —— 1/4sC) 4 ,_" + —
it} 1/sC
Vel e e ) N L Cv,f0)
V. (0s - i

sl

-

Iifs)
‘ E> v sl i(0)/s
f_r}_r'ﬂ} _

Determining electric current in circuits

In the network shown, determine the

character of the currents I (t), ‘T?(t), and I (t) assuming
that each current is zero when the switch is closed.
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Solution:

Current flow at a joint in circuit

Since the algebraic sum of the currents at any junction is zero, then
I, (t) = I(t) — I5(t) = 0

Voltage balance on a circuit

Applying the voltage law to the circuit on the left we get

dl,(t
Ii(t) Ry + Ly ;If ) _ B(t)
Applying again the voltage law to the outside circuit, given that E is constant, we get
dI;(t
Li(t) Ry + I3(t)Ra + L ;( ) _ E(t)

Laplace transforms of current and voltage equations

Transforming the above equations, we get

11(8) — 22(8) — 1a(8) = []

. . L
i11(s) Ry + sLlyig(s) = <

() Ry + (Rs+ sLy)ia(s) = %

The above three Laplace transformed equations show the benefits of
integral transformation in converting differential equationsinto linear algebraic
equations that could be solved for the dependent variables (the three currents in this
case), then inverse transformed to yield the required solution

Capacitor: ¥, (5] = éfc (5)+ s ED) — 1 (s)=(sC)F, (5)—Cv, (0)

Inducter: F(s)=sli,(s)—Li; (0) —=1;(5)

Il
b TR
| —
e et
i,
——

L]
—
+
—

=

=
L]

—

Example: Find the capacitor voltage.

+v (1) -

| L
[N

05F

. ng :R<t)§39 GD”“)
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+V.(s) -

| C
X

% s

;L(s) % s VR(s)§ 3 C‘D 1

+V(s) = AVRE) -

| ¢
[AN

oy O

“v | W

-3
= {s)=—
55 +3s5+2
The capacitor’s voltage
—6

2
BT

Expanding V (s) by partial fraction
C

Ve(s)

T+ D)(+2) 5 s+l s+2

v.(t)= (—3 +6e =3 ) u(t)

o K. K5 K
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Step response of an R-L circuit —x AN

Consider the RL circuit as shown in the
figure assuming the initial current to be zero. At t = 0 (“') ¢ _
the switch is closed and the voltage E is impressed on - =

the circuit. The differential equation on application of
KVL is

dt
:>RI(s)+L[sI(S)—1L(O)]=€
:>I(s)[sL+R]:€'.'zL(O):0
E E
= 1(5)=—5—~ L _E é_L
L+R S(HRJ Rls 5. K

E R
takinginverseLT = i(t) = E{l —etl t}

Step response of an R-C circuit

Consider the R-C circuit as shown in the _'VV\J(—

figure assuming the initial current to be zero. At t = 0 the
switch is closed and the voltage E is impressed on the <+>
circuit. The differential equation on application of KVL is =

Ri(t)+%':[i(t)dt:E

:>R1(s)+é{%s)}=£

:I(s){R+L}:£ S

Cs S

s+——
RC

E -4
takinginverseLTi(t) = Ee &
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Step response of an R-L-C circuit

Consider the R-L-C series circuit as shown
in the figure assuming the initial current to be zero. At ¢
= 0 the switch is closed and the voltage E is impressed
on the circuit. The differential equation on application of
KVL is

_ di(t)
Ri(t)+L ”

+é_:[i(t)dt:E
:>RI(S)+L[SI(S):|+%{[(S)}:€

S
£ £
_ S L
:>I(s)— = I ]
SL+R+— s+~ s+——
'S L LC
£
L K, K,

IR P Ty sl py i oy

=i(t)=K,e" +K,e™

Where s, & s, are the roots of the characteristic equation

1
st +R T and K, & K, are constant.

Value of s, & s, can be determined as

R RY 1
S8, =——%, /| — | ———=
2L 2L) LC
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Problem 1

In the network shown in the figure, the switch Sis closed and a steady state is attained. At t = 0, the

switch is opened. Determine the current through the inductor for t = 0.
15 2 AW—

R=250Q l
BNV _— C =200 uF L=0.5H

1 +

Solution

When the switch Sis closed and the steady-state exists, the current through the inductor is,

0=V -3 24
R 25

The voltage across the capacitor, V¢ (f) = 0 as it is shorted.

