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CHAPTER-3 

DERIVATIVE 
      Derivative  is the rate of change of one quantity with respect to another quantity. 

In mathematics  we have to find the rate of change of one variable with respect to another variable. 

Let us consider a function  y f x . Here x isan indepedent variableand yis thedependent variable   

 

   

Here we have to find the rate of change of the dependent variable y with respect an indepedent

variable x .It is denoted by which is read asderivativeof y with respect to x .
dy

dx

 

 
   

 

   

     

'

0

'

'

Using definition or1st principleor abinitio

lim provided that the limit exist

:

Here yis dependent variablea

Method for findi

nd is an indepedent variabl

ng

e

h

f x h f xdy
f x

dx h

dy
Note If y f x then f x

dx

dy
If y f then f

d

dy

dx

  




 
 

 

 

 

':
dy d

Note Also is denoted by y or Dy D
dx dx

 
 

   

  

     
 

0 0

1 1

Ex:Differentiate by using1st principleor abinitio method.

: suppose

lim lim { }

0

lim lim

n

n

n n

n

h h

n n n n
n n

y x x a

y x

Ans Given y x f x

f x h f x x h xdy
Wehave f x x

dx h h

Let x h y h y x

As h y x

y x x a
nx na

y x x a

 

 

 



 

   
  

     
 

   

 
  

 


 

  
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     

 

1

9 8 5 6 2
5

1

2

Ex:Find by using1st principleor abinitio method.

1 1
9 5

2

1 1

dy

dx

dy dy dy
a y x x b y or y x x c y x or y x

dx x dx dx x

dy
d y or y x

x dx x

 



    
             

     

 
    

 

 

  

   
 

0 0

0 0 0 0

Ex:Find by using1st principleor abinitio method of .

: suppose

lim lim { }

( 1) ( 1) 1
lim lim lim 1 lim 1

x

x

x h x
x

h h

x h x x h h x
x x x

h h h x

dy
y e

dx

Ans Given y e f x

f x h f xdy e e
Wehave f x e

dx h h

e e e e e e e
e e e

h h h x



 

   



 

  
  

    
       

 

 

  

   
 

0 0

0 0 0 0

Ex:Find by using1st principleor abinitio method of .

: suppose

lim lim { }

( 1) ( 1) 1
lim lim lim ln ln lim ln

x

x

x h x
x

h h

x h x x h h x
x x x

h h h x

dy
y a

dx

Ans Given y a f x

f x h f xdy a a
Wehave f x a

dx h h

a a a a a a a
a a a a a

h h h x



 

   



 

  
  

   
       a

 
 
 

 

 

  

     
 

0 0

0 0 0 0

Ex:Find by using1st principleor abinitio method of ln .

: ln suppose

ln ln
lim lim { ln }

ln ln ln 1 ln

lim lim lim lim

h h

h h h h

dy
y x

dx

Ans Given y x f x

f x h f x x h xdy
Wehave f x x

dx h h

x h x h h

x x x x

h h h

 

   



 

   
  

     
      

        

 
1

0

1
1

ln 11
1 lim 1

x
x

h

x

h x

x

x

x x

 
 

  

 
    

 
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  

     
 

0 0

0 0 0

Ex:Find by using1st principleor abinitio method of sin .

: sin suppose

sin sin
lim lim { sin }

2
2cos sin cos sin

22 2 2 2lim 2lim 2limcos

h h

h h h

dy
y x

dx

Ans Given y x f x

f x h f x x h xdy
Wehave f x x

dx h h

x h x x h x x h h
x

h h

 

  



 

   
  

    
 


  

0

1 1
2 2

0

sin
2lim

2

sin
22cos lim 2cos 1 cos

2

h

h

h
h

h

h

x x x
h







      

 

  

     
 

 
 

   
 

0 0

0 0

Ex:Find by using1st principleor abinitio method of tan .

: tan suppose

tan tan
lim lim { tan }

sin sin cos cos sinsin

cos cos cos co
lim lim

h h

h h

dy
y x

dx

Ans Given y x f x

f x h f x x h xdy
Wehave f x x

dx h h

x h x h x x h xx

x h x x h

h

 

 



 

   
  

   


 
 

 

 

 

0

2

20 0

s sin
lim

cos cos

sinh 1 1 1
lim lim 1 sec

cos cos cos cos cos

h

h h

x x h x

h h x h x

x
h x h x x x x



 

 




     
 

 

  

     
 

 
 

 

0 0

0 0 0

Ex:Find by using1st principleor abinitio method of sec .

: sec suppose

sec sec
lim lim { sec }

cos cos1 1

cos cos cos cos cos cos
lim lim lim

h h

h h h

dy
y x

dx

Ans Given y x f x

f x h f x x h xdy
Wehave f x x

dx h h

x x h

x h x x h x x

h h

 

  



 

   
  

 


  
  

 

 

   0 0

cos cos

2
2sin sin 2sin sin

2 2 2 2lim lim
cos cos cos cosh h

x h

h x h x

x x h x h x x h h

h x h x h x h x 





    
 

 
 
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 0 0 0 0

2

sin sin
2 1 1 12 22limsin lim lim 2sin lim

2 cos cos 2 cos cos

2

1 1
2sin 1 sec tan

2 cos

h h h h

h h
x h

x
hh x h x x x

x x x
x

   


      



    

     2

Ex:Find by using1st principleor abinitio method.

cos sin cot cos cos cos cot

dy

dx

dy dy dy
a y x x b y x ec x c y ecx ecx x

dx dx dx

     
             

       

 

 

 

   

 

11.

2.

3. log ln ( 0)

1
4. l

FORM

n log

1
5. log

ULAS

ln

n n

x x

x x x

e

e

a

d
F x nx

dx

d
F e e

dx

d
F a a a or a a a

dx

d d
F x x

dx dx x

d
F x

dx x a

 

 

  

  

 

 

 

 

 

 

2

2

6. sin cos

8. cos sin

9. tan sec

10. cot cos

d
F x x

dx

d
F x x

dx

d
F x x

dx

d
F x ec x

dx

 

  

 

  

 

 

 

 2

11. sec sec tan

12. cos cos cot

13. 2

d
F x x x

dx

d
F ecx ecx x

dx

d
F x x

dx

 

  

   
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 

   

 

1
2

2

14. 1

1
15.

2

1 1
16.

17. 0 where k is a constant

d
F x

dx

d d
F x x

dx dx x

d
F

dx x x

d
F k

dx

 

  

 
   

 

 

 

 

 

 

1

9

9

9 9 1 8

6

6

6 6 6 1 7

5

3

5 5 5 2
1

3 3 3 3

:

:

9 9

1
:

: 6 6

:

5 5
:

3 3

n nd
Formula x nx

dx

dy
Ex Find if y x

dx

Ans y x

dy d
x x x

dx dx

dy
Ex Find if y x

dx x

dy d
Ans y x x x x

dx dx

dy
Ex Find if y x

dx

dy d
Ans y x x x x

dx dx







    









   

 

      



 
     

 

   

5

3

5 5 5 8
1

3 3 3 3

1 3

3 3 2

:

5 5
:

3 3

1
: Hints    

dy
Ex Find if y x

dx

dy d
Ans y x x x x

dx dx

dy
Ex Find of a y x x b y x x x

dx x x




   



 
       

 

 
    

 

 

 

ln

: 5

: 5 5 5 ln 5

x x

x

x x x

d
Formula a a a

dx

dy
Ex Find if y

dx

dy d
Ans y

dx dx





   
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 

 

 

5

5 5

10

: 3

: 3 3 3 ln 3

: 7

1
log

ln

: : log

1
: log log

ln 5

: log

x

x x x

x

a

dy
Ex Find if y

dx

dy d
Ans y

dx dx

dy
Ex Find if y

dx

d
Formula x

dx x a

dy
Ex Ex Find if y x

dx

dy d
Ans y x x

dx dx x

dy
Ex Find if y x

dx



   







   



 

 

       

   

5

5

5 5

4 2

3 4

3

1

: tan 7

: tan 7

tan

ALGEBRA OF DERIVA

7 tan 7

5 sec

: 3 cot 9 log sec c

VE

os

TI

3

x

x

x x

x

x x

d dU dV
F U V

dx dx dx

dy
Ex Find if y x x e

dx

Ans y x x e

dy d d d d d
x x e x x e

dx dx dx dx dx dx

x x e

dy
Ex Find a y x e x b y x x x x

dx

   

   

   

        

  

         

 

     

5

5

5 5 5

5 2 4 5 2 4

2.

: tan

: tan

tan tan tan

sec tan 5 sec 5 tan

d dV dU
F UV U V

dx dx dx

dy
Ex Find if y x x

dx

Ans y x x

dy d d d
x x x x x x

dx dx dx dx

x x x x x x x x

  





   

    

 

   : cos sinp xdy
Ex Find a y x x b y e x

dx
   
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     

   

2

5

5

5 5
4 55

2 2

4 5

2

3

3.

