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CHAPTER-3
MATRICES

A rectangular arrangement of mn numbers with'm"horizontal Iines(rows) and 'n'vertical

lines (columns) is known as matrix of order mxnor (mby n).

3 2 -1
Ex:A=|3 5 1
2 4 3

3x3

Note : Anelement occuring inthe ithrowand jthcolumnof amatrix Awill be called (i, j )th
element.Itis denoted by a;.

EX:A{aﬂ 3, am}
8 Ay 8y 2x3
Itisamatrixof order 2x3with general elements.
Row matrix
Amatrix having only one row is known as row matrix.
Ex:[2 -1 3],
Column matrix
Amatrix having only one columnis known as column matrix.
1
2
-8
4
Null matrix or Zero matrix

Ex:

4x1

If all theelements of amatrix are zerothenit is called null matrix.Itis denoted by O, ..
{O 0 0}

Ex:
0 0 0],,

Square matrix

If the number of rows and columnof amatrixareequal thenitiscalled square matrix.
iem=n
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1 2 2
Ex:A={-3 4 -1
3 6 1

3x3

Rectangular matrix

If the number of rows and columnof amatrix are not equal thenit is called rectangular matrix.
lem=n

1 2 -3
Ex: A=
4 2 1 23

Diagonal matrix

Asquare matrixis said tobe a diagonal matrixif all the diagonal elements are present but
nondiagonal elements are zero.

100
Ex:A=|0 4 0

0 0 1,

Scalar matrix

Asquare matrixis said tobe a scalar matrixif all the diagonal elements are same but
nondiagonal elements are zero.

2 00
Ex:A=|0 2 0

00 2|,

Identity matrix or unit matrix

Asquare matrixis said to be anunit matrix if all the diagonal elements are unity (1)but
non diagonal elements are zero.ltis denoted by I jor I.
1 00
10
Ex:lborl={0 1 O lorl =
01
0 0 1},

Upper Triangular matrix

Asquare matrixis said tobe anupper triangular matrixif all the elements belowthe maindiagonal
are zero.

1 2 7
Ex:A=/0 -2 6
O O 3 3x3
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Lower Triangular matrix

Asquare matrixis said tobe alower triangular matrixif all the elements above the maindiagonal
are zero.

1 0 O
Ex:A={2 -2 0
5 7 3 s

comparable matrix

Twomatrices Aand B are said to be comparableif they have sameorder.

1 -2 3 1 a b
Ex: A= B =
4 1 7 s c d 7 s

Equal matrices

Two matrices Aand B are said tobe equal if they have same order and their corresponding

elements areequal.
b
A{ai bl} A:[as 3}
aZ b2 2%2 a'4 b4 2x2

A=Biff a =a,,b =b;,a,=a,,b, =D,

2 1 4
Ex: Find thevalueof xand yif {)3( y}[ }

-2 3 2
. X 2y 1 4
Ans : Given =
3 -2 3 -2

x=1, 2y=4=y=2

Matrix Addition

If Aand B aretwocomparable matriceseach of order mx nthenthe addition A+ B be a matrix
obtained by adding the corresponding element of Aand B.

1 -2 3 1 5 5
Ex: A= B =
4 1 72X3 2 6 -1 23
1 -2 3 1 5 5 1+1 -2+5 3+5 2 3 8
Ans: A+B= + = =
4 1 72X3 2 6 -1 oa 4+2 1+6 7-1 6 7 62X3

Scalar multiplicationof a matrix

If Abeamatrixand k beascalar thenthe scalar multiplication of a matrix obtained by multiplying
eachelement of AbyKk.Itisdenoted by kA.

Engg. Math-| 5 Dillip Kumar Barik



KIT POLYTECHNIC

1 4
Ex: A=
i 5

2z 3Jrls &

Transpose of amatrix

If Abeamatrixof order mx nthenthe matrix obtained by changing the rows and columnsthen

itis called transpose of amatrix.Itis denoted by ATor A" and theorder of ATisnxm.

1 4
Ex: A=
i 5

AR

Matrix multiplication

Existence of the product of two matrices

The product of two matricesAand B will beexistif the number of columnsinthelst matrix(A)

is equal tothe number of rowsinthe 2nd matrix(B).

If Abeamatrixof order mxnand Bbeamatrixof order nx pthen ABbeamatrixof order mx p.
et A=[]., B=[], AB=[ ]

mxp
Note: Al = A=A

AA = A’

H=1*=I

Singular matrix

Asquarematrix'A'issaid tobea singular matrixif det.Aor |A| =0.

2 3
Ex:A= ~12-12=0
4 6

Non — Singular matrix

Asquare matrix' A'is said tobea nonsingular matrixif det.Aor |A| 0.

3 2
Ex: A= =12-8=4=0
4 4
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Rank of amatrix

Therank of amatrixisthe largest order of any nonvanishing minor of the matrix.

OR

The rank of amatrixisthe maximumnumberL.I (Linear indepedent) rows or columns of the matrix.
OR

The number of non zero rows or columns of atriangular matrixis known as rank of a matrix.

Rank of amatrixisdenoted by p(A)orr(A)

Howto find the rank of amatrix

1.Letthe given matrixis A

2.Before finding rank check the pivot element (a,, = 0)(i.ethelst element inthe matrix not zero)

3.1f the pivot element (a,, = 0)theninterchange any two rowsor columns.

4 Transfer all the elements belowthe pivot elementsto'0'and reduce the matrixto anupper triangular
matrix form.

5.After upper triangular matrix( rank of matrix =number of non zero rows or columns)

Note : If weinterchange anytwo rowsor columnsof a matrixthenthe rank of amatrix remains
unchanged.