Fort =0, the switch is opened. By KVL,
di

Ldr

[ po
+E£Rk_0

Taking Laplace transform,

L[sI(s) —i(0—)]+ % =()
or I1(s) [SL + %} = Li(0-)
Putting the values,
6=

Taking inverse Laplace transform,
i(t)=2cos 100r (A),t=0
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Problem 2

A series R-L-Ccircuit withR=3Q,L=1Hand C=0.5 Fis excited witha
unit step voltage. Obtain an expression for the current, using Laplace
transform. Assume that the circuit is relaxed initially.

Solution
By KVL,
O e Q0-) 1
RI(s)+ sLI(s)— Li(0 }+SCI{5)+ pro I
Since the circuit is initially relaxed,
Si(0=)=0 and Q(0-)=0
Putting the values,
21 1
| +5+—|=—
{5)[3 3+S] p
1 1 4, 4,
1 = = = +
k) s2+3s+2 (+D(@E+2) s+1 s+2
Here, s> ] =g ame st ] ag
WREre, Vrsw2l s+l
_ W S
"1{3}_54—1 s+ 2

Taking inverse Laplace transform,
i(f) = e~ T+e 2t (A)

= 2¢¥'? sinh (%) (A)
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Problem 3

The circuit was in steady state with the switch in position 1. Find the
current i(t) for t = 0 if the switch 1s moved from position 1to 2 at t = 0.

10Q

10V —— — oy 0.5H

Solution

When the switch is in position 1, steady-state exists and the initial

current through the inductor is,

10
i(0—)=—=14
109=1,

After the switch is moved to position 2, the KVL gives, in Laplace

transform,

10/(s)+ 0.5s1(s)—0.5%x1= il
o

100 | I | 1
or, I(s)= + = s
s(s+20) s+20 |s s+20] s+20

Taking inverse Laplace transform,
i()=5-4¢" (A);1t>0;
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Problem 4

Find the response current of a series RL circuit consisting of a resistor
R =3Q and an inductor L = 1 H when each of the following driving force
voltage is applied:

a. unitramp voltage }'[5—2),
b. unitimpulse voltage § (¢ -2),

c. unit step voltage u (¢ —2),

Solution
a. Unitramp voltage r (¢t —2)

Applying KWL to AL series circuit,

R1'+L§=v(f)=r(r—2}

Taking Laplace transform,

(R+sL)1(s)=—re™

(s)= 5 (EL +R)

Substituting the values,

-2
f[—‘f-'):—ze )=E'25[£+£+ £ ]

s (S+3 52 Ky s+ 3

Y. O

s+3 i 3
]'{2
__g[l } o _ 1
o ds| s+3 N s+3 )2 9

=0 | ) s=0
1 1
g2 sasy B

2

. !(S}:e_h[lx’3 L1811 ]
5 5 s+ 3



Taking inverse Laplace transform,

i(t)= —éu(r —2]+%r(t -2) +%e’3{'_2}u(r -2)  Ans.

b. Unitimpulse voltage §(r—2):

In this case,

Taking Laplace transfarm,
(R+sL)I(s)=e™
=25 =25

Al {3E+R) - [f+3)

Taking inverse Laplace transform,
i()=e "y (1=2)  Ans.

c. Unit step voltage u(r—2)

In this case,

Taking Laplace transform,
-25
(R+sL)I(s)=5—
§

et o2 | 1
![S)=[SL+R]=S(5+3)=§€ [E_(“*'HJ

Taking inverse Laplace transform,

i(f)Z%H(I‘—2)—%6-3(,_2}1{(1‘—2) Ans.
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CHAPTER 7

TWO-PORT NETWORKS

T

+!

y One-Port
Network

-

@

a) A pair of terminals at which a signal (voltage or current) may enter or leave is
called a port.

b) A network having only one such pair of terminals is called a one-port network.

c) No connections may be made to any other nodes internal to the network.

d) By KCL, we therefore haveii=i1

[ 4 - o
_> <_ L
+ +
Two-Port
Vl V2
Network
i 4_ i’l = i’z _>

=  Two-port networks are used to describe the relationship between a pair of
terminals

= The analysis methods we will discuss require the following conditions be
met

1. Linearity
2. No independent sources inside the network
3. No stored energy inside the network (zero initial conditions)

4.i1=i1and iz =i
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Impedance Parameters

= Suppose the currents and voltages can be measured.
= Alternatively, if the circuit in the box is known,V; and V2 can be calculated

based on circuit analysis.
= Relationship can be written in terms of the impedance parameters.
=  We can also calculate the impedance parameters after making two sets of

measurements.
Vi=z11l1+z1212
Vo=zo1 1zl

If the right port is an open circuit (/2=0), then we can easily solve for two of
the impedance parameters: Similarly by open circuiting left hand port (I1-zo ) we can
solve for the other two parameters.