:
cos

:
cos

cos cos cos 5 sin

cos (cos ) cos

5 cos sin

cos

tan log
:

ln

dU dV
V U

d U dx dxF
dx V V

dy x
Ex Find if y

dx x

x
Ans y

x

d d
x x x x x x x xdy d x dx dx

dx dx x x x

x x x x

x

dy x x
Ex Find a y b y

dx x x


 

  
 





    
    

 




 

 

     

   

   

2

4

4. where k is a constant

Ex: 6 tan

: 6 tan

6 tan 6 tan 6sec

: 5ln 5

d d
F k f x k f x

dx dx

dy
Find if y x

dx

Ans y x

dy d d
x x x

dx dx dx

dy
Ex Find a y x b y x

dx

 





   

 

 

     

3

3

3

2 2 2 2

: 5 3tan 7 ln 9

: 5 3tan 7 ln 9

5 3tan 7 ln 9

1 7
5 3 3sec 7 15 3sec

dy
Ex Find if y x x x

dx

Ans y x x x

dy d d d d
x x x

dx dx dx dx dx

x x x x
x x

   

   

    

      

     

3

3

3

2 2 2 2

: 5 3tan 7 ln 9

: 5 3tan 7 ln 9

5 3tan 7 ln 9

1 7
5 3 3sec 7 15 3sec

dy
Ex Find if y x x x

dx

Ans y x x x

dy d d d d
x x x

dx dx dx dx dx

x x x x
x x

   

   

    

      

 

       

   

2

2

2

2

2 2 2 2

2 2 2

2 2 2

2 2

: cot log

: cot log

cot log cos log log

1
cos log 2 cos 2 log

ln 2 ln 2

dy
Ex Find if y x x x

dx

Ans y x x x

dy d d d d
x x x ec x x x x x

dx dx dx dx dx

x
ec x x x x ec x x x

x

 

 

      

       
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     

 

 

     

3

2

3

2

2 3 3 2
3

22 2

2 2 3 4 2 4 4 2

2 2 2
2 2 2

4
:

2

4
:

2

( 2) 4 4 2
4

2 2

( 2)3 4 2 3 6 2 8 6 8

2 2 2

dy x
Ex Find if y

dx x

x
Ans y

x

d d
x x x x

dy d x dx dx

dx dx x x

x x x x x x x x x x x

x x x











    
 

   
  

       
  

  

 

       

 

       

 

   

 

2

2 2

1 cos
:

1 cos

1 cos
:

1 cos

1 cos 1 cos 1 cos 1 cos
1 cos

1 cos 1 cos

1 cos sin 1 cos sin 1 cos sin 1 cos sin

1 cos 1 cos

sin sin cos sin sin cos

dy x
Ex Find if y

dx x

x
Ans y

x

d d
x x x x

dy d x dx dx

dx dx x x

x x x x x x x x

x x

x x x x x x











    
 

   
  

        
 

 

  


   
2 2

2sin

1 cos 1 cos

x

x x


 

 

       

 

2

1 sin 1 tan 1
: sin

1 sin 1 tan 11

3 2

ln

x

x x

dy x x x e
Ex Find a y b y c y d y x x

dx x x xx

e y
x

  
    

  



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 DERIVATIVEOFCOMPOSITEFUNCTION CHAINRULE  

  

  

 

      

      

        

'

'

' ' ' '

Let us consider a composite function ,so we have to find thederivativeof

with respect to .

y f g x y

dy
x i e

dx

Now y f g x

Let u g x

dy d
So y f u f u f u

dx dx

du d
Againu g x g x g x

dx dx

dy dy du
f u g x f g x g x

dx dx dx



 
 
 





   

   

    
 

 

 

 

 

   

   

1

2

1

2

1

2

1

2

1

2

1

2

InverseTrigonometric Function

1
1. sin , 1 1

1

1
2. cos , 1 1

1

1
3. tan ,

1

1
4. cot ,

1

1
5. sec , 1,1

1

1
6. sec , 1,1

1

d
F x x

dx x

d
F x x

dx x

d
F x x R

dx x

d
F x x R

dx x

d
F x x R

dx x x

d
F co x x R

dx x x













    



    



  



  



    



    



 

   tan2 2 2 2

:

Two variables x and yoccurs together in an equation f x,y =0,in which thedependent variable y

can not beexpressed in termsof x is known asimplicit function.

Ex: 9, log .

Derivative

x y

Derivatveof implicit function

x y e x y etc


   

   2 2

of somestandard function:

2
d d dy dy

y y y
dx dy dx dx

 
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 

 

 

 

  
 

2 2

2

cos tan

2

* sin cos

1
* log

* 2

Derivative by using logarithm:

If a function in theform of then we will use log in both sides.

: ,sin .log

1

y y

g x

x x x

d dy
or y y

dx dx

d dy
y y

dx dx

d dy
y

dx y dx

d dy
e e y

dx dx

f x

Ex x x x etc

dy
Method to find

dx

METHOD

let y f











   
 

  
 

   

 
    

         

  
      

                  
 

       

ln

ln ln

ln ln ln

ln
ln

1
ln ln sin .

2

ln ln ln

g x

g x

g x g x f x

g xg x f x g x f x

x

y f x g x f x

d y d
g x f x

dx dx

dy d d d
g x f x f x g x u g U V

y dx dx dx dx

METHOD

let y f x e

dy d d d d
e e g x f x f x g x f x f x g x

dx dx dx dx dx

  

 

 
    

 



 

 
    

 

:Derivatveof Parametric function

 

   

   

2

'

exp

' ' . ' '.

: 2

If thevariables x and y of a function y f x canbe ressed as the function of a third variable

t i e x g t and y h t is known as parametric function with parameter t

Ex x at and y at

dy
Method for finding

dx

dx
Let x g t g t

dt



 

 

  

 

 

'

'

dy

h tdy dt

dxdx g t

dt

 
 
  
 
 
   
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   

 

. .

Derivativeof a function with respect to another function

If y f x and z g x betwodifferentiable functionthen wehaveto find thederivativeof y

dy
with respect to z i e taking x as the parameter

dz

dy
Method for finding

dz

y f x

dy

dx

 

 
 
 



   

 

 

 

 

'

'

'

'

f x

z g x

dz
g x

dx

dy

f xdy dx

dzdz g x

dx



 

 
 
  
 
 
 

 

Assignment-1: Find 
𝒅𝒚

𝒅𝒙
    (Algebra of Derivative) 

1.𝑦 = log𝑥 𝑥                                                                  2.𝑦 = 𝑒3𝑙𝑛𝑥  

3.𝑦 = 9 × 3𝑥                                                                 4.𝑦 = 𝑥2 + 𝑠𝑖𝑛𝑥 +
1

𝑥2 

5.𝑦 = (√𝑥 +
1

√𝑥
)

2

                                                       6.𝑦 = √
1−𝑐𝑜𝑠2𝑥

1+𝑐𝑜𝑠2𝑥
 

7.𝑦 = 𝑒𝑥𝑙𝑛𝑎 + 𝑒𝑎𝑙𝑛𝑥 + 𝑒𝑎𝑙𝑛𝑎                                     8.𝑦 = 𝑥3𝑡𝑎𝑛𝑥 = 𝑥3 𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
 

9.𝑦 = 𝑒𝑥𝑠𝑖𝑛𝑥 + 𝑥𝑛𝑐𝑜𝑠𝑥                                           10.𝑦 = 𝑥𝑛𝑐𝑜𝑡𝑥 

11.𝑦 = 𝑥2𝑠𝑖𝑛𝑥𝑙𝑛𝑥                                                      12.𝑦 =
𝑒𝑥

1+𝑠𝑖𝑛𝑥
 

13.𝑦 =
𝑥+𝑠𝑖𝑛𝑥

𝑥+𝑐𝑜𝑠𝑥
                                                              14.𝑦 =

𝑥+3

𝑥2+1
 

15.𝑦 =
1+𝑡𝑎𝑛𝑥

1−𝑡𝑎𝑛𝑥
                                                              16.𝑦 =

𝑥

1+𝑡𝑎𝑛𝑥
 

17.𝑦 =
𝑥𝑠𝑖𝑛𝑥

1+𝑐𝑜𝑠𝑥
                                                              18.𝑦 =

𝑥𝑛

𝑠𝑖𝑛𝑥
 

19.𝑦 =
1

𝑎𝑥2+𝑏𝑥+𝑐
                                                         20.𝑦 = 𝑥𝑠𝑖𝑛𝑥 +

𝑒𝑥

1+𝑥2 
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Assignment-2: Find 
𝑑𝑦

𝑑𝑥
    (Differentiation of Composite Function)/ Chain Rule 

1.𝑦 = sin (𝑡𝑎𝑛𝑥)                                                                                            2. 𝑦 = cos (𝑥2 + 1) 

3. 𝑦 = tan (𝑠𝑒𝑐𝑥)                                                                                           4. 𝑦 = cot (𝑎𝑥 + 𝑏) 

5. 𝑦 = cosex(𝑥 +
𝜋

4
)                                                                                      6. 𝑦 = sin (lnx) 

7. 𝑦 = 𝑒𝑐𝑜𝑡𝑥                                                                                                      8. 𝑦 = 𝑒3𝑥+5 

9. 𝑦 = 𝑎𝑙𝑛𝑥                                                                                                      10. 𝑦 = 𝑎𝑥2+5 

11.𝑦 = 𝑠𝑖𝑛7𝑥𝑐𝑜𝑠5𝑥                                                                                      12. 𝑦 = ln (𝑡𝑎𝑛𝑥) 

13. 𝐼𝑓 𝑦 = ln(𝑠𝑒𝑐𝜃 + 𝑡𝑎𝑛𝜃) , 𝑓𝑖𝑛𝑑
𝑑𝑦

𝑑𝜃
                                                      14. 𝑦 = ln (x2 + a2) 

15. 𝑦 = 𝑙𝑜𝑔7(𝑙𝑜𝑔7𝑥)                                                                                   16. 𝑦 = 𝑒𝑥𝑠𝑖𝑛𝑥  

17. 𝑦 = 3𝑥𝑙𝑛𝑥                                                                                                 18.𝑦 = 𝑠𝑖𝑛5𝑥 

19. 𝑦 = 𝑡𝑎𝑛3𝑥                                                                                              20. 𝑦 = (𝑥3 + 3𝑥2 + 7)9 

21. 𝑦 = (𝑥 + 𝑠𝑖𝑛𝑥)11                                                                                  22. 𝑦 = √𝑡𝑎𝑛𝑥 

23. 𝑦 = √𝑎𝑥2 + 𝑏𝑥 + 𝑐                                                                              24. 𝑦 = √𝑎2 − 𝑥2  