Note :

1.If all minor of amatrix of order(r +1) are zerothenitsrankis<r.
2.Rank of nthorder nonsingular matrixisn.
3.Rank of nthorder singular matrixis< n.
4.Rank of nthorder square matrixis<n.
5.Rank of nthorder unit matrixisn.

6.Rank of a matrix having order mxn

(a) If m>nthen rankis<n

(b)If m<nthen rankis<m

(c)If m=nthenrankis <m=n

7.Therank of null matrixis zero.

2 3
Ex: Find the rank of the matrix[4 6}

2 3
Ans: A=
e

2

Al =
-,

3
6‘ =0 ,the2nd order minor vanishes.sothe rank of thematrixis1.
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1 2 3
Ex: Find therank of thematrix| 1 4 2
2 6 5
1 2 3
Ans:|1 4 2 (Herethe3rd order determinant vanishes.)
2 6 5
R, >R,-R,R, >R, —-2R,
1 2 3
~[0 2 -1
0 2 -1
R, >R,—R,
1 2 3
~0 2 -1 (two non zero rows and one zero roware present after upper triangular matrix)
0 0 O

Hencethe rank of thematrixis2 i.e r(A) =2.

4 2 3
Ex:Findtherank of thematrix] 8 4 6
-2 -1 -15
4 2 3
Ans:| 8 4 6 (Herethe 3rd order determinant vanishes.)
-2 -1 -15
R, >R,-2R, R, —> R3+%Rl
4 2 3
~0 0 O (two zerorows and one non zero roware present after simplification)
0 00O

Hencethe rank of the matrixisl i.e r(A)=1.

3 -1 2
Ex: Find therank of thematrix| -6 2 4
-3 1 2

Engg. Math-| 8 Dillip Kumar Barik



(Herethe 3rd order determinant vanishes.)

3 -1 2
Ans:|-6 2 4
-3 1 2
R,>R,+2R, R, > R, +R,
3 -1 2
~0 0 8
0 0 4
R3—>R3—%Rl
3 -1 2
~0 0 8
0 0 O
Hencethe rank of thematrixis2 ie r(A)=
1 5 9
Ex: Find therank of thematrix| 4 8 12
|7 11 15
111
Ex: Find therank of thematrix|1 1 1
111
1 2 3
Ex:Findtherankofthematrix(a) 2 3 4
3 45
1 2 30
. |2 4 3 2
Ex: Find the rank of the matrix
3 213
6 8 7 5
1 2 30
Ans: 2432
3 21 3
6 8 7 5

R, >R,-2R, R, >R,-3R,R, >R, —6R

Engg. Math-|
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1 2 3 0
0 0 -3 2
“lo 4 -8 3
0 -4 —11 5
R, >R, ~R,—R,
1 2 30
0 0 -3 2
“lo -4 8 3
00 0 0

Hencethe rank of the matrixis3 i.e r(A):3.

5 6 7 8
8 9

12 13 14

16 17 18 19

Ex : Find the rank of the matrix

5 6 7 8
Ans: 6 7 89

11 12 13 14

16 17 18 19
¢,»(C,-C,C,»C,-C,C,»C,-C,
5 1
6 1
11 1
116 1
Cc,—»(C,-C,C,»C,-C,
5 100
6 1 0 O
11 1 0 0
116 1 0 0

Hencethe rank of thematrixis2 ie r(A)=2.

-

Q

1
1
1
1

2 3 4
Ex: Find therank of thematrix|4 3 1
1 2 4

Engg. Math-| 10
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2 -1 4 1 0 2 1 1 3 2 4
Ex: Find the rank of thematrix(a) ol 6,(b) ot 1,(c) > 2 0t
-1 7 1 -1 4 0 3 4 -4 -7
-1 1 -1 9 -2 2 8 0 -7 5 6 10
1 3 4 3
Ex: Find therank of thematrix| 3 9 12 3
13 4 1),
1 3 4 3
Ans:|3 9 12 3 (Therank iseither 3or < 3)
1 3 4 1
R, >R,-3R,R, > R, —R,
1 3 4 3
~0 0 0 -6
0 0 0 -2
R3—)R3—%R2
1 3 4 3
~[0 0 0 -6
0 00 O
Hencethe rank of thematrixis2 i.e r(A):Z.
1 2 -1 -4 8 1 3 6 23
Ex: Find therank of thematrix(a)l 2 4 3 5 |(b)| 0 3 2 2|(c) :S
-1 -2 6 -7 -8 -1 -3 4
2 1
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consistent and inconsistent

If the solution of the systemof linear equationexist thenitis called consitent otherwiseitis called
inconsistent.

Consistency for system of linear equations

Let us consider the systemof 'm'linear equation with'n'unknowns

A X F ALKt +a,,X, =0,

Ay X 85X, F v, +a,,X, =d,
.......................................................................... (1)
A% A%, e, +a, X =d_

X d,
8y By e a, X d,
Ay By e a .
Where A=| 2 % 2l X=| " |B=
- N U a, :
_Xn_ _dm_
Here Aiscalled coefficient matrix.
8y Ay e ay, |d,
21 Ay e a,, 0, P .
LetK = whichis called augmented matrix -
- WY DR a,|d,

Rouche'sTheorem

The systemof equationisconsistent iff the rank of Aand K are equal otherwise the system of
equationisinconsistent.

Note:

(1) If systemof equationis consistent theniit gives either unique solution or infinite solution.
l.eit has at least one solution.

(2) If systemof equationisinconsistent thenit gives no solution.

Engg. Math-| 12 Dillip Kumar Barik
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procedure for thetest of consistency

Let the rank of coefficient matrix(A)=r and the rank of augmented matrix(K)=r'
Number of variables =n

No solution

If r = r thenequations are inconsistent and gives no solution.