, v
Z., = inputimpedence = ?| ,=0 Z,, = forwardtransferimpedence = I_1|] ,=0

1

Z,, = reversetransferimpedence = ?|I , =0 Z,, = outputimpedence = %U , =0
2 2

Impedance Parameter Eguivalent

L(s) » <« [(s)
+ +
V.(s) V.(s)

Vi=zi+zio0,

Vo=zo1 20l

¢ Once we know what the impedance parameters are, we can model
the behavior of the two-port with an equivalent circuit.
e Notice the similarity to Th'evenin and Norton equivalents
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Admittance Parameters

° . °
_> 4_ L,

+ +
Two-Port

V, v,
Network

) 4_ i’. = i’z _>

@ ®

L=y Vitynls

L=y Vitynl,

1
Y, = input admittance = ?1|V2 =0
1

I
Y,, = forward transfer admittance = 72 V,=0
1

1
Y,, = output admittance = 71 V=0
2

. I
Y, =reverse transfer admittance = 7‘ V,=0
2

Hybrid Parameters
Vi=hy 1 +hV,
L=hy[1+hy»V,

h,, = input impedance = ?|V2 =0
1

. 1
h,, = forward current ratio = I—2|V2 =0
1

.
h, =reverse voltage ratio = —1|I1 =0
V2

1
h,, = output admittance = 72|I1 =0
2
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Example:

Given the following circuit. Determine the Z parameters.

I I
1 8Q 10Q 2
NN M\
+ +
v, 2200 2w Vi

Z,,= 8+ 20|30 =20 Q

Z,, = 20[30 = 12Q
4
Z, =I—1|11 =0
2
4 :M: 8xI, Therefore z, = 8l =8Q =z,
20+30 1

2

The Z parameter equations can be expressed in matrix form as follows.

i I

4 _ Zy ZIZ:||:I:|
Wl za 2|l L

vl 20 871
v, 18 12|14,

Given the following circuit. Determine the Y parameters.

Example:

b, 10 L
A
+ +
vV, —/= 1 s
s V2
= AN —
10
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I 10 |
WV
+ +
Vl p— l S
§ V2 4s?ort
—_ AMA, —_
1Q
To find y,,
2
AN
Vl_l‘(2+1/s)_1{2s+1}
I 1
_ 1, —=_1 —

To find Y., and y,, Wereverse things and short V1

Il

Yo = 7?|V2:O
n=-20
I,
=—==058S
Yo v
I, 1Q 12
AN
short | . T
Vi, === s
— M —
I 1Q
Yo = 72 V] =0
V,==2I, y,= —'Z:O.SS
1
Vs =0.5+—
s
2 v, 1 )= 2(s+2) 2=V T
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Problem 1

Find the Z and Y parameter for the networks shown in figure.

a.
b.
1'® a2
» ]
c. (©)
L @
’
d.
1'e
Solution

a. ByKVL, (Z,+ Z,)|+ Z.I, =V,
Thus, the Z-parameters are:

2y =(Z,+2Z.),z23=23=Z,, zpn=(Z£,+Z))

1 2
za zb

L ‘ &

-Ii' 2!
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b. By KCL,

- h=-% 1 1

/ Lty 1
1=z =zh—zh
Vo 1 1
and = 22 7L o .
2 Z ZV,+ZV2

Thus, the y-parameters are,

PYIEY ST |
1 Z—Jzz Ya2=1= 7

Since, Ay = y| ¥y = Vi2¥2 = 0, the z-parameters do not exist
for this network.

. By KVL,
V] =

L+ I 1 I |
i?i=g mﬁ=(?}ﬁ(?%zam ﬂ=EJQ+GJQ

Thus, the z-parameters are,

IN= zp=5=2Z13= 2

Y
Since, Az = z;,25, — zj525; = (), the y-parameters do not exist
for this network.

. ByKCL,

R AR A A A A AR A
=Yy + (=T, ==Y, + ,(, + Y,)

Thus, the y-parameters are:

=L+ o=yn=-Yoymm=4%+1,
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Problem 2
a. The following equations give the voltages V; and V> at the two
ports of a two port network, Vq = 6l1+215, Vo = 2l1+l5;

Aload resistance of 3 Q is connected across port-2. Calculate the
iInput impedance.

b. The z-parameters of a two port networkare z;,=5Q, 2,0, =2 Q, ;-
=751 =3 Q. Load resistance of 4 Q is connected across the output
port. Calculate the input impedance.