25. 𝑦 =
1

𝑙𝑛𝑥
                                                                                                    26. 𝑦 = √

1−𝑠𝑖𝑛𝑥

1+𝑠𝑖𝑛𝑥
 

27.𝑦 = 𝑙𝑛(𝑠𝑖𝑛𝑥2)                                                                                        28. 𝑦 = 𝑐𝑜𝑠𝑒𝑐(𝑎𝑥 + 𝑏)2 

29. 𝑦 = 𝑒𝑠𝑖𝑛√𝑥                                                                                              30. 𝑦 = sin (ln(𝑠𝑖𝑛𝑥)) 

31. 𝑦 = (𝑙𝑛𝑠𝑖𝑛𝑥)2                                                                                       32. 𝑦 = sec (𝑙𝑛𝑥𝑛) 

33.𝑦 = 𝑙𝑛𝑡𝑎𝑛 (
𝜋

4
+

𝑥

2
)                                                                                 34.𝑦 = 𝑙𝑛(𝑥 + √1 + 𝑥2) 

35.𝑦 =
𝑒𝑥+𝑙𝑛𝑥

𝑠𝑖𝑛3𝑥
                                                                                              36.𝑦 = 𝑒√𝑐𝑜𝑡𝑥  

37.𝑦 = 𝑐𝑜𝑠(𝑙𝑛𝑥)2                                                                                      38.𝑦 =
𝑒𝑥−𝑒−𝑥

𝑒𝑥+𝑒−𝑥 

39.𝑦 = √𝑎√𝑥                                                                                               40.𝑦 = 𝑠𝑖𝑛2𝑥𝑐𝑜𝑠2𝑥 
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Assignment-3: Find 
𝒅𝒚

𝒅𝒙
   (Differentiation of Inverse Trigonometric Function) 

1.𝑦 = 𝑠𝑖𝑛−13𝑥                                                              2. 𝑦 = 𝑠𝑖𝑛−1(𝑐𝑜𝑠𝑥) 

3. 𝑦 = 𝑐𝑜𝑠−1(3𝑥 + 1)                                                 4. 𝑦 = 𝑡𝑎𝑛−1√𝑥 

5. 𝑦 = 𝑐𝑜𝑡−1𝑙𝑛𝑥                                                           6. 𝑦 = 𝑠𝑒𝑐−1(𝑥 + 2) 

7. 𝑦 = 𝑐𝑜𝑠𝑒𝑐−1(𝑥 +
𝜋

4
)                                               8. 𝑦 = sin (𝑚𝑠𝑖𝑛−1𝑥) 

9. 𝑦 = 𝑎(𝑠𝑖𝑛−1𝑥)2
                                                         10. 𝑦 = 𝑒𝑐𝑜𝑠−1√1−𝑥2

 

11. 𝑦 = 𝑒𝑡𝑎𝑛−1√𝑥                                                         12. 𝑦 = 𝑙𝑛𝑡𝑎𝑛−1𝑥 

13. 𝑦 = √𝑡𝑎𝑛−1 𝑥

2
                                                        14. 𝑦 =

𝑥𝑠𝑖𝑛−1𝑥

√1−𝑥2
 

15. 𝑦 = (𝑠𝑖𝑛−1𝑥4)4                                                    16.𝑦 = 𝑥 𝑠𝑖𝑛−1𝑥 + √1 − 𝑥2 

17. 𝑦 = 𝑥2𝑐𝑜𝑠𝑒𝑐−1 1

𝑥
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Assignment-4:  Find 
𝒅𝒚

𝒅𝒙
   (Differentiation by using Substitution Method) 

1.𝑦 = 𝑐𝑜𝑠−1(2𝑥√1 − 𝑥2)                              2. 𝑦 = 𝑐𝑜𝑠−1 (√
1+𝑥

2
) 

3. 𝑦 = 𝑡𝑎𝑛−1 (
𝑥

√𝑎2−𝑥2
)                                    4. 𝑦 = 𝑐𝑜𝑠−1 (

𝑥

√𝑎2+𝑥2
) 

5. 𝑦 = 𝑠𝑖𝑛−1 (
𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥

√2
) ,

−3𝜋

4
< 𝑥 <

𝜋

4
       6. 𝑦 = 𝑡𝑎𝑛−1 (

𝑥

1+√1−𝑥2
) 

7. 𝑦 = 𝑡𝑎𝑛−1 (
4𝑥

1−4𝑥2
)                                     8. 𝑦 = 𝑡𝑎𝑛−1 (

2𝑎𝑥

1−𝑎2𝑥
) 

9. 𝑦 = 𝑐𝑜𝑠−1 (
1−𝑥2𝑛

1+𝑥2𝑛
)                                    10. 𝑦 = 𝑡𝑎𝑛−1 (

𝑎+𝑏𝑡𝑎𝑛𝑥

𝑏−𝑎𝑡𝑎𝑛𝑥
) 

11. 𝑦 = 𝑡𝑎𝑛−1 (
𝑥−𝑎

𝑥+𝑎
)                                    12. 𝑦 = 𝑡𝑎𝑛−1 (

5𝑥

1−6𝑥2
) 

13. 𝑦 = 𝑠𝑖𝑛 {2𝑡𝑎𝑛−1 (√
1−𝑥

1+𝑥
)}                  14. 𝑦 = 𝑡𝑎𝑛−1 (

√1+𝑥2+√1−𝑥2

√1+𝑥2−√1−𝑥2
) 

15. 𝑦 = 𝑡𝑎𝑛−1 (
√1+𝑥−√1−𝑥

√1+𝑥+√1−𝑥
)                       16.𝑦 = 𝑐𝑜𝑡−1 (

1−𝑥

1+𝑥
) 

17.𝑦 = 𝑠𝑖𝑛−1 1−𝑥2

1+𝑥2
+ 𝑠𝑒𝑐−1 1+𝑥2

1−𝑥2
               18. 𝑦 = 𝑡𝑎𝑛−1 (√

𝑎−𝑥

𝑎+𝑥
) 

19. 𝑦 = 𝑡𝑎𝑛−1 (
𝑎𝑐𝑜𝑠𝑥−𝑏𝑠𝑖𝑛𝑥

𝑏𝑐𝑜𝑠𝑥+𝑎𝑠𝑖𝑛𝑥
)                     20. 𝑦 = 𝑡𝑎𝑛−1 (

3𝑎2𝑥−𝑥3

𝑎3−3𝑎𝑥2
) 

21. 𝑦 = 𝑡𝑎𝑛−1(𝑥 + √1 + 𝑥2)                   22. 𝑦 = 𝑡𝑎𝑛−1 (
√1+𝑥2−1

𝑥
) 

23. 𝑦 = 𝑡𝑎𝑛−1 (
√1+𝑠𝑖𝑛𝑥+√1−𝑠𝑖𝑛𝑥

√1+𝑠𝑖𝑛𝑥−√1−𝑠𝑖𝑛𝑥
)            24. 𝑦 = 𝑡𝑎𝑛−1 (

𝑐𝑜𝑠𝑥

1+𝑠𝑖𝑛𝑥
) 

25. 𝑦 = 𝑡𝑎𝑛−1 (√
1+𝑠𝑖𝑛𝑥

1−𝑠𝑖𝑛𝑥
) 

26. 𝑦 = 𝑡𝑎𝑛−1(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) 
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Assignment-5:  (Differentiation By Using Logarithm) 

1.𝑦 = 𝑠𝑖𝑛𝑥𝑙𝑛𝑥                                                                2. 𝑦 = 𝑙𝑛𝑥𝑠𝑖𝑛𝑥  

3. 𝑦 = 𝑠𝑖𝑛𝑥𝑐𝑜𝑠−1𝑥                                                        4. 𝑦 = 𝑠𝑖𝑛𝑥𝑡𝑎𝑛𝑥 + 𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑥  

5. 𝑦 = (𝑙𝑛𝑥)𝑥 + 𝑥𝑙𝑛𝑥                                                  6. 𝑦 = 𝑐𝑜𝑠(𝑥𝑥) 

7. 𝑦 = 𝑙𝑛(𝑥𝑥 + 𝑐𝑜𝑠𝑒𝑐𝑥)                                             8. 𝑦 = 𝑙𝑛𝑥𝑙𝑛𝑥  

9. 𝑦 = (𝑠𝑖𝑛−1𝑥)𝑥                                                        10. 𝑦 = (𝑡𝑎𝑛𝑥)
1

𝑥 

11. 𝑦 = 𝑡𝑎𝑛𝑥𝑐𝑜𝑡𝑥 + 𝑐𝑜𝑡𝑥𝑡𝑎𝑛𝑥                                   12. 𝑦 = 𝑥𝑥 + (𝑠𝑖𝑛𝑥)𝑥 

13. 𝑦 = 𝑥𝑛 + 𝑛𝑥 + 𝑥𝑥 + 𝑛𝑛                                     14.𝑦 = 𝑠𝑖𝑛(𝑥𝑥) 

15.𝑦 =
(𝑥2−1)3(2𝑥−1)

√𝑥−3(4𝑥−1)
                                                  16.𝑦 =

√1−𝑥2(2𝑥−3)
1
2

(𝑥2+2)
2
3

 

17.𝑦 = 𝑥𝑥𝑥
                                                                  18.𝑦 = (𝑥𝑥)𝑥 

19. 𝑦 = 𝑙𝑛𝑥𝑥 + 𝑥𝑙𝑛𝑥                                                   20. 𝑦 = 𝑠𝑖𝑛𝑥𝑡𝑎𝑛𝑥  

 

 

 

 

 

 

 

 

 

Assignment-6:  Find 
𝒅𝒚

𝒅𝒙
  (Differentiation of Implicit function) 