Unique solution

(2) Ifr = r = nthenequations are consistent and gives unique solution.
Infinite solution

(3) If r =r < nthenequations are consistent and gives infinite solution.

Ex:
Testtheconsistency 4x—2y+6z=8
X+y—-3z=-1
15x-3y+9z=21
Ans:
The augmented matrixis
4 -2 6|8 4 -2 6
K=l1 1 -=3-1 HereA=| 1 1 -3
15 -3 921 15 -3 9
R, <> R,(Two rows are interchanged)
1 1 31
~ 4 -2 6|8
115 -3 921

R, >R,—4R, R, —>R,—15R

1 1 -3
~|0 -6 1812
|0 -18 5436
R, > R;-3R,
1 1 31
~0 -6 18[12 hererank of A=2and rankof K=2,n=3
0 0 0]0

Soitisconsistent and gives infinite solution.

Now—-6y+18z2=12=y-3z=-2=y=3z-2......(1)
Again X+y-3z=-1=x—-2=-1=x=1 wherezisa parameter.

Engg. Math-| 13 Dillip Kumar Barik
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Ex:
Testtheconsistency 2x-3y+7z=5
3Xx+y-3z=13
2X+19y—-472 =32
Ans:
The augmented matrixis
2 -3 7|5 2 -3 7
K=/3 1 -3[13 HereA={3 1 -3
2 19 -47|32 2 19 -47
R, > 2R,-3R,,R, > R,—R,
2 3 7|5
0 11 -27/11
0 22 -54\27
R, >R,-2R,
(2 3 7|5
0 11 -2711 hererank of A=2and rankof K=3,n=3
0 0 015

Soitisinconsistent and gives no solution.

Q

Q

Ex:
Testtheconsistency 2x—3y+z=1
X+2y—3z=4
4x—-y—-27z=8
Ans:
The augmented matrixis
2 -3 11 2 -3 1
K=1 2 -3/4 HereA=|1 2 -3
4 -1 -2{8 4 -1 -2

R, > 2R,—R,R, > R,—2R,

Engg. Math-| 14 Dillip Kumar Barik



Q

Q

[2 -3 1]1]
0o 7 -7|7
0 5 -46
R, — 7R, -5R,
[2 -3 1]1]
0 7 -7
0 0 717

hererank of A=3and rankof K =3,n=3

Soitisconsistent and givesunique solution.

Now 7z2=7T=12=1

y-T2=7T=y-z1=1=y=1+z=1+1=2
2X—-3y+2=1=22x-6+1=1=2x=6=>x=3

Ex:

Test the consistency and if possiblethen find solution

(a)

(b)

(c)

Ex:

X+2y—-2=6
3X-y-2z=3
4x+3y+2=9
4X+3y+2z2=-7
2X+y—-4z=-1
X+2y+z=1
2X—-3y+7z=5
5x—-2y+4z=18
2X+19y—-47z2 =32

Test the consistency and if possiblethen find solution

Ans:

The augmented matrixis

1 2 113
2 3 25
3 5 5|2
3 9 -14

Engg. Math-|
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R, >R,—2R,R, >R,—3R,R, >R, —3R

Q

~

Soitisconsistent and givesunique solution.

1 2 113
0 -1 0|1
0 -11 2|7
0 3 -—4/-5

R, > R,-11R,,R, > R, +3R,
1 2 13

0 -1 0]-1

0 0 2|4

0 0 -4/-8

R, &> R, +2R,

1 2 1|3

0 -1 0]-1

0 0 2|4

0 0 0/0

hererank of A=3and rankof K=3,n=3

Now 2z2=4=2=2

—y=-1=y=1
X+2y+2=3=>X+2+2=3=>x=-1

Ex:

Test the consistency and if possiblethen find solution
X+9y+7z=15
2X+3y+4z=11
X—2y-3z=-4

3x+11y+13z=25

Engg. Math-|
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Ex: Investigate for what value of A2and wthe simultaneous equation
X+Yy+2=06
X+2y+3z=10
X+2y+Az=p  has(a)nosolution,(b)aunique,(c)aninfinitenumber of solution
111 X 6
Ans:HereA=1 2 3| ,X=|y ,B=10
1 2 4 z Y7,
1 1 1|6
Now K=|1 2 3|10
1 2 Mu
R, >R,-R R, >R, —-R,
11 1 6
~0 1 2 4
0 0 A-3ux-10
No solution

If A=3and i #10thenrankof A=2,rankof K =3
Unique solution

If A= 3and ubeanyvaluethenrank of A=rankof K =3
Infinite solution

If 2=3and u=10thenrank of A=rankof K =2<n(n=3)

Ex: Showthat the equations

3Xx+4y+5z=a
4X+5y+6z=Db
5x+6Yy+ 7z =c donot havea solutionunlessa+c = 2b.
3 45 X a
Ans:HereA=|4 5 6| ,X=|y ,B=|b
5 6 7 z c
3 4 5|a
Now K={4 5 6|b
5 6 7|c

R, >3R,—4R ,R, 3R, -5R,

Engg. Math-| 17 Dillip Kumar Barik
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(3 4 5| a
0 -1 -2[3b-4a
_O -2 —4|3c-5a
R, >R, - 2R,
3 4 5 a
0 -1 -2 3b-4a
10 0 0|3c-6b+3a
Rank of A=2
The systemof equationis consistent if the rank of augmented matrix K =2
whichisobtained if 3c—6b+3a=0
=3c+3a=6b=a+c=2b
Hencethe equation have no solutionunlessa + ¢ = 2b.