Solution

a. From the given equations,

Vi =56hL+2I (1)

Vo =2l +17 (1)

Atthe output, Vo = — bR, = — 35
Putting this value in (1),

—3lp =2l +Ipfily=—1;/2

Putting in (i), V4 = 517 + (_T‘r'] = 41,

d =40

. Input impedance, Zj,, = A
1

b. [Same as Prob. (a)] Zi, = ? =3.50
1
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Problem 3

Determine the h-parameter with the following data:

i. with the output terminals short circuited, V1 =25V, =1 A, Ix=2
A

ii. with the input terminals open circuited, V; =10V, Vo, =50V, I, =2
A

Solution

The A-parameter equations are,
Vi =hi1f + Fi2Va2
{2 = ho1l + haaVa

a. With output short-circuited, V2 = 0, given: ¥y =25V, /; =1 A and

fo =2 Al
25 = hy,; =<1 . .
b. With input open-circuited, /4 = 0, given: V7 =10V, Vo = 50V and
fo =2 A
10 = Jiy5 % 50 1 . 1 _
and 2 = hiyy 50} = My, = 3= 0.2 and Aty = EU = (.04 T3

Thus, the A-parameters are:

[h] = [259 0.2 _I}
2 0.04

Problem 4
a. Find the equivalent rrnetwork for the T-network shown in the Fig.
(a).
b. Find the equivalent T -network for the rrnetwork shown in the Fig.
(b).
Za=20 ZFp=250C Yy =0.2 5
1 2
Zc=5102
: i - 2
(@)
Solution

a. Let the equivalent m-network have Y- as the series admittance
and Y4 and ¥s as the shunt admittances at port-1 and port-2,
respectively.

14

I
H—‘ .—‘L'
+

Vi Yo Ya Ve

L ]
—
—
L]
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Now, the z-parameters are given as:
Z11 = {ZA+ch=?ﬂ, Z|22321=ZL"=SQ.}222 = (ZB+ Z(-]'= ?.SQ

lBZ= (T T.5=8x5)=27.58°

“YEE (vt ) =555
5 _ B,

and Yo = — ¥~ mr =5

Thus, the impedances of the equivalent -networks are:

I4 550 I
- > o ATATAYE - <« @
+ +
Vi %119 13.?5!).% Va
™ . . ™
Equivalent rr-network
z=Ltong, |
. YA
|
Zp=—=13.750Q,;
Y
1
Lr=—=550
C }rc
z,q.= ZE=
Ys=10 06250  0.25Q
1 2 1 2
b.
¥Y1=020 Y>2=050 Zr=1.2510
2- 1- 2r

m-network Equivalent T-network
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The y-parameters,

Yini= 1.2 6., y|:2=y21=_1 t'j,andy22=1.su

LAy=(1.2%x1.5-1)=0.8

SIS i—?z%ﬂ,ziz=22|=_-2; -
ZA=(Z..—z.2}=%=0.6zsg

L ZB:(?-'zz'-zu]Z%%:G.ZSQ b
Zczzlgzﬁzl.ZSQ

1

0.8

M

s 23 = Ay

i P

.8
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CHAPTER 8

LOW PASS FILTER INTRODUCTION

Basically, an electrical filter is a circuit that can be designed to modify,
reshape or reject all unwanted frequencies of an electrical signal and accept or pass only
those signals wanted by the circuit’s designer. In other words they “filter-out” unwanted
signals and an ideal filter will separate and pass sinusoidal input signals based upon
their frequency.

In low frequency applications (up to 100kHz), passive filters are generally
constructed using simple RC(Resistor-Capacitor) networks, while higher frequency
filters (above 100kHz) are usually made from RLC (Resistor-Inductor-Capacitor)
components.

Passive Filtersare made up of passive components such as resistors,
capacitors and inductors and have no amplifying elements (transistors, op-amps, etc) so
have no signal gain, therefore their output level is always less than the input.

Filters are so named according to the frequency range of signals that they
allow to pass through them, while blocking or “attenuating” the rest. The most
commonly used filter designs are the:

e 1. The Low Pass Filter - the low pass filter only allows low frequency signals from

OHz to its cut-off frequency, fc point to pass while blocking those any higher.

e 2. The High Pass Filter - the high pass filter only allows high frequency signals
from its cut-off frequency, fc point and higher to infinity to pass through while

blocking those any lower.

e 3. The Band Pass Filter - the band pass filter allows signals falling within a certain
frequency band setup between two points to pass through while blocking both the

lower and higher frequencies either side of this frequency band.

e 4 Band Stop Filter - It is so called band-elimination, band-reject, or notch filters;
this kind of filter passes all frequencies above and below a particular range set by

the component values.