1.𝑥3 + 3𝑦3 = 9                2.𝑎𝑥
3

2 + 𝑏𝑦
3

2 = 𝑐
3

2                       3.√𝑥 + √𝑦 = √𝑎                                                    

4.
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1                    5.𝑥2 + 2𝑥𝑦 + 𝑦3 = 42              6.𝑦3 − 3𝑥𝑦2 = 𝑥3 + 3𝑥2𝑦 
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7.𝑡𝑎𝑛−1(𝑥2 + 𝑦2) = 𝑎     8.𝑒𝑥−𝑦 = 𝑙𝑛
𝑥

𝑦
                        9.ln(𝑥2 + 𝑦2) = 2𝑡𝑎𝑛−1 (

𝑦

𝑥
) 

10. If 𝑥√1 + 𝑦 + 𝑦√1 + 𝑥 = 0 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
𝑑𝑦

𝑑𝑥
=

−1

(𝑥+1)2
 

11. 𝑖𝑓 𝑠𝑖𝑛𝑦 = 𝑥𝑠𝑖𝑛(𝑎 + 𝑦)𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
𝑑𝑦

𝑑𝑥
=

𝑠𝑖𝑛2(𝑎+𝑦)

𝑠𝑖𝑛𝑎
 

12.𝐼𝑓 √1 − 𝑥6 + √1 − 𝑦6 = 𝐾(𝑥3 − 𝑦3)𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
𝑑𝑦

𝑑𝑥
=

𝑥2√1−𝑦6

𝑦2 √1−𝑥6
 

13.𝐼𝑓 √1 − 𝑥2 + √1 − 𝑦2 = 𝐾(𝑥 − 𝑦)𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
𝑑𝑦

𝑑𝑥
=

√1−𝑦2

 √1−𝑥2
 

14.𝐹𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
 𝑖𝑓 𝑥𝑦𝑙𝑛(𝑥 + 𝑦) = 1 

15.𝐼𝑓 𝑦 = 𝑥𝑠𝑖𝑛𝑦 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
𝑑𝑦

𝑑𝑥
=

𝑦

𝑥(1−𝑥𝑐𝑜𝑠𝑦)
 

16.tan(𝑥 + 𝑦) + tan(𝑥 − 𝑦) = 1, 𝑓𝑖𝑛𝑑
𝑑𝑦

𝑑𝑥
               17.𝐹𝑖𝑛𝑑 

𝑑𝑦

𝑑𝑥
 𝑖𝑓 𝑒𝑥 + 𝑒𝑦 = 𝑒𝑥+𝑦 

18.𝑥𝑦 = 𝑦𝑠𝑖𝑛𝑥                                    19. 𝑥𝑦 = 𝑒𝑥−𝑦                      20. 𝑐𝑜𝑠𝑥𝑦 = 𝑠𝑖𝑛𝑦𝑥  

21. 𝑥𝑚𝑦𝑛 = (𝑥 + 𝑦)𝑚+𝑛                22.𝑥𝑦 + 𝑦𝑥 = 2                    23. 𝑥𝑦𝑦𝑥 = 1 

24. 𝑥𝑦 + 𝑦𝑥 = (𝑥 + 𝑦)𝑥+𝑦 

25.𝐼𝑓 𝑦 = 𝑥𝑠𝑖𝑛(𝑎 + 𝑦)𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
𝑑𝑦

𝑑𝑥
=

𝑠𝑖𝑛2(𝑎+𝑦)

sin(𝑎+𝑦)−𝑦𝑐𝑜𝑠(𝑎+𝑦)
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Assignment-7: Find 
𝒅𝒚

𝒅𝒙
    (Differentiation of Parametric Functions) 

1.𝑥 = 𝑎𝑡𝑎𝑛𝜃 𝑎𝑛𝑑 𝑦 = 𝑎𝑠𝑒𝑐𝜃                               2. 𝑥 = 𝑎 𝑠𝑒𝑐3𝜃 𝑎𝑛𝑑 𝑦 = 𝑎 𝑡𝑎𝑛3𝜃 

3. 𝑥 = 𝑎(𝜃 − 𝑠𝑖𝑛𝜃)𝑎𝑛𝑑 𝑦 = 𝑎(1 − 𝑐𝑜𝑠𝜃)        4. 𝑥 = 𝑎 𝑠𝑖𝑛2𝜃 𝑎𝑛𝑑 𝑦 = 𝑎 𝑐𝑜𝑠2𝜃 

5. 𝑥 = 𝑎 (𝑡 + 1/𝑡)𝑎𝑛𝑑 𝑦 = 𝑎(𝑡 − 1/𝑡)              6. 𝑥 =
𝑒𝑡+𝑒−𝑡

2
 𝑎𝑛𝑑 𝑦 =

𝑒𝑡−𝑒−𝑡

2
 

7.𝑥 = 𝑎(𝑐𝑜𝑠𝑡 + 𝑡𝑠𝑖𝑛𝑡)𝑎𝑛𝑑 𝑦 = 𝑎(𝑠𝑖𝑛𝑡 − 𝑡𝑐𝑜𝑠𝑡) 

8.𝑥 = 𝑒𝜃 (𝜃 +
1

𝜃
) 𝑎𝑛𝑑 𝑦 = 𝑒−𝜃 (𝜃 −

1

𝜃
)             9.𝑥 =

𝑠𝑖𝑛3𝑡

√𝑐𝑜𝑠2𝑡 
 𝑎𝑛𝑑 𝑦 =

𝑐𝑜𝑠3𝑡

√𝑐𝑜𝑠2𝑡 
  

10.𝑥 = √𝑎𝑠𝑖𝑛−1𝑡 𝑎𝑛𝑑 𝑦 = √𝑎𝑐𝑜𝑠−1𝑡 

11.𝑥 = 𝑎 {𝑐𝑜𝑠𝑡 +
1

2
𝑙𝑛𝑡𝑎𝑛2 𝑡

2
}  𝑎𝑛𝑑 𝑦 = 𝑎 𝑠𝑖𝑛𝑡 

12.𝑥 = 𝑐𝑜𝑠−1 1

√1+𝑡2 
 𝑎𝑛𝑑 𝑦 = 𝑠𝑖𝑛−1 1

√1+𝑡2 
 

13.𝑥 = 𝑡𝑎𝑛−1 2𝑡

1−𝑡2 
 𝑎𝑛𝑑 𝑦 = 𝑠𝑖𝑛−1 1

1+𝑡2 
 

14. 𝑥 = 𝑡𝑎𝑛−1 2𝑡

1−𝑡2 
 𝑎𝑛𝑑 𝑦 = 𝑐𝑜𝑠−1 1−𝑡2

1+𝑡2 
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Assignment-8:  (Differentiation of a Function with respect to a function) 

1.𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 𝑥2 𝑤. 𝑟 𝑡𝑜 √𝑥 

2. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 ln (1 + 𝑥2) 𝑤. 𝑟 𝑡𝑜 𝑡𝑎𝑛−1𝑥 

3. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 𝑐𝑜𝑠𝑥 𝑤. 𝑟 𝑡𝑜 𝑠𝑖𝑛𝑥 

4. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒  𝑠𝑖𝑛−1𝑥  𝑤. 𝑟 𝑡𝑜 𝑐𝑜𝑠−1𝑥 

5. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 𝑡𝑎𝑛−1𝑥 𝑤. 𝑟 𝑡𝑜 𝑡𝑎𝑛−1√1 + 𝑥2 

6. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 
1−𝑠𝑖𝑛𝑥

1+𝑠𝑖𝑛𝑥
 𝑤. 𝑟 𝑡𝑜 

1−𝑐𝑜𝑠𝑥

1+𝑐𝑜𝑠𝑥
 

7. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒  𝑡𝑎𝑛−1 2𝑥

1−𝑥2
 𝑤. 𝑟 𝑡𝑜 𝑐𝑜𝑠−1 1−𝑥2

1+𝑥2
 

8. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒  𝑠𝑖𝑛−1 2𝑥

1+𝑥2
 𝑤. 𝑟 𝑡𝑜 𝑐𝑜𝑠−1 1−𝑥2

1+𝑥2
 

9. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒  𝑠𝑖𝑛−1 2𝑥√1 − 𝑥2 𝑤. 𝑟 𝑡𝑜 𝑠𝑒𝑐−1 1

√1−𝑥2
 

10. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒  𝑙𝑛𝑠𝑖𝑛𝑥 𝑤. 𝑟 𝑡𝑜 √𝑐𝑜𝑠𝑥  

11. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒  𝑡𝑎𝑛−1 √1+𝑥2−1

𝑥
 𝑤. 𝑟 𝑡𝑜 𝑡𝑎𝑛−1𝑥 

12. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒  𝑥𝑥 𝑤. 𝑟 𝑡𝑜 𝑥𝑙𝑛𝑥 

13. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒  𝑥𝑠𝑖𝑛−1𝑥 𝑤. 𝑟 𝑡𝑜 𝑠𝑖𝑛−1𝑥 

14. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒  𝑡𝑎𝑛−1 √1−𝑥2

𝑥
 𝑤. 𝑟 𝑡𝑜 𝑐𝑜𝑠−1 2𝑥√1 − 𝑥2 

15. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒  𝑡𝑎𝑛−1 𝑐𝑜𝑠𝑥

1+𝑠𝑖𝑛𝑥
 𝑤. 𝑟 𝑡𝑜 𝑠𝑒𝑐−1 𝑥 

16. 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒  𝑠𝑖𝑛−1 √1 − 𝑥2 𝑤. 𝑟 𝑡𝑜 𝑐𝑜𝑡−1 𝑥

√1−𝑥2
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HIGHER ORDER DERIVATIVE 

Let us consider a function 

   

 

 

 

 

' '

1

' '

1

2
'' ' '

2 2

1

1 . . ,

, 1 .