Q

Q

PREVIOUS YEAR QUESTIONS

1 01
Ex—1: Find the rank of thematrix| 0 2 2 (2006)
2 3 4
Ex —2: Test the constiency and hence solve
X+Yy+2=6
X—y+2z=5
3X+y+z=8
2Xx—-2y+3z=7 (2006)

Ex —3:Write downthe proceduretotest the consistency of a systemof equationsin’n'unknowns.(2007)
Ex —4: Determinethe rank of the matrix
3 -1 2
-6 2 4 (2007,2004, 2003)
-3 1 2

Ex—5: Definethe rank of a matrix. (2005)
Ex—6: Ex: Investigate for what value of 4 and ythe simultaneous equation
X+y+2=06
X+2y+3z2=10
Xx+2y+Az=p has(a)nosolution,(b)aunique,(c)aninfinitenumber of solution(2005)
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Ex—7 :Write what you mean null matrix.
1 2

Ex —8: Find therank of amatrix| 2 3
1 3

10
Ex—9: Find therank of thematrix{|0 1
00

Ex—10:Investigate for what valuesof A and g thesimultaneousequations

X+y+2=6
X+2y+3z=10

0
0
1

KIT POLYTECHNIC

(2004)

(2002)

(2008)

x+2y+Az=p have(a)nosolution(b)auniquesolution(c)aninfinitenumber of solution

1
Ex —11: Find the rank of the matrix| 2
4

o B~ DN

Ex —13: State Rouche'stheorem.
Ex—14:Test the constiency and solve
5X+3y+7z=4
3X+26y+2z2=9
7X+2y+10z=5
1
Ex—15:Find the rank of the matrix| 2
4

5

o B~ DN

6
Ex —16: Find the rank of the matrix

6
7

(2008)

7 8
8 9

11 12 13 14
16 17 18 19

00

-1

Ex—-17: Findtherankof thematrix]1 0 O
01 0

Engg. Math-|
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CHAPTER-3
LAPLACE TRANSFORMS

Def": Let f(t) be the real valued function of t, t > 0. Then Laplace transform of f(t) is given by L{f (t)}z J.efst f (t)‘it ,
0
where s is parameter may be real or complex

Formulas: (Laplace Transformation of some simple functions)

(i) Laplace Transform of constant function :
Let f(t)=k ,where kis constant

Then Laplace transform of f(t) is given by

K
L{f(t)}=L(k)=— *
S

Ex: L(1)=1/s, L(3)=3/s, L(-3)=-3/s, ........ etc

(ii) Laplace Transform of algebraic function:
Let f(t)=t", n=0,1,2,.....

Then Laplace transform of f(t) is given by

L{f(t)}=L(t")= where n! is factorial of n  *

n+l ’/
S

n!=n(n-1)(n-2).....2.1

i. e.5!=5.4.3.2.1=120, 4!=4.3.2.1=24 ......... etc
Ex: L(t)=1/s%, L(t?)=2/s3,.........

(iii) Laplace Transform of exponential function:
Let f(t)=e** ,where a is constant

Then Laplace transform of f(t) is given by

L{f(t)}=L(e™)= *
s—a
Similarly, L(e®")= *
s+a
1 1 1
ex: Lle')=——, Lle")=——,Lle™®)=——,......etC
X()s—l()s+1()s+2

Engg. Math-| 20 Dillip Kumar Barik



(iv) Laplace Transform of trigonometric function:
Let f(t)=sin at

Then Laplace transform of f(t) is given by

where a is constant *

. a
L(sin at) = T

...etc

Ex: L(sint)= 321+1' L(sin 2t) = 522+4 ,L(sin 5t) = = i25

Let f(t)=cos at

Then Laplace transform of f(t) is given by

s :
L(cosat)=———,where a is constant *
s’ +a

ex: L(cost) = SZS+1, L(cos2t) = SZS+4,L(cos3t): szs+9 .......... etc

(v)Laplace Transform of hyperbolic function:
Let f(t)=sinh at ( reads as sine hyperbolic)

Then Laplace transform of f(t) is given by

. a :
L(sinh at) = ———,where a is constant *
s?-a

,L(sinh 2t)=

Ex: L(sinh t)=
w Lisinh 1) s2_1 s2_4 s2_25

Let f(t)=cosh at (reads as cosine hyperbolic)

Then Laplace transform of f(t) is given by

s :
L(coshat)= ———,where a is constant *
s’ -a

s
,L(cosh 3t)= ,L{cosh 4t)=——.......... t
1 (cosh 3t) e (cosh 4t) T etc

Ex: L(cosh t)=

First Shifting Theorem:

It L{f(t)}=F(s),then Lf*f(t)j=TF(s—a)s-a>0
Proof: From the def", we have

o0

L{F@) = [o (2t = £s) = L™ )} = o= e f )t

0

Engg. Math-| 21
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(i) L{e*sinbt)= (5’ =
() Lo cosbt)= s
I
i) e eoshbt)= o

Some trigonometric formula :

(i)  Sin(A+B)=Sin A.CosB+CosA.Sin B
(i)  Sin(A-B)=Sin A.CosB-CosA.SinB
(i) Cos(A+B)=CosA.CosB-SinA.Sin B
(iv)  Cos(A-B)=CosA.CosB+SinA.Sin B
(v)  Sin(A+B)+Sin(A-B)=2Sin A.CosB
(vi) Sin(A+B)-Sin(A-B)=2Cos ASinB
(vi) Cos(A+B)+Cos(A-B)=2CosA.CosB
(vii ) Cos(A -B)-Cos(A +B)=2Sin A.Sin B

(ix)  Sin2A =2Sin A.Cos A

(x)  Cos2A =Cos?A-Sin’A =1-2Sin*A = 2Cos’A -1
(xi) tan?x+cot?x = %

(

_1-Cos2A 1-Cos4A
2
, c@m:%,....