Simple First-order passive filters (1st order) can be made by connecting
together a single resistor and a single capacitor in series across an input signal, (Vin)
with the output of the filter, (Vout ) taken from the junction of these two components.
Depending on which way around we connect the resistor and the capacitor with regards
to the output signal determines the type of filter construction resulting in either a Low
Pass Filter or a High Pass Filter.

As the function of any filter is to allow signals of a given band of
frequencies to pass unaltered while attenuating or weakening all others those are not
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wanted, we can define the amplitude response characteristics of an ideal filter by using
an ideal frequency response curve of the four basic filter types as shown.

IDEAL FILTER RESPONSE CURVES

Ap Ap Ar Ap
t Low Pass Filter 1 High Pass Filter ! BandPass Fiter | Band Stop Filter
Fazs Stop Stop Pass Stop | Pass | Stop Fass | Stop | Pass
- > i

L A T A A

A Low Pass Filter can be a combination of capacitance, inductance or
resistance intended to produce high attenuation above a specified frequency and little or
no attenuation below that frequency. The frequency at which the transition occurs is
called the “cutoff” frequency. The simplest low pass filters consist of a resistor and
capacitor but more sophisticated low pass filters have a combination of series inductors
and parallel capacitors. In this tutorial we will look at the simplest type, a passive two
component RC low pass filter.

THE LOW PASS FILTER

A simple passive RC Low Pass Filter or LPF, can be easily made by
connecting together in series a single Resistor with a single Capacitor as shown below.
In this type of filter arrangement the input signal (Vin) is applied to the series
combination (both the Resistor and Capacitor together) but the output signal (Vout ) is
taken across the capacitor only. This type of filter is known generally as a “first-order
filter” or “one-pole filter”, why first-order or single-pole?, because it has only “one”
reactive component, the capacitor, in the circuit.

RC LOW PASS FILTER CIRCUIT

As mentioned Resistor, R I
previously in the Capacitive
Reactance tutorial, the reactance of a
capacitor varies inversely with
frequency, while the value of the Vin Capacitar, C |
resistor remains constant as the
frequency changes. At low
frequencies the capacitive reactance, © o

(Xc) of the capacitor will be very =

large compared to the resistive value of the resistor, R and as a result the voltage across
the capacitor, Vc will also be large while the voltage drop across the resistor, Vr will be
much lower. At high frequencies the reverse is true with Vc being small and Vr being

large.

While the circuit above is that of an RC Low Pass Filter circuit, it can also
be classed as a frequency variable potential divider circuit similar to the one we looked
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at in the Resistors tutorial. In that tutorial we used the following equation to calculate
the output voltage for two single resistors connected in series.

R,
. ot
11

R,+R,

where; R1+ R.z = RT,the tetal resistance of the circwt

Vo = V

out

We also know that the capacitive reactance of a capacitor in an AC circuit
is given as:

'XC==——l—-ithmE
2atC

Opposition to current flow in an AC circuit is called impedance,
symbol Z and for a series circuit consisting of a single resistor in series with a single
capacitor, the circuit impedance is calculated as:

2 2
Z:JR +X

Then by substituting our equation for impedance above into the resistive
potential divider equation gives us:

RC POTENTIAL DIVIDER EQUATION
X _ vy %c
111 Z

Vr:nut - Vinx 7 2
R™+X

So, by using the potential divider equation of two resistors in series and
substituting for impedance we can calculate the output voltage of an RC Filter for any
given frequency.
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LOW PASS FILTER EXAMPLE

A Low Pass Filter circuit consisting of a resistor of 4k7() in series with a
capacitor of 47nF is connected across a 10v sinusoidal supply. Calculate the output
voltage (Vout ) at a frequency of 100Hz and again at frequency of 10,000Hz or 10kHz.

Voltage Output at a Frequency of 100Hz.
1 1

Xe= = =33,86302
2t C 2mx100x47x107

VOUT: VINXL =10x 33863 =09 Ovy
JRE+X2 47007 +33863°

Voltage OQutput at a Frequency of 10,000Hz (10kHz).

1 1
X.= = = 33K8.60)
© 2xfC 27tx<10,000x 47107

Vo=V e =1 3380 718y
JRE+X2 4700% +338.6°

FREQUENCY RESPONSE

We can see from the results above that as the frequency applied to the RC network
increases from 100Hz to 10 kHz, the voltage dropped across the capacitor and therefore
the output voltage (Vout) from the circuit decreases from 9.9v to 0.718v.