. . ,

, 2

y f x

Differentiateequation w r t x we get

dy
y y f x whichis called st order derivative

dx

dy
Again differentiate y y f x w r t x we get

dx

d y d dy
y y f x whichis called nd order derivative

dx dx dx

      

  

  

 
    

 

 

 

 

3 2
''' ' ' '

3 3 2

4 3
''' ' ' ' ' '

4 4 3

1

1

.

,
n n

n n

n n n

d y d d y
similarly y y f x

dx dx dx

d y d d y
y y f x

dx dx dx

d y d d y
y y f x whichis called nthorder derivative

dx dx dx





 
    

 

 
    

 

                

 
    

 

. 

 
2

1 2 1 2
:1. , 2.

dy d d dy d y
Note y y y

dx dx dx dx dx

 
    

 
 

 

 

 

 

   

9

1 2

9

9 8

1

2
8 7 7

2 2

1 2

2

1

2
2

2 2

:

:

9

9 9 8 72

: tan

: tan

tan sec

sec 2sec sec 2sec sec

Ex Find y and y if y x

Ans given y x

dy d
y x x

dx dx

d y d dy d
y x x x

dx dx dx dx

Ex Find y and y if y x

Ans y x

dy d
y x x

dx dx

d y d dy d d
y x x x x x

dx dx dx dx dx





  

 
      

 





  

 
      

 

2tan 2sec tanx x x
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 

1 2

1

1 1 32
1

2 2 2
2 2

:

:

1

2

1 1 1 1 1

2 2 2 42

Ex Find y and y if y x

Ans given y x

dy d
y x

dx dx x

d y d dy d d
y x x x

dx dx dx dx dxx

   





  

     
            

      

 

   

 

1 2

1

2

2 2

:: cos 2

: cos 2

cos 2 sin 2 2 sin 2 2 2sin 2

2sin 2 2cos 2 2 4cos 2

Ex Find y and y if y x

Ans given y x

dy d d
y x x x x x

dx dx dx

d y d dy d
y x x x

dx dx dx dx





         

 
         

 

 

 

    

   

1 2

1

2

2 2 22

: ln 3 4

: ln 3 4

1 1 3
ln 3 4 3 4 3

3 4 3 4 3 4

3 1 1 9
3 3 3

3 4 3 4 3 4 3 4

Ex Find y and y if y x

Ans given y x

dy d d
y x x

dx dx x dx x x

d y d dy d d
y

dx dx dx dx x dx x x x

 

 

       
  

       
                        

 

 

2

1 2

2

2

1

2

2 2 2 2 3

: 2

:

2 2

2

2 2

2 1

2

1 1 1 1 1

2 2

Ex Find y and y if x at and y at

Ans x at

dx d
at a t at

dt dt

y at

dy d
at a

dt dt

dy

dy adt
y

dxdx at t

dt

d y d dy d dt
y

dx dx dx dx t t dx t at at

 



  



 

 
 
    
 
 
 

   
            

   
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   

 

     

1 2

1

2
2

2 2

: cos , sin

: cos cos sin sin

sin sin cos

cos
cot

sin

1
cot cot cos

sin

Ex Find y and y if x a y a

dx d
Ans x a a a a

d d

dy d
y a a a

d d

dy
dy ady

dxdx a
d

d y d dy d d d dx
y ec

dx dx dx dx d dx a d

 

   
 

  
 

 





  

  

 

      

   

    


 
           

 
3

sin

cos

a

ec

a





 
 
 

 

 

 

 

 

 

  

   

 

 

1 2

2 1

2
2

2

1

1

1 2

2

1

2

1

2 2

1 1

2

2 1

2

2

: tan 1 2 0

1 2 0

: tan

1
tan

1

1 1 . .

1 (1)

1 ( ) 1 0

1 2 0

1

Ex If y x then provethat x y xy

d y dy
or x x

dx dx

Ans Given y x

dy d
y x

dx dx x

x y Differentiate w r t xboth side

d d
x y

dx dx

d d
x y y x

dx dx

x y y x

So x y







   

  



  


  

  

    

   

   
2 2

2

1 2 12 2
2 0 1 2 0

d y dy d y dy
xy or x x only replace y and y

dx dx dx dx

 
      

   
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 

 

   

   

1

1

1 1 1

1 1

cos 2 2

2 1

2
2 2

2

cos

cos cos 1 cos

1
2

2
2 cos 2 2 2 cos

1 2 2

: 1 0

1 0

:

1
cos

1

1 1

1 1

1

m x

m x

m x m x m x

m x m x

Ex If y e then provethat x y xy m y

d y dy
or x x m y

dx dx

Ans Given y e

dy d d
y e e m x e m

dx dx dx x

Squaring both sides

y e m y m y e
x x





  

 



    

   




   



  
 

 

  

   

       

 

   

2 2 2 2

1

2 2 2 2

1

2 2 2 2 2 2

1 1

2 2 2 2 2

1 1 1 1 1 1 1 2

2 2 2

1 2 1 1

2 2

2 1 1

1 ( )

1 ( ) 1 ( )

1 2 2 2 ( ) 2 , ( ) 2 2

1

1 2

x y m y

d d
x y m y

dx dx

d d d
x y y x m y

dx dx dx

d dy d dy d d
x y y y x m y y y y y y y y

dx dx dx dx dx dx

x y y xy m yy

x y xy m y cancel and y inboth sides

So

 

  

    

 
        

 

   

   

 2 2

2 11 0x y xy m y   

   

 

 

       

  

1 2 2

2 1

2
2 2

2

1

1 1 1 1

1
2

2
2 1 2

1 2

: sin sin 1 0

1 0

: sin sin

1
sin sin cos sin sin cos sin

1

1
cos sin 1 sin sin

1

Ex If y m x then provethat x y xy m y

d y dy
or x x m y

dx dx

Ans Given y m x

dy d d
y m x m x m x m x m

dx dx dx x

Squaring both sides

y m x m m
x





   

 

    

   



   


  


     
2

1 2 2 2

2 2

1 1
1

1 1
x m y m

x x
 

 

   

 

    

2 2 2 2

1

2 2 2 2 2

1

2 2 2 2 2

1

1 1

1

1 ( )

x y y m

x y m m y

d d d
x y m m y

dx dx dx

  

   

   

 

     2 2 2 2 2 2 2

1 11 ( ) 1 ( ) 0
d d d d

x y y x m y m
dx dx dx dx

 
       

 
 



                                                                         KIIT POLYTECHNIC  

    Engg. Math-I                                                         25                                                                           Dillip Kumar Barik 
 

       

 

   

 

2 2 2 2 2

1 1 1 1 1 1 1 2

2 2 2

1 2 1 1

2 2

2 1 1

2 2

2 1

1 2 2 2 ( ) 2 , ( ) 2 2

1

1 2

1 0

d dy d dy d d
x y y y x m y y y y y y y y

dx dx dx dx dx dx

x y y xy m yy

x y xy m y cancel and y inboth sides

So x y xy m y

 
         

 

    

    

   

 

   

 

 

 

1 2 2

2 1

2
2 2

2

2 2

2 1

2
2 2

2

1

: sin sin 1 0

1 0

: sin sin 1 0

1 0

: sin sin

sin sin( sin )

Find thes

Ex If y p x then provethat x y xy p y

d y dy
or x x p y

dx dx

Ex If x t and y pt then provethat x y xy p y

d y dy
or x x p y

dx dx

Ans Given x t and y pt

Now y pt p x





    

   

     

   

 

 

 

 

2

2 1

2
2

2

olution by using aboveexample.

: : sin sin 2 1 4 0

1 4 0

Ex Ex If x t and y t then provethat x y xy y

d y dy
or x x y

dx dx

     

   

 

   

 

     

   

2
1 2

2 1

2
1

2
1 1 1 1

1
2

2 2
2 1 1

1 2 2

: sin 1 2 0

: sin

1
sin 2 sin sin 2sin

1

1 1
2sin 4 sin

1 1

Ex If y x then showthat x y xy

Ans y x

dy d d
y x x x x

dx dx dx x

Squaring both sides

y x x
x x





   

 

    



   


 
 

 

 

  

   

2 2

1

2 2

1

2 2 2 2

1 1

1 4

. .

1 4

1 1 4

x y y

Differentiate w r t xboth sides

d d
x y y

dx dx

d d dy
x y y x

dx dx dx

 

 

    
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     

 

   

 

2 2

1 1 1 1

2 2

1 2 1 1

2

2 1 1

2

2 1

1 2 2 4

1 2

1 2 2

1 2 0

d
x y y y x y

dx

x y y xy y

x y xy cancel and y inboth sides

So x y xy

    

   

   

   

 

 

 

   

    

   

 

1

1

1 1 1

1

tan 2

2 1

tan

tan tan 1 tan

1 2

2 tan

1

2

1

2 2

1 1

2

2 1

: 1 (2 1) 0

:

1
tan

1

1

. .