~ 3CosA +Cos3A

xii)  Sin’A ,Sin22A =

(xiii) Cos’A= 1+Cos2A

3Sin A-Sin 3A

(xiv) Sin’A= , Cos’A
4 4

Engg. Math-| 22
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Some Derivative formula:

(i) %(sin X) = cos x,%(cos X) = —sin X, %(sin 2X) = 2¢0s 2x,%(cos3x) = —35iN 3X,..oeen.

(ii) d (w)= &, (product rule)

— U—+V.—
dx dx dx
du dv Some
d/u v.&—u.&
iii —] == division rule
(i) dx(vj v2 ( )

. d ] 1 d i
(iv) &(tan 1x):m, &(cot lx):_1+x2

Integration formula:

(i) jsin X dX = -COSX +C ,jcosxdx:sin X+C

sin 3x

COSZX+c, IcosSxdx: +Cunnn.
3

(ii) Isin 2X0dX = —

1 ; 1 1, 4(X
(iii)) Il+x2dx:tan1x+c, J'X2+a2dx=gtanl(gJ+c

Algebraic Properties of Laplace transformation:

Ex 1: Find Laplace transforms of the following functions:

(i) 1+t2-3t, (ii) (1+t)?, (iii) cost-3sint, (iv) sint, (v) cos?t
(v) Sin? 2t, (vii)  cos? 3t,(viii) (cos t-sin t)?, (ix) 1+et, (x)sin 3t. cos 2t
(xi) cos 4t.cos t ,(xii) sin 3t.sin t, (xiii) cos(at+b), (xiv) cosh 2t-sinh t

(xv) Sint, (xvi) Cos3t, (xvii) Sin32t,  (xviii) Cos33t .
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1,20 1 1.2 3

(i)  Ll+t?-3t)=L1)+L(?)- @Y="+ -3 3= v
(i) L+t =LO+2t+t2)=L@)+L(2t)+ L(t2)=%+£2+£3
s? s
. 3
L t—3sint t)—L(3sint)= -
(iii)  L(cost—3sint)=L(cost)—L(3sint) T T
. 1-cos2t) 1 1(1 S
(iv) Llsin?t)=L ( ; j—E{L(l)—L(COSZt)}:E g—82+4j
l1+cos2t) 1 1(1 S
() Llcos’t)-L ( . sz{L(l)+L(COSZt)}:E g+52+4j
. 1-cos4t) 1 1(1 S
(vi)  Llsin?2t)= L( ; j_E{L(l)—L(cosm)}_E(g—Sz+16j
. l1+cos6t) 1 1(1 S
(vii)  L(cos?3t)=L ( > j_E{L(1)+ L(C086t)}_§(§+32+36j
(viii)  L(cost+sint)? = L(cos® t +sin * t + 2sin t.cost)
= L(1+sin 2t)= L(1)+ L(sin 2t) == 22
s°+4
IX Li+e” )=L{Q)+Lle" )J==+——
() Lh+e)-L@+Lle)-T+ L
(x)  L(sin3t.cos2t)= % L(2sin 3t.cos 2t)
:%L{sin(3t+2t)+sin(3t—2t)}
=EL(sin5t+sint):l( 25 + 21 j
2 2\s°+25 s"+1
Xi L(cos4t.cost)= — L(2cos4t.cost
i
= % L(cos(4t +t)+ cos(4t —t))
:EL(0035t+c053t)=1( ZS + 23 j
2 2\s°+25 s°+9
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(xii) L(sin3t.sint)= % L(2sin 3t.sin t)
= % L{cos(3t —t)— cos(3t +t)}
=1L(0052t—0054t)=1( 25 - 2S j
2 2\s“+4 s°+16

(xiii) L{cos(at +b)} = L(cosat.cosh —sin at.sin b)
= L(cosat.cosb)— L(sin at.sin b)

=cosbh. —sinb.

2 2 2 2

S"+a

3 1
s?—4 s?-1

(xv) L(sinSt)zL[M):l[ 3 3 J

4 4\s?>+1 s?+9

(xvi) L(cosst)= L(Bcost+cos3tj=l( 233 s 2s )
4 4\s“+1 s°+9

) L) (SRS 2 e

(xiv) L{cosh2t —sinh t} = L(cosh 2t)— L(sinh t) =

4\Ts244 s2436

()
A\ s> +4 s*+36

(xviil) L(cos33t)= L(3cos3t+cosgtj=l( 233 . 2s j
4 4(s“+9 s°+81

Exercises-1

Find Laplace transform of the following functions:

(i) 2-3t+e?t

(i) (1-t%)? (iii) (e*+1)?

(iv)(sin t-cos t)? (v)Sin23t (vi)Cos?2t
(vii)Sin4t.cos2t (viii)Cos3t.cos2t

(iX)Sin3t.sin2t
(x)Sin(at+b)
(xi)Sin33t

Ex 2: Find Laplace transform of the following functions
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(i) tet (ii) t2e? (iii) e?t® (iv)etsint  (v)e?cos2t (vi) e3sin’t
(vi) e?tcos?t  (viii) e**sin2t cost  (ix) e cos3t cost (x) e*(cosh 2t-sinh t)
(xi)(1+t)et

Sol™:

(vi)

(vii)

We have L(t)=si2

% ie. s> s—(-1)=s+1]