By plotting the networks output voltage against different values of input frequency,
the Frequency Response Curve or Bode Plot function of the low pass filter circuit can be
found, as shown below.
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Frequency Response of a 1st-order Low Pass Filter

Coner
. Vout Freguency
Sain — 20 log Vin Jﬂl::
h B,
JasgBanc | | StopBand
0dB |
3d3 4+—-Jd3 (457
Frequenc
R 5 y Slope =

= esponse -20cB/Decade

= /

E ¥

Bandwidth
- P

Phase fu(L=)  Frequency Hz)

i | iLogarith mic Scale)
-445%

Phassa
Shift |

-90° :

Frequency (Hz)

The Bode Plot shows the Frequency Response of the filter to be nearly flat
for low frequencies and the entire input signal is passed directly to the output, resulting
in a gain of nearly 1, called unity, until it reaches its Cut-off Frequency point (fc). This is
because the reactance of the capacitor is high at low frequencies and blocks any current
flow through the capacitor.

After this cut-off frequency point the response of the circuit decreases to
zero at a slope of -20dB/ Decade or (-6dB/Octave) “roll-off’. Note that the angle of the
slope, this -20dB/ Decade roll-off will always be the same for any RC combination.

Any high frequency signals applied to the low pass filter circuit above this
cut-off frequency point will become greatly attenuated, that is they rapidly decrease.
This happens because at very high frequencies the reactance of the capacitor becomes
so low that it gives the effect of a short circuit condition on the output terminals
resulting in zero output.

Then by carefully selecting the correct resistor-capacitor combination, we
can create a RC circuit that allows a range of frequencies below a certain value to pass
through the circuit unaffected while any frequencies applied to the circuit above this
cut-off point to be attenuated, creating what is commonly called a Low Pass Filter.
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For this type of “Low Pass Filter” circuit, all the frequencies below this
cut-off, fc point that are unaltered with little or no attenuation and are said to be in the
filters Pass band zone. This pass band zone also represents the Bandwidth of the filter.
Any signal frequencies above this point cut-off point are generally said to be in the
filters Stop band zone and they will be greatly attenuated.

This “Cut-off”, “Corner” or “Breakpoint” frequency is defined as being the
frequency point where the capacitive reactance and resistance are equal, R = Xc = 4k7().
When this occurs the output signal is attenuated to 70.7% of the input signal value or -
3dB (20 log (Vout/Vin)) of the input. Although R = Xc, the output is not half of the input
signal. This is because it is equal to the vector sum of the two and is therefore 0.707 of
the input.

As the filter contains a capacitor, the Phase Angle (®) of the output
signal LAGS behind that of the input and at the -3dB cut-off frequency (fc) and is -
450 out of phase. This is due to the time taken to charge the plates of the capacitor as the
input voltage changes, resulting in the output voltage (the voltage across the capacitor)
“lagging” behind that of the input signal. The higher the input frequency applied to the
filter the more the capacitor lags and the circuit becomes more and more “out of phase”.

The cut-off frequency point and phase shift angle can be found by using
the following equation:

CUT-OFF FREQUENCY AND PHASE SHIFT

1 1
c= S = 720H
1¢” %Re = sermooareios ‘

Phage Shift ¢ = -arctan (2r fRC)

Then for our simple example of a “Low Pass Filter” circuit above, the cut-
off frequency (fc) is given as720Hz with an output voltage of 70.7% of the input voltage
value and a phase shift angle of -45°.

HIGH PASS FILTERS

A High Pass Filter or HPF, is the exact opposite to that of the previously
seen Low Pass filter circuit, as now the two components have been interchanged with
the output signal ( Vout ) being taken from across the resistor as shown.

Where as the low pass filter only allowed signals to pass below its cut-off
frequency point, fc, the passive high pass filter circuit as its name implies, only passes
signals above the selected cut-off point, fc eliminating any low frequency signals from
the waveform. Consider the circuit below.
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THE HIGH PASS FILTER CIRCUIT

/\ Capacltor C

—ln-
r\ |

W

| Resistor, R $ Vou
? 4

o

In this circuit arrangement, the reactance of the capacitor is very high at low
frequencies so the capacitor acts like an open circuit and blocks any input signals
at Vin until the cut-off frequency point (fc) is reached. Above this cut-off frequency
point the reactance of the capacitor has reduced sufficiently as to now act more like a

short circuit allowing the entire input signal to pass directly to the output as shown
below in the High Pass Frequency Response Curve.

FREQUENCY RESPONSE OF A 1ST ORDER HIGH PASS FILTER.