1

1 1

1

x

x

x x x

x

Ex If y e then showthat x y x y

Ans y e

dy d d
y e e x e

dx dx dx x

x y y y e

Differentiate w r t xboth sides

d d
x y y

dx dx

d d dy
x y y x

dx dx dx

x y y





  





    



   


   

 

    

  

 

 

1

2

2 1 1

2

2 1

2

1 2 0

1 (2 1) 0

x y

x y y x y

x y x y



    

    

 

 

     

 

2 2

2 1

1

2

2 2

: sin 2 2 0

: sin

sin sin sin sin cos sin

cos sin cos sin

cos cos

Ex If y ax x then provethat x y xy x y

Ans Given y ax x

dy d d d d
y ax x a x x a x x x x a x x x

dx dx dx dx dx

d y d dy d d d
y a x x x a x x x

dx dx dx dx dx dx

d
a x x

dx

    



 
       

 

   
        

   

      

       2 2 2 2

2 1

3 2 2 3

cos sin cos cos sin 2cos

2 2 sin 2cos cos sin 2 sin

sin 2 cos 2 cos 2 sin sin 2 sin 0

d
x x x a x x x x a x x x

dx

Now x y xy x y x a x x x xa x x x x ax x

ax x ax x ax x ax x ax x ax x

 
        

 

         

       
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       

2

2

2
2

2

1

2

2 2

: cos sin 0

0

: cos sin

cos sin cos sin sin cos

sin cos

sin cos

Ex If y A nx B nx then provethat y n y

d y
or n y

dx

Ans Given y A nx B nx

dy d d d
y A nx B nx A nx B nx A nx n B nx n

dx dx dx dx

An nx Bn nx

d y d dy d
y An nx Bn

dx dx dx dx

   

 

 

         

  

 
     

 
     

 

 

2 2

2
2 2 2 2

2

2 2 2 2

2
2

2

sin cos

cos sin cos sin

cos sin cos sin

cos sin cos sin 0

0

d d
nx An nx Bn nx

dx dx

An nx n Bn nx n An nx Bn nx

d y
Now n y An nx Bn nx n A nx B nx

dx

An nx Bn nx An nx Bn nx

d y
Hence n y

dx

  

        

     

     

 
 

 

 

     

   

2

2 1

2
2

2

1

2

2 2

: sin sin tan cos 0

tan cos 0

: sin sin

sin sin cos sin sin cos sin cos

cos sin cos cos sin cos cos cos si

Ex If y x then provethat y xy y x

d y dy
or x y x

dx dx

Ans Given y x

dy d d
y x x x x x

dx dx dx

d y d dy d d d
y x x x x x

dx dx dx dx dx dx

   

  



   

 
     

 
 

         

       

   

2

2
2 2 2

2

n

cos sin sin cos sin sin sin sin cos sin cos sin sin

sin
tan cos sin cos sin cos sin sin cos sin cos sin sin cos

cos

sin cos sin sin cos sin 0

x

d
x x x x x x x x x

dx

d y dy x
Now x y x x x x x x x x x

dx dx x

x x x x

      

      

   

 

2

2

2
cos

2

: 0

: sin cos 0

x x

x

d y
Ex If y Ae Be then provethat y

dx

d y dy
Ex If y e then provethat x y x

dx dx

   

   
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 

   

 

2

1

2

2 2

2

: sin 0.

: sin

sin cos sin

cos sin cos sin

sin cos cos sin 2cos

0, sin 2cos 0 2cos0 2

Ex If y x x then find y at x

Ans y x x

dy d
y x x x x x

dx dx

d y d dy d d d
y x x x x x x

dx dx dx dx dx dx

x x x x x x x

At x y x x x

 



   

 
      

 

      

      

 

   

 

   

 

2
3 3

2

3 3 3 2

2 2

3 3 3 2

2 2

: cos sin .

: cos cos cos 3(cos ) cos

3 cos sin 3 cos sin

sin sin sin 3(sin ) sin

3 sin cos 3 sin cos

d y
Ex If x a and y a then find

dx

dx d d d
Ans x a a a a

d d d d

a a

dy d d d
y y a a a a

d d d d

a a

dy

dx

 

    
   

   

    
   

   

 

    

   

     

 



   

2

2

2 4
2

2 2

3 sin cos
tan

3 cos sin

1 sec cos
tan tan sec

3 cos sin 3

dy
ad

dx a
d

d y d dy d d d ec

dx dx dx dx d dx a a

  
 



  
  

  

  


 
        

 

 

   
1tan 2

2 1Ex: 1 2 1 0.

: .

xIf y e then provethat x y x y

Ans Seethe solutionin theaboveexample



    
 

 

 

    

1 2

1

2
2

2 2

: ln sec .

: ln sec

1 1
ln sec sec sec tan tan

sec sec

tan sec

Ex if y x then find y and y

Ans y x

dy d d
y x x x x x

dx dx x dx x

d y d dy d
y x x

dx dx dx dx





    

 
    

 

 

2
2

2
: cos sin 0

: .

d y
Ex If y A nx B nxthen provethat n y

dx

Ans Seethe solutionintheaboveexample

   
 

 1 2

2 1: tan 1 2 0Ex If y x then showthat x y xy   
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: .Ans Seethe solutionintheaboveexample  

 

2

2

2

2 2

2

2 2

2

2

2
2 2 2

2 2 2

1 1
: .

1 1 1 1
: 1

1 1 1 1
1

1

1

1
1 1

1 1

d y
Ex If x t and y t then find

t t dx

dx d t
Ans x t t

t dt dt t t t

dy d t
y t t

t dt dt t t t

dy

dy tdt

dxdx t

dt

t
d y d t d t dt

dx dx t dt t dx

   

 
        

 

 
        

 

 
    

 
 
 


    

     
    

     

 

   

       

2 2 2

2
2

2 2 3 3 2 3

2 2 2 322 2 2 2

1 1 1

1

1 2 1 2 2 2 2 2 4 4

11 1 1 1

d d
t t t

dtdt dt

dxt

t t t t dt t t t t dt t t t

dx dx tt t t t

   



       
    

     

   

 

2

2

2 2 2 2

2 2 2

2 2 2 2 3

1 1
: ,

1
4 4

4 4 2 2

OR

Ans x t y t
t t

Now y t x
t

d d dy dy x
y x y x y x

dx dx dx dx y

xd dy dy y xy x x y x
d y d dy d x y xydx dx dx

dx dx dx dx y y y y y

   

 
     

 

        

 
   

       
   

 

 
2

2

2
: sin sin tan cos 0

: .

d y dy
Ex If y x then provethat x y x

dx dx

Ans Seethe solutionintheaboveexample

   
 

   1 2 2

2 1: sin sin 1 0

: .

Ex If y m x then provethat x y xy m y

Ans Seethe solutionin theaboveexample

    
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PARTIAL DERIVATIVE 

So far we have discussed the derivative of function of one independent variable of the form )(xfy  .In this 

section ,we will discuss the derivative of functions of more than one independent variables, i.e. two variables or 

three variables. 

Let  ,),(z yxf i.e. z is a function of two independent variables x and y  

Then,we define two derivatives of z ,namely partial derivatives denoted by 
y

z
 and








x

z
 

Where 
x

z




 is called partial derivative of z w.r.t   x  and 

y

z




is partial derivative of z w.r.t   y 

Mathematically, 
x

z




 is the partial derivative z w.r t  x where variable y taken as constant and  

y

z




 is the partial derivative of z w.r.t y where variable x  taken as constant 

Similarly, for ),,( zyxfu  ,i.e. u is a function of three independent  variables x,y and z,we define three partial 

derivatives denoted by  
z

u
 and,












y

u

x

u
 

Mathematically,  

x

u




is partial derivative of u  w.r.t   x where variables y  and  z  taken as constants 

y

u




is partial derivative of u  w.r.t   y where variables x  and  z  taken as constants 

z

u




is partial derivative of u  w.r.t   z where variables x  and  y  taken as constants 

The above partial derivatives are called first order partial derivatives. 

Second order partial derivatives: 

Further differentiating partially to first order partial derivatives,we get second order partial derivatives. 

i.e. 
xy

z

x

z

yyx

z

y

z

xy

z

y

z

yx

z

x

z

x 

















































































 22

2

2

2

2

,,,  

are second order partial derivatives. 

Notations: 

For  ,),(z yxf  
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x

z




 also denoted by xf ,  

y

z




= yf , .,,,

22

2

2

2

2

yxxyyyxx f
xy

z
f

yx

z
f

y

z
f

x

z




















 

Ex-1:Find  
y

z
  and








x

z

 

yxzxiixyzxi

ezx
y

x
zixxzviii

yxzviiyxzvixyzv

yxyxziv
y

x
ziiixyziiyxzi

xyy

 cos.sin )(sin )(

)(sin)()(

)()( log)()( cos)(

1)()()()(

1

2222

23222

















  

 

 

 

Solution:   

constant) is  (220)()(

constant) is  (202)()(

)(

22

22

22

xyyy
y

x
yy

z

yxxy
x

x
xx

z

yxzi





































 

xxy
y

xxy
yy

z

yyx
x

yxy
xx

z

xyzii

































1.)(.)(

1.)(.)(

)(

 

22
)

1
.(

1
.

1
1.

1

)(

y

x

y
x

yy
x

y

x

yy

z

yyy

x

xx

z

y

x
ziii



















































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yxxyxx
y

yx
y

yx
yy

z

yxxyxyxy
x

yx
x

yx
xx

z

yxyxziv

3232232

2222232

232

202.1.)1()()(

3203.2.)1()()(

1)(











































 

)(sin .).(sin )().(sin 
z

rule}chain {by )(sin .).(sin )().(sin 
z

)( cos)(

xyxxxyxy
y

xy
y

xyyyxyxy
x

xy
x

xyzv























 

2222

22

22

2222

22

22

22

2
)20.(

1
)(.

1

2
)02.(

1
)(.

1

)( log)(

yx

y
y

yx
yx

yyxy

z

yx

x
x

yx
yx

xyxx

z

yxzvi







































 

2222

22

22

2222

22

22

22

)20.(
2

1
)(.

2

1

)02.(
2

1
)(.

2

1

)(

yx

y
y

yx
yx

yyxy

z

yx

x
x

yx
yx

xyxx

z

yxzvii





































 

xx
y

z

xy
x

z

xzviii

y

y

y

log.

.

)(

1















 

222222

22222

1

..
)/(1

1

11
..

)/(1

1

sin)(

xyy

x

y

x

xy

y

y

x

yyxy

z

xyyxy

y

y

x

xyxx

z

y

x
zix




































































 
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xyxyxy

xyxyxy

xy

exxexy
y

e
y

z

eyyexy
x

e
x

z

ezx























.)(.

.)(.