Using first shifting rule , L(te™ )=
) g e Lte)=
We have L(tz)— 2l _2

SZ+1 S3

Using first shifting rule L(tzeZt): m

51 120

We have L(t5 ) =

SS+1 SG

Using first shifting rule , L(e?t®)= %
S —

Wehave L(sint)=

s?+1

1 _ 1
(s+1)°+1 s*+2s+2

Using first shifting rule , L(e" sin t)=

Wehave L(cos2t)= ZS
s°+4
Using first shifting rule L(e2t cosZt): s-2 __s-2
’ (s—2)+4 s*-4s+8

We have L(sinzt)z L(l'COSZt)zl(l_ 25 )

2 2\s s +4
Using first shifting ruIe,L(eS‘sinZt)zl 1 3_23

2(s-3 (s-3)°+4

We have L(coszt):L(mjzl(l+ 25 j

2 2\s s +4

Using first shifting rule ,L(e'Z‘cos2 t): %( ! 5 + ( 82+)22 4]
S+ s+2) +
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(viii) We have L(sin 2tcost)= %L(Zsin 2t cost)

:EL(sin3t+sint)=E( 23 + 21 j
2 2{s°+9 s°+1

Using first shifting rule, L(e'4t sin 2tcost)=%(( 43)2 9+( 41)2 1]
s+4)" + s+4)" +

(ix)  We have L(cos3tcost)= % L(2cos 3t cos t)

ZEL(cos4t+COSZt):1( ZS + 23 )
2 2\s“+16 s°+4
. I 1 S_l S_l
Using first shifting rule, Lle' cos3tcost)== +
g g ( ) 2((3—1)2+16 (s—1)2+4J
(x)  Wehave L(cosh2t -sinh t):( ZS i 21
S° — S" -

1
} s+1 1

Using first shifting rule, L{e't (cosh 2t - sinh t) = (S+1)2 2 - (S+1)2 1

(xi)  Wehave L(1+ t):%+i2
S

Using first shifting rule, L{(l+t)e"}: L

Exercises-2

Find Laplace transform of the following functions:

(i) te?t (i) t3e (i) e?'sin 3t (iv) e' cos 4t (v) e?'cos?2t (vi) etsin?3t (vii) etsin3t
(viii) etcos3t (ix) et(1-t?) (x) e*'sinh t

(xi) et (cosh2t - sin t)(xii) e%(3t>-cos 4t)(xiii) et sindt cos2t(xiv) e>'sin5t sin3t

Change of scale property:

If L{F(t) = f(s), then

L{f(at)= 1 %(3]

a a

Laplace Transforms of Derivatives:
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If L{f(t)}= f(s)and f'(t)is contineous , then
Lif'(t)=s f(s)- 1 (0) *

L{f"(t) =5 f(s)-sf(0)— F'(0) *

Lif (1)} =s® f(s)-s2f(0)—sf '(0)— £ "(0) *

and soon

Laplace Transforms of Integrals:

(s), then L“ f(u)du} O

0

If L{f(t)}

Laplace Transforms of t" f(t) :(Multiplication by t , t,.....)

If L{f(t)}="(s), then for a positive integer n

L (0= o )

Particular ly ,for n =1, L{t f(t)} = (1) d—l{f(s)} - —%{f(s)} *

ds*

forn =2, L{t? £()= (-1 i{f(s)} _ %{f(s)}

ds?

f(t)

Laplace transform of - (division by t)

o0

I L{E(0)) = £(s), then L(@j  [#(s)ds

KIT POLYTECHNIC

Ex 3 : Find the Laplace transforms of the following functions : (i)tsint (ii) t cost (iii) t?sint (iv) t? cost

(v) t sin’t (vi) t cos2t (vii) t e'sindt (viii) t sin3t.cos2t
(i)  Heref(t)=sint

- L(f(t) = L(sin t)= 521+1 _#(s)

So, by using result L(tf(t))= —%(f (s)j we get

ds\s?+1

L(tsint):_i( 1 j:_(O—Zs __ % - (by division rule)

s? +1)2 (52 +1)
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(iii)

Here f(t)= cost
;LG@»=L@WO=S;11=HQ

s0, by using result L(tf(t))= —i[f (s)j , We get
2

(s +1) $.2S

Leost)=- [ ) ‘{1' e J (532:_11)2

Here f(t)=sin t

- L(f(t) = Lisin t) = 21 -~ 1(s)

S0, by using result Lt f

( j we get
L(tzsint) :i i(
s +1 ds\ ds|s? +1

{(3 +1)2J 2ls’s )(S_islz(s +1)2s

(s +1)2(s? +1)-8s?| 2652
(s2 +1)f (s?+1f

Here f(t) = cost

~L(f(t)) = L(cost)= ZS

=f(s
so, by using result Lt f d 5 ) we get
S

(
L(tzcost)z 3: (s +1) _(%(s S+1jj

_d[1s’+1-s2s| d 1-s°
ds (32+1)2

s (s? +1f
—2s(s? +1P—(1-s?)2(s? +1)2s

(s? %ﬁ
_ (52 +1X—233 —23—4s+433) 2s5® — 65

(57 +1) ~ (s?+1f
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(vi)

(vii)

(ix)

Here f(t)=sin’t

~L(sin2t)= L(l-costh = l(l— 28 j:f(s)

2 2s

s
So, by using result L(tf(t)):—%(f s)j,we get

L(tsinzt)=—i l(l— > J=_li(1_ S
ds |2\s s°+4 2dsls s?+4

2 s* (s2+4f 25 2(s? +4)
Here f(t) = cos 2t
S _
. L(cos2t)= =f
fos2t) - 5 —7()