Gain (dB) = 20 log /0ut

Vin-
b A
Stop Band :j:-| { PassBand |
I S Frequency
Response
EL Slope =
a | +20dBDecade
| Bandwidth
i | = -

Pha Frequency (Hz)
+90° (Logarithmic Scale)
+45°

U{l

Frequency (Hz)
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The Bode Plot or Frequency Response Curve above for a High Pass filter is
the exact opposite to that of a low pass filter. Here the signal is attenuated or damped at
low frequencies with the output increasing at +20dB/Decade (6dB/Octave) until the
frequency reaches the cut-off point ( fc ) where again R = Xc. It has a response curve
that extends down from infinity to the cut-off frequency, where the output voltage
amplitude is 1/v2 = 70.7% of the input signal value or -3dB (20 log (Vout/Vin)) of the
input value.

Also we can see that the phase angle (®) of the output signal LEADS that
of the input and is equal to+45° at frequency fc. The frequency response curve for a
high pass filter implies that the filter can pass all signals out to infinity. However in
practice, the high pass filter response does not extend to infinity but is limited by the
electrical characteristics of the components used.

The cut-off frequency point for a first order high pass filter can be found
using the same equation as that of the low pass filter, but the equation for the phase
shift is modified slightly to account for the positive phase angle as shown below.

CUT-OFF FREQUENCY AND PHASE SHIFT
f{;‘: L
2nRC

Phase Shift ¢ = arcian ——— 5 fRC

The circuit gain, Av which is given as Vout/Vin (magnitude) and is calculated as:

A — Vour _ R _R
TV R+

atlow f: Xc — o, Vout=0
athigh f: Xc — 0, Vout=\Vin

HIGH PASS FILTER EXAMPLE.

Calculate the cut-off or “breakpoint” frequency ( fc) for a simple high
pass filter consisting of an82pF capacitor connected in series with a 240k(Q} resistor.

fe= T ! =8,087 Hz or 8iHz
2TRC 27 x240,000x82x10™"

89



BAND PASS FILTERS

The cut-off frequency or fcpoint in a simple RC passive filter can be
accurately controlled using just a single resistor in series with a non-polarized
capacitor, and depending upon which way around they are connected either a low pass
or a high pass filter is obtained.

One simple use for these types of Passive Filtersis in audio amplifier
applications or circuits such as in loudspeaker crossover filters or pre-amplifier tone
controls. Sometimes it is necessary to only pass a certain range of frequencies that do
not begin at OHz, (DC) or end at some high frequency point but are within a certain
frequency band, either narrow or wide.

By connecting or “cascading” together a single Low Pass Filter circuit with
a High Pass Filter circuit, we can produce another type of passive RC filter that passes a
selected range or “band” of frequencies that can be either narrow or wide while
attenuating all those outside of this range. This new type of passive filter arrangement
produces a frequency selective filter known commonly as a Band Pass Filter or BPF for
short.

BAND PASS FILTER CIRCUIT

Unlike a low pass filter that only pass signals of a low frequency range or
a high pass filter which pass signals of a higher frequency range, a Band Pass
Filters passes signals within a certain “band” or “spread” of frequencies without
distorting the input signal or introducing extra noise. This band of frequencies can be
any width and is commonly known as the filters Bandwidth.

Bandwidth is commonly defined as the frequency range that exists
between two specified frequency cut-off points ( fc ), that are 3dB below the maximum
centre or resonant peak while attenuating or weakening the others outside of these two
points.

Then for widely spread frequencies, we can simply define the term
“bandwidth”, BW as being the difference between the lower cut-off frequency (fcLower )
and the higher cut-off frequency ( fcuicuer ) points. In other words, BW = fy - f1. Clearly
for a pass band filter to function correctly, the cut-off frequency of the low pass filter
must be higher than the cut-off frequency for the high pass filter.

The “ideal” Band Pass Filter can also be used to isolate or filter out certain
frequencies that lie within a particular band of frequencies, for example, noise
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cancellation. Band pass filters are known generally as second-order filters, (two-pole)
because they have “two” reactive component, the capacitors, within their circuit design.
One capacitor in the low pass circuit and another capacitor in the high pass circuit.

Frequency Response of a 2nd Order Band Pass Filter.
_ Vout

Gain Vin fe fe
\ A I h
| Stop Elandr'} { Pass Band ) : Stop EElﬂdr'}
V Y ¥ V
0dB
-3dB +— -3dB (45%)
Frequency Response :
= | Slope =
§- - Bandwidth > | -20dB/Decade
|
|
\ Slope = | |
+20dBDecade :
| |
B ¢ : |
fL feenter fu Frequency (Hz)
Phase | (Logarithmic Scale)
+30° !
[
[
|
0° I >
[ Frequency
Phase :
Shift |
-a0°

The Bode Plotor frequency response curve above shows the
characteristics of the band pass filter. Here the signal is attenuated at low frequencies
with the output increasing at a slope of +20dB/Decade (6dB/Octave) until the
frequency reaches the “lower cut-off” point f1. At this frequency the output voltage is
again 1/v2 = 70.7% of the input signal value or -3dB (20 log (Vout/Vin)) of the input.