)(

 

xxxy
yy

z

xyxy
xx

z

xyzxi

sin1.sin  )sin .(

 cos.)sin .(

sin .)(























 

yxyxyx
yy

z

xyyx
xx

z

yxzxii

sin .sin )sin .(sin ) cos.sin (

 cos. cos) cos.sin (

 cos.sin )(























 

Ex-2:Find  
z

u
  ,,












y

u

x

u

 

222)()()( zyxuiiizxyzxyuiixyzui 

 

Solution: 

yxxyzxyzxy
zz

u

xzzxzxyzxy
yy

u

zyzyzxyzxy
xx

u

zxyzxyuii

xyxyz
zz

u
zxxyz

yy

u
yzxyz

xx

u

xyzui

































































0)(

0)(

0)(

)(

)(,)(,)(

)(
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zzzyx
zz

u

yyzyx
yy

u

xxzyx
xx

u

zyxuiii

2200)(

2020)(

2002)(

)(

222

222

222

222

































 

Ex-3:  

2222 )(
x

u
 that show, If zyx

z

u

y

u
xzzyyxu 
















 

Solution: 

2

222

22222

22222

22222

222

)(

222

22.1.0)(

202.1.)(

21.02.)(

zyx

zxyzxyzyx
z

u

y

u

x

u

zxyzxyxzzyyx
zz

u

yzxyzxxzzyyx
yy

u

zxyzxyxzzyyx
xx

u

xzzyyxu



















































 

Ex-4: 

0 that  show,   If 















z

u
z

y

u
y

x

u
x

x

z

z

y

y

x
u

 

Solution: 
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0

111

111
.0

1
0

11
.

11
.0

1

Given  

222

22

22

22




































































































































x

z

z

y

z

y

y

x

x

z

y

x

xz

y
z

zy

x
y

x

z

y
x

z

u
z

y

u
y

x

u
x

xz

y

xz
y

x

z

z

y

y

x

zz

u

zy

x

zy
x

x

z

z

y

y

x

yy

u

x

z

yx
z

yx

z

z

y

y

x

xx

u

x

z

z

y

y

x
u

 

Homogeneous Function and Euler’s Theorem: 

nzthen  n'' degree of shomogeneou is z If

:  theoremsEuler'

constantany  is  t  where),(.t)t,t(

 if  n'' degree of  and in  shomogeneou be  tosaid is),( functionA 

:function  sHomogeneou

n













y

z
y

x

z
x

yxfyxf

yxyxf

 

Ex-5: Verify Euler’s theorem in the following problems 

yxxyyxziii
y

x
ziixyzi 3322 34)()()( 

 

Solution: 

  verified theoremsEuler' Hence

22
zz

 theorem,sEuler'by  Now

)(
z

,)(
z

2  degree of shomogeneou is 

),(.),(

),()(

22

zxyyxxy
y

y
x

x

xxy
yy

yxy
xx

z

yxftxyttytxtytxf

yxfxyzi




































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 verified theoremsEuler' Hence

.00.
1

.
zz

 theorem,sEuler'by  Now

1
.

z
,

1
1.

1z

0 degree of shomogeneou is 

),(),(

),()(

2

22

00

z
y

x

y

x

y

x
y

y
x

y
y

x
x

y

x

y
x

y

x

yyyyy

x

xx

z

yxft
y

x
t

y

x

ty

tx
tytxf

yxf
y

x
zii







































































 

 verified theoremsEuler' Hence

4)34(4

12164

3122942

)3122()942(
zz

 theorem,sEuler'by  Now

31221.33.42.
z

9423.31.42.
z

4 degree of shomogeneou is 

34)(

3322

3322

33223322

322232

322322

232232

3322

zyxxyyx

yxxyyx

yxxyyxyxxyyx

xxyyxyyxyxyx
y

y
x

x

xxyyxxyxyx
y

yxyxyxyyxy
x

z

yxxyyxziii






























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z
y

z
y

x

z
x

z
y

z
y

x

z
xz

u
y

z
zy

x

z
zx

y

z
zz

yy

u

x

z
zz

xx

u

uu
y

u
y

x

u
x

u

zu

yx

yx
z

yx

yx
z

z
y

z
y

x

z
x

yx

yx
z

tan 

sin  cos

. cos. cos

toreduces)1(eq Hence,

. cos)sin (,. cos)sin (Now,

)1.....(...........1

 theorem,sEuler'By 

1 degree of shomogeneou is  Clearly,

sin Let  

 sin 

sin   Given,:Sol

tan then sin if that Prove:6-Ex

n

22

22
1n

22
1


















































































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







































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CHAPTER-4 

DIFFERENTIAL EQUATION 
Differential Equation: An equation involves an independent variable, a dependent variable and the 

derivative of the dependent variable is known as differential equation. 

Ex:
𝑑𝑦

𝑑𝑥
+ 5𝑦 = 𝑠𝑖𝑛𝑥 

 
𝑑2𝑦

 𝑑𝑥2 + 7𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 𝑐𝑜𝑠2𝑥 

 𝑦𝑑𝑥 − 𝑥𝑑𝑦 = 0 

  
𝑑𝑦

𝑑𝑥
= 0 

 𝑥
𝜕𝑢

𝜕𝑥
+ 𝑦

𝜕𝑢

𝜕𝑦
= 2𝑢  General Solution: 

 

Ordinary differential equation (ODE): If a differential equation involves one independent variable then 

it is called  ordinary differential equation. 

𝑑𝑦

𝑑𝑥
+ 5𝑦 = 𝑠𝑖𝑛𝑥, 

 
𝑑2𝑦

 𝑑𝑥2 + 7𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 𝑐𝑜𝑠2𝑥 

 

Partial differential equation(PDE): If a differential equation involves more than one independent 

variable then it is called  partial  differential equation. 

 𝑥
𝜕𝑢

𝜕𝑥
+ 𝑦

𝜕𝑢

𝜕𝑦
= 2𝑢 

 

Order of a differential equation: The highest order derivative occurring in a differential equation is 

known as order of a differential equation. 

 

Degree of a differential equation: The power of the highest order derivative occurring in a differential 

equation after it is made free from any radicals or fractions is known as degree of a differential equation. 

 

Ex:Find the order and degree of the following differential equation. 

(
𝑑2𝑦

𝑑𝑥2
)

3

+ 4 (
𝑑𝑦

𝑑𝑥
)

5

− 7
𝑑𝑦

𝑑𝑥
+ 9 = 0 
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[1 + (
𝑑𝑦

𝑑𝑥
)

2

]

2

3

=
𝑑2𝑦

𝑑𝑥2
 

𝑥2 (
𝑑2𝑦

𝑑𝑥2
)

3

+ 𝑦 (
𝑑𝑦

𝑑𝑥
)

5

+ 𝑦4 = 0 

𝑎
𝑑2𝑦

𝑑𝑥2
= [1 + (

𝑑𝑦

𝑑𝑥
)

2

]

5

2

 

𝑑2𝑦

𝑑𝑡2
=

5𝑦 +
𝑑𝑦

𝑑𝑡

√
𝑑2𝑦

𝑑𝑡2

 

 

 

Solution of a differential equation: An equation in the form of 𝑦 = 𝑓(𝑥) , which satisfies to the given 

differential equation is known as solution of D.E. 

Note: Solution of a D.E will be obtained by taking integration. 

 

General Solution: If the solution of a D.E of nth order contains n arbitrary constants then it is called general 

solution. 

 

Particular solution: A solution obtained after putting the particular values to the arbitrary constants in the 

general solution is known as particular solution. 

 

Formation of a differential equation: If an equation of a curve contains n arbitrary constants then 

differentiate the given equation n times to obtain n number of equations, Using all these equations eliminate the 

constants and we will get a differential equation of nth order.  

 

Ex:Form a differential equation of the following equations. 

(a)𝑦 = 𝐴𝑒𝑥 + 𝐵𝑒−𝑥 (b)𝑦 = 𝑎𝑥2 + 𝑏𝑥 (c)𝑎𝑥2 + 𝑏𝑦2 = 1 (d)𝑦 = 𝑎𝑠𝑖𝑛𝑡 + 𝑏𝑒𝑡  

(e)𝑦 = 𝑎𝑒2𝑥 + 𝑏𝑒−2𝑥(f)𝑦 = 𝑎𝑠𝑖𝑛𝑥 + 𝑏𝑐𝑜𝑠𝑥 (g)𝑦 = 𝑎 𝑠𝑒𝑐𝑥 (𝑔)𝑥2 + 𝑦2 = 𝑎2 

 

 

Techniques  For Solving a D.E: 
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Case-1: 
𝒅𝒚

𝒅𝒙
= 𝒇(𝒙) 

Method: 
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥) ⇒ 𝑑𝑦 = 𝑓(𝑥)𝑑𝑥 

Integrating both sides∫ 𝑑𝑦 = ∫ 𝑓(𝑥)𝑑𝑥 

Case-2: 
𝒅𝒚

𝒅𝒙
= 𝒇(𝒚) 

Method: : 
𝑑𝑦

𝑑𝑥
= 𝑓(𝑦) ⇒

𝑑𝑦

𝑓(𝑦)
= 𝑑𝑥 

Integrating both sides∫
𝑑𝑦

𝑓(𝑦)
= ∫ 𝑑𝑥 

Case-3: (Variable separable) 

𝑑𝑦

𝑑𝑥
=

𝑓(𝑥)

𝑔(𝑦)
  

Method: 
𝑑𝑦

𝑑𝑥
=

𝑓(𝑥)

𝑔(𝑦)
 ⇒ 𝑔(𝑦)𝑑𝑦 = 𝑓(𝑥)𝑑𝑥 

Integrating both sides ∫ 𝑔(𝑦)𝑑𝑦 = ∫ 𝑓(𝑥)𝑑𝑥  

Case-4: ( Higher order) 

𝑑2𝑦

𝑑𝑥2 = 𝑓(𝑥)  