So, by using result L(tf(t)):—%(f(s)j,we get

__3[_i_1.32+4—s.2sJ_ 1 4-§

244 Q2
L(tcos2t)= i( s jz_l.s +4-525 _ 4-s

ds(s?+4 (s? +4f (s? +4f
We have L(sin 4t)=— 4
s°+16

So, byusing result L(tf(t))z—%(f(s)}we get

: d 4 0-4.2s 8s
L(tsin 4t)=—— _ -
(tsin 41) dS(SZ +16] (52 +16)2 (52 +16)2

Now by using first shifting property , we get
8(s+1) _  §s+1)
(s+1y +16] (s +25+17f

L(e't t sindt ):

We have L(cosht)= =

So, by using result L(tf(t)):—%(f(s)j,we get

d( s 15°-1-s2s s?+1
L(t cosht):—g(sz _J:— (52 _1)2 = (52 _1)2

Now by using first shifting property ,we get
(s+1)°+1  s®+2s+2
[(s +1)° —1]2 (s? +2s)

L(e't tcosht)=
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(viii) Here f(t)=sin 3t.cos2t

. L(sin 3t.cos 2t) = % L(2sin 3t.cos2t)

:%L(sin5t+sint):%(25 - j:f(s)

s2+25 s?+1

So, using result L(tf(t))= —%(f(s)},we get

. d1 5 1 1 0-5.2s 0-2s
L(t.sin 3t 2t)=——= —_=
(tsin 3t cos 2t) d32(52+25+52+1j 2[(52+25)z+(52+1)z}

:_1( -10s N -2s j: 5s LS
2((s?+25f (s°+1f ) (s°+25f (s2+1)f
(x)  Here f(t)=sinat

. a :
~L(sinat)= =f(s
(i at)= 2 =7(6)
So by using result Ltf [ jwe get

2
L(tzsin at): dz( a j:i i( a j
ds?\s*+a’ ds\ds\s?+a?

_df 0-a2s ——2ai S
ds (s> +a) - ds (s> +a)
_ _26{1.(52 +af —s5.2(s? +a2)25]

(s> +a)'
_ —2a(s? +a?)fs? +a? —432}= —2a(a? -3s?)
(s> +a?)' (s> +a’)

Exercises-3

Find Laplace transforms of the following functions: (i)t sin2t (ii) t cos 3t (iii) t? cos2t (iv)t et sin2t

(v)te?tcost (vi)tetsinh 2t (vii)t cos4t cos t (viii)t? et cos t

Ex 4 : Find the Laplace transforms of the following functions.

t -t t -t —at —bt
(i)—l_te, (ii) © t‘l, i) & ‘te (i) ;e
) L,
(V)l—c052t1 (vi) cosZt—cos3t’ (vii)% (viii)sm t
t t t t
(ix) e'sint ) sin at (xi) e® —cosht
) ‘t 1
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Sol®:
(i)  Here f(t)=1-¢
: 1 1
f(s)=Ll-e')==—-
()-thoe)-o L
1-¢ - (11
L[ t JZ'!.f(S)dS:.!.(g—ajd
= [log s - log (s-l)]f:{logsil} :Iog—1
(i) Here f(t)=e" -1
1 1
f(s)=Lle* ~1)=—— =
) (e ) s+1 s
et -1) : 11
L —[f(s)ds = [ —-=]d
( ] fros =15
s+1]" s
_llog (s+1)-log s]” =|log 2X= | = log ——
[log (s +1)-log s]; {og . } 0g —
(iii) Here f(t)=¢'—e™
1 1
f(s)=Lle' —e )= —— ———
() (e e) s-1 s+1
el—e ) T: o 1 1
L — [f(s)ds = [[ 2 ——1|d
[ t j -!(S)S ![s—l s+1)
=[log (s—1)-log (s +1)]" = {Iog s_—lT = log s+l
; s+1], -1
(iv)  Here f(t)=e™ —e™
= 1 1
f =L -at _ a-bt) _ =
() (e ° ) s+a s+b
e—at_e—bt © 0 1 1
S8 [f(s)ds = [[—————1d
[ t j !-(S)S Js.(s+a s+bjS
- s+a |’ s+b
_i y o) =|log 3* 2| —jog3t2
g (-+2)-og s+ =g 2| =g 22
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(v)  Here f(t)=1-cos2t

S
s +4

s
~(l-cos2t) T: (1 S
..L( t j:jf(s)ds:_[(g—serst

S

= Iogs-llog s +4} [Iogs log/s® +4 t

f(s)=L(@-cos2t)==-

:_Iog T log s* +4
Vs®+4 S
(vi)  Here f(t)=cos2t—cos3t
s

f(s) = L(Cos 2t — cos 3t) =

s2+4 s2+9
cos2t—cos3t) o s S

s —————— |=|f(s)ds = — ds
( t j !() -!(sz+4 32+9j

= {— log (s* +4)—1Iog(s2 +9)}
2 2 i
_ Lyl s744 w—ilog s* +9
2 7| s?+9) 2 T(s*+4

s +1

L(?j = If(s)ds = 0_!8 =

R R T R ~
=tanlo—tan's == —tan?’s = cot’s

[EEN

(vii) Here f(t)=sint

f(s)=L(sint)=

1 705 = [tan*s]"

(viii) Here f(t)=sin?t , f(s)=L(sin’t)=L (LCOSth

T

mll—\

"‘L(SiTtJ:If(S :%T@ = +4jds=%[logs-%log(sz+4)I
= Logs-tog 57 +a - 'Og{ﬁr:%'og(@J
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(ix)  Here f(t)=e'sint

f(s)=L(e"sint )= (by shifting rule )

L
(s+1)* +1

o

= [tan*(s +1)[" = tan oo —tan*(s +1)