The output continues at maximum gain until it reaches the “upper cut-off”
point fy where the output decreases at a rate of -20dB/Decade (6dB/Octave)
attenuating any high frequency signals. The point of maximum output gain is generally
the geometric mean of the two -3dB value between the lower and upper cut-off points
and is called the “Centre Frequency” or “Resonant Peak” value fr. This geometric mean
value is calculated as being fr2 = f(upper) X f (LOWER).

A band pass filter is regarded as a second-order (two-pole) type filter
because it has “two” reactive components within its circuit structure, then the phase
angle will be twice that of the previously seen first-order filters, i.e.,, 180°. The phase
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angle of the output signal LEADS that of the input by +90° up to the centre or resonant
frequency, fr point were it becomes “zero” degrees (0°) or “in-phase” and then changes
to LAG the input by -90° as the output frequency increases.

The upper and lower cut-off frequency points for a band pass filter can be
found using the same formula as that for both the low and high pass filters, For example.

T
fc_ZchHE

Then clearly, the width of the pass band of the filter can be controlled by the
positioning of the two cut-off frequency points of the two filters.

Band Pass Filter Example

A second-order band pass filteris to be constructed using RC
components that will only allow a range of frequencies to pass above 1kHz (1,000Hz)
and below 30kHz (30,000Hz). Assuming that both the resistors have values of 10k(}’s,
calculate the values of the two capacitors required.

Siagp”j}[l —| Low-pass filter |—| High-pass filter |— gﬁgﬁ{
blocks frequencies blocks frequencies
that are too high that are too low

The High Pass Filter Stage

The value of the capacitor C1 required to give a cut-off frequency fL of
1kHz with a resistor value of10k(Q is calculated as:

1 1
2afc.R  2mx1,000x10,000

C= =15.8nF

Then, the values of R1 and C1 required for the high pass stage to give a
cut-off frequency of 1.0kHz are: R1 = 10kQ)’s and C1 = 15nF.

The Low Pass Filter Stage

The value of the capacitor C2 required to give a cut-off frequency fy of 30kHz with a
resistor value of10Kk(} is calculated as:

1 1
2nfc.R 21 x30,000x10,000

C= =510 pF
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Then, the values of R2 and C2 required for the low pass stage to give a
cut-off frequency of 30kHz are, R = 10kQ’sand C = 510pF. However, the nearest
preferred value of the calculated capacitor value of 510pF is 560pF so this is used
instead.

With the values of both the resistances R1 and R2 given as 10k(), and the
two values of the capacitors C1 and C2 found for the high pass and low pass filters
as 15nF and 560pF respectively, then the circuit for our simple passive Band Pass
Filter is given as.

Completed Band Pass Filter Circuit

High P ass Filter Stage Low Pass Filter Stage

C1=1anF RZ =10K0O

\/”$/\/\/\’ 2

Vin R1=10KQ C2=560pF ___ Vout

Band Pass Filter Resonant Frequency

We can also calculate the “Resonant” or “Centre Frequency” (fr) point of the band pass
filter were the output gain is at its maximum or peak value. This peak value is not the
arithmetic average of the upper and lower -3dB cut-off points as you might expect but is
in fact the “geometric” or mean value. This geometric mean value is calculated as
being fr? = fcwpper) X fcrower) for example:

Centre Frequency Equation
ﬁ - \/ f L X f "

e Where, fris the resonant or centre frequency

e fLis the lower -3dB cut-off frequency point

e fnisthe upper -3db cut-off frequency point

And in our simple example above, the calculated cut-off frequencies were
found to be f1. = 1,060 Hz and fx = 28,420 Hz using the filter values.

Then by substituting these values into the above equation gives a central
resonant frequency of:

fr=JFf x fy = 1060 28420 = 548kHz
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Band-stop filters

It is so called band-elimination, band-reject, or notch filters; this kind of
filter passes all frequencies above and below a particular range set by the component
values. Not surprisingly, it can be made out of a low-pass and a high-pass filter, just like
the band-pass design, except that this time we connect the two filter sections in parallel
with each other instead of in series. (Figure below)

passes low frequencies

—| Low-pass filter | —

Signal ,T i . Sig%nal
input l T output
» | High-pass filter .

passes high frequencies

System level block diagram of a band-stop filter.

Constructed using two capacitive filter sections, it looks something like

(Figure below).
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