Method: 
𝑑2𝑦

𝑑𝑥2 = 𝑓(𝑥)  

Let 
𝑑𝑦

𝑑𝑥
= 𝑝 ⇒

𝑑2𝑦

𝑑𝑥2 =
𝑑𝑝

𝑑𝑥
 

𝑑𝑝

𝑑𝑥
= 𝑓(𝑥) ⇒ 𝑑𝑝 = 𝑓(𝑥)𝑑𝑥  

Integrating Both sides 

 ∫ 𝑑𝑝 = ∫ 𝑓(𝑥)𝑑𝑥 ⇒ 𝑝 = 𝐹(𝑥) + 𝑐1 

 ⇒
𝑑𝑦

𝑑𝑥
= 𝐹(𝑥) + 𝑐1 ⇒ 𝑑𝑦 = {𝐹(𝑥)𝑑𝑥 + 𝑐1𝑑𝑥}𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 

  ∫ 𝑑𝑦 = ∫ 𝐹(𝑥)𝑑𝑥 + ∫ 𝑐1𝑑𝑥 ⇒ 𝑦 = ℎ(𝑥) + 𝑐1𝑥 + 𝑐2 

Or     

 
𝑑2𝑦

𝑑𝑥2 = 𝑓(𝑥)  

Integrate direct        
𝑑𝑦

𝑑𝑥
= 𝐹(𝑥) + 𝑐1 

Again integrate        𝑦 = ℎ(𝑥) + 𝑐1𝑥 + 𝑐2 

Ex:
𝑑𝑦

𝑑𝑥
= 𝑐𝑜𝑠𝑥 
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Ex:
𝑑𝑦

𝑑𝑥
= 3𝑥2 − 𝑠𝑖𝑛𝑥 + 7 

Ex:
𝑑𝑦

𝑑𝑥
=

1

1+𝑥2 

Ex: Solve .
𝑑𝑦

𝑑𝑥
= 2𝑥𝑒𝑥2

 

Ex: Solve 
𝑑𝑦

𝑑𝑥
= 𝑐𝑜𝑠2𝑥 𝑠𝑖𝑛3𝑥 

Ex: Solve 
𝑑𝑦

𝑑𝑡
=

𝑡𝑎𝑛−1𝑡 𝑒𝑡𝑎𝑛−1𝑡

1+𝑡2  

Ex: Solve 
𝑑𝑦

𝑑𝑢
=

1

𝑢2−5𝑢+6
 

Ex: Solve 
𝑑𝑦

𝑑𝑥
= 𝑦2 + 5𝑦 

Ex: Solve 
𝑑𝑦

𝑑𝑥
= 𝑐𝑜𝑡𝑥 𝑡𝑎𝑛𝑦 

Ex: Solve 𝑠𝑖𝑛𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦𝑐𝑜𝑠𝑥 = 0 

Ex: Solve 𝑥(1 − 𝑦2)𝑑𝑥 − 𝑦(1 − 𝑥2)𝑑𝑦 = 0 

Ex: Solve 𝑦𝑑𝑦 + 𝑒−𝑦𝑥𝑠𝑖𝑛𝑥𝑑𝑥 = 0 

Ex: Solve 
𝑑𝑦

𝑑𝑥
= sec (𝑥 + 𝑦) 

Ex:Solve 
𝑑2𝑦

𝑑𝑥2 =
1

2
𝑐𝑜𝑠2𝑥 

Ex: Solve (𝑥2 + 7𝑥 + 12)𝑑𝑦 + (𝑦2 − 6𝑦 + 5)𝑑𝑥 = 0 

Ex: Solve 𝑒−𝑥 𝑑2𝑦

𝑑𝑥2 = 𝑥         Ex: solve 
𝑑𝑦

𝑑𝑡
= 𝑒3𝑡+4𝑦  

Linear Differential Equation: A Differential equation is said to be linear if the dependent variable and all 

its derivatives occurs 1st degree only  but both are not multiplied together. 

Ex:
𝑑𝑦

𝑑𝑥
+ 5𝑦 = 𝑒𝑥  ,

𝑑2𝑦

𝑑𝑥2 + 7𝑥𝑦 = 𝑥2 

Non-linear: 

(
𝑑𝑦

𝑑𝑥
)

2

+ 5𝑦 = 𝑒𝑥   

𝑦
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 = 3𝑥  

Here two cases are arises  

Case-1:If a differential equation in the form of  
𝒅𝒚

𝒅𝒙
+ 𝑷𝒚 =Q 

Where P and Q are the function of x or constants. 
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Method for Solving: 

Find Integrating factor (I.F) = 𝑒∫ 𝑃𝑑𝑥  

General Solution :  𝑦(𝐼. 𝐹) = ∫ 𝑄(𝐼. 𝐹)𝑑𝑥 

Case-2:If a differential equation in the form of  
𝒅𝒙

𝒅𝒚
+ 𝑷𝒙 =Q 

Where P and Q are the function of y or constants. 

Method for Solving: 

Find Integrating factor (I.F) = 𝑒∫ 𝑃𝑑𝑦  

General Solution :  𝑥(𝐼. 𝐹) = ∫ 𝑄(𝐼. 𝐹)𝑑𝑦 

 

1.Solve 
𝑑𝑦

𝑑𝑥
+ 5𝑦 = 𝑒2𝑥  

Ex:Solve
𝑑𝑦

𝑑𝑥
+

3

𝑥
𝑦 = 𝑥2 

Ex:Solve (1 + 𝑥2)
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 = 𝑐𝑜𝑠𝑥 

Ex:Solve 𝑠𝑖𝑛𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 𝑐𝑜𝑠𝑥 

Ex:solve (𝑥 + 2𝑦3)
𝑑𝑦

𝑑𝑥
= 𝑦. 

Ex:Solve (1 + 𝑥2)
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 − 𝑥3 = 0 

Ex:solve 
𝑑𝑥

𝑑𝑦
+ 4𝑥 = 𝑒3𝑦  

Ex:vsolve 
𝑑𝑥

𝑑𝑦
−

3

𝑦
𝑥 = 𝑦3 

Ex:Solve (1 + 𝑦2)𝑑𝑥 = (𝑡𝑎𝑛−1𝑦 − 𝑥)𝑑𝑦 

Ex:Solve (1 + 𝑦2) + (𝑥 − 𝑒−𝑡𝑎𝑛−1𝑦)
𝑑𝑦

𝑑𝑥
= 0 

Ex:Solve (𝑥 + 𝑡𝑎𝑛𝑦)𝑑𝑦 = 𝑠𝑖𝑛2𝑦𝑑𝑥 

Ex:.Solve (𝑥 + 𝑦 + 1)
𝑑𝑦

𝑑𝑥
= 1 

Ex:Solve (1 + 𝑥2)𝑑𝑦 + 2𝑥𝑦𝑑𝑥 = 𝑐𝑜𝑡𝑥 

Ex:Solve 𝑥𝑙𝑛𝑥 
𝑑𝑦

𝑑𝑥
+ 𝑦 = 2𝑙𝑛𝑥 

Ex:Solve 
𝑑𝑦

𝑑𝑥
+ 𝑦𝑠𝑒𝑐𝑥 = 𝑡𝑎𝑛𝑥 
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Homogeneous Differential Equation: A differential equation in the form of 
𝑑𝑦

𝑑𝑥
=

𝑓(𝑥,𝑦)

𝑔(𝑥,𝑦)
,(Where f(x,y) 

and g(x,y) are two homogeneous function of same degree) is known as homogeneous differential equation. 

Ex:
𝑑𝑦

𝑑𝑥
=

𝑥2+𝑦2

2𝑥𝑦
  

𝑑𝑦

𝑑𝑥
=

𝑥3−𝑦3

𝑥2𝑦
  

𝑑𝑦

𝑑𝑥
=

𝑦−𝑥

𝑥+𝑦
  

Method for Solving: Let us consider a homogeneous differential equation 
𝑑𝑦

𝑑𝑥
=

𝑓(𝑥,𝑦)

𝑔(𝑥,𝑦)
 

Put 𝑦 = 𝑣𝑥 ⇒
𝑑𝑦

𝑑𝑥
= 𝑣 + 𝑥

𝑑𝑣

𝑑𝑥
 

⇒𝑣 + 𝑥
𝑑𝑣

𝑑𝑥
=

𝑓(𝑥,𝑣𝑥)

𝑔(𝑥,𝑣𝑥)
= 𝐹(𝑣) ⇒ 𝑥

𝑑𝑣

𝑑𝑥
= 𝐹(𝑣) − 𝑣 ⇒

𝑑𝑣

𝐹(𝑣)−𝑣
=

𝑑𝑥

𝑥
 

Integrating both sides ,After simplification we will get the solution. 

Ex: solve 
𝑑𝑦

𝑑𝑥
=

𝑥2+𝑦2

2𝑥𝑦
 

Ex: solve 
𝑑𝑦

𝑑𝑥
=

𝑥2+𝑦2

𝑥𝑦
 

Ex: solve 
𝑑𝑦

𝑑𝑥
=

𝑦−𝑥

𝑥+𝑦
 

1.Solve 
𝑑𝑦

𝑑𝑥
=

𝑦

𝑥
+

𝑦2

𝑥2 

5.Solve 𝑥𝑑𝑦 − 𝑦𝑑𝑥 = √𝑥2 + 𝑦2 𝑑𝑥 

6.Solve 𝑥2𝑑𝑦 + 𝑦(𝑥 + 𝑦)𝑑𝑥 = 0 

7.Solve (𝑥2 + 𝑦2)𝑑𝑥 − 2𝑥𝑦𝑑𝑦 = 0 

 
 

 

 

Reference Books: Elements of Mathematics Vol.- 2 (Odisha State Bureau of Text Book 

preparation & Production) 

 