= E —tan*(s+1)=cot*(s +1)
(x)  Here f(t)=sin at

f(s)=L(sin at) =

s .
S
= [tan 'l(iﬂ = tan o0 — tan 'l(ij
al, a
=2 _tan '{ij = cot'l(i)
2 a a

_ . 1 s
f(s)=L(e* —cosht)= P

—cosht) 7 1 S
' ( ] -[ j(s—a_s%szds
= Iog(s a)—%logs +b? } [Iogs a)-logvs? +b? f

s-a w:log\/s +b?
vs? +b? | $-a

(xi)  Here f(t)=e* —cosbt

=| log

Exercises-4
Find Laplace transforms of the following functions:
~1-—¢e
i
DES
sin 2t Letsint net—e™
URAES ) ii) &~

at

at bt
(ii) et —e (iii)l—cost (iv) cosat — cosbt

Ex 5 : Find the Laplace transforms of the following functions :
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() [ costa (ii)jSirt]—tdt (iii)jet(S‘T_tjdt

¢ cosat — cosht

t

dt

~~
<
~—
<) —

Sol":

(i)  Here f(t)=e" cost

L = (e f)= s+1 _ s+1 _f
i (t) (e COS) (s+10°+1 s®+2s+2 s)
. _
L Ie’tcostdt =f(S):1. - s+1 = 25+1
5 S S s"+2s+2 s(s +23+2)

(i) Here £(1)="t

L(S'T—tj = If(s)ds =

T Szl+ . ds = [tan*s|" = tan "o — tan s

L(sin t)ds  (bydivision rule)

» —38

S

=2 _tan*s =cot’s =f(s)

| USTtdtJ f(s) _ cot‘ls

J

(iii)  Here f(t [

t
I L(sin t)ds  (bydivision rule)

Now L j

U"—oS

s=[tan's] = tan"eo—tan's

Il
—8

2

—tan?s =cot™s

So, L(e (sTtD ot*(s—1)="f(s) (by first shifting rule)

Né]"’
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cosat - cos bt
t

Now L(Mj = _[f(s)ds = _[L(cosat-cos bt)ds

t
S S
- ds
(sz+a2 sz+b2j
1

|
[2 Iog(s +a )_%Iog(sz +b2)l

1 Iog s’ +a’ w—llog s% +b? _#(s)
2 s? +b? .2 s?+a’

t _ r4 2 2
.'.L[J-cosat COSbtdthf(Ss):ilog[s +b ]

. t 2s (s’ +a’

(iv)  Here f(t)=

0

Exercise-5
Find Laplace transforms of the following functions:

t t t
(i) [e*sintdt (ii)[sin 2tcostdt (i) tsin 2tdt

¢ C0s 2t - cos 3t
V) [————

t
v) [tesin 4tdt dt
0

0
(vi) By using the Laplace transform of sin at, find Laplace transform of cosat.

Ex 6:By using the Laplace transform of cosat, find Laplace transform of sin at.

Sol" : Let f(t)=cosat. Then L(f(t))= = Sa2 =f(s)
+

Now f'(t)=—asin at
= L('(t)) = —aL(sin at)

—L(sinat)=—+ “L(r 1)

= —l(s j by Laplace transformof derlvatlve)
a
1 1(s*-s*-a’
i BN T
a\ s*+a’ al s“+a
a
s’ +a’
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Evaluation of integrals using def” of Laplace Transform :

We know from definition of Laplace Transform that
L{f(t)} = Ie’“ f(t)dt where s is real or complex

0
Now we shall evaluate the integrals using above result.

Ex 6: Evaluate following integrals:

) Te'ttdt
0

Sol" :_[e't tdt = L(t) where s =1,by definition
0

(if) [ te™ sin tdt
Sol" : J.te'2t sin tdt = L(tsin t) where s =2, by definition

_i( 1 ]_ 2s
- ds\s®+1 _(52 +:|_)2

2x2 4

(22 +1)2 25

(iii) jt e* costdt = L(tcost) where s = -3,by definition

_d 18 +1- 323
5 +1 (s +1

s? -1 -1 8 2
(+1)2 100 25

Exercise - 6

Evaluate the following integrals :

(i) [t*e'dt (ii)) jte't sin 2tdt (i ) e *tcost dt
0 0

\fet—e™ °°e sin t

(lV)}[fdt -([
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Inverse Laplace Transforms:

Asbefore , it LIF(t)} = f(s), then L‘l{f(s)} _ (1)

Here , the symbol L™ stands for inverse laplace
Formula :

(s—b) +a
(xii) L-l((s—b)%azJ = iebt sin at
i) L] —S=P = e"™ cosat
(s—b)’ +a?
A S 1. .
(xiv) Ll[(sz o) ] = tsin bt
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Ex -1: Find inverse Laplace transform of the following :

A1 . 2 Loy 3 .\ 2S s-1
(I)S_4 (")S—l’ ("I)s+5’ (Iv)sz+4’ (V)sz+9
n.o(y 2 1 t t*

(iv)L‘l( 2254j=2|_'1( ° 4):2c052t
S™+ S™+

(v)L* ‘2—_1 =L" 23 -L* 21 _ cos3t-sin 3t
s°+9 s°+9 s°+9 3

Ex - 2: Find inverse Laplace transform of the following :

. 1 . S ooy 3S+7
(')52—23+5’ (")sz+23+10’ ("')s2—23—3
. 1 1
Sol": (iLY ——— |=L"
° ) (52—25+5j (32—23+1—1+5j

:L'1; le3|n2t
(s—1)° 2

s?+2s +10j

EM J ()

= e‘tcos3t-%e'tsin 3t
(i )|_-1[—3S 7 j L'l(—gs j+ L'l(—7 j
s?-25s-3 s?-25s-3 s?-25s-3

e e
e

= 3e'cosh 2t +10.%e‘sinh 2t

= 3e'cosh 2t + 5e'sinh 2t
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