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CHAPTER-3
DERIVATIVE

Derivative is the rate of change of one quantity with respect to another quantity.

In mathematics we have to find the rate of change of one variable with respect to another variable.

Let us consider a function y = f (X) Here x isan indepedent variable and y is the dependent variable

Here we have to find the rate of change of the dependent variable (y) with respect an indepedent

dy

variable(x).It is denoted byd—
X

(whichisread asderivative of y with respect tox).

Method for finding jy (Using definition or1st principle or ab initio)

f (x+h)—f(x)
h

d—y:f'(x)=lim

q lim (provided that the limit exist)
X -

Note:If y = f (x) then%: f'(x)

If y=1(6) then(% = f () (Hereyisdependent variableand #isanindepedent variable)

Note: Alsoﬂ is denoted by y or Dy(D = ij
dx dx

Ex:Differentiate y = x" by using1st principle or ab initio method.
Ans:Giveny = x" = f (x)[suppose]
dy

_f(x+h)=f(x) . . o
Wehaveaz!m : =lim £ f(x)=x"}

(Letx+h=y:>h:y—x]

(x+h)" =x"

Ash—>0=y—>Xx

Engg. Math-| 3 Dillip Kumar Barik
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Ex:Find % by using1st principle or ab initio method.
X

9 dy 8) 1 _5(dy _Gj : dy 1
=x°| 2L =9 b)y=— = D __g = —x2| Lo~
(a)y X (d X ( )y NG ory=x dx X (c)y Xory=x i 2\/;

X

1

1 dy
d == _
(d)y ory x (dx xzj

Ex:Find % by using1st principle or abinitio method of y = ¢”.
X

Ans :Giveny =e* = f (x)[suppose]

f h _f x+h_ X
Wehave & _jim L OO &2 6 ) ey
dx h-o0 h h—0 h
xah _ ax X(ah _ h _ X _
_lim&e € & D) =eXIimu=exx1=ex{.'lime 1=1}
h—0 h h—0 h h—0 h x—0 X

Ex:Find % by using1st principle or abinitio method of y = a*.
X

Ans:Giveny =a* = f (x)[suppose]

|
)= £ () -

dy .
Wehave—:llm _I|m ~f(x)=a"
dx h- h h—0 h { ( ) }
XAh X X h h X
:Iima a-a._ ima (a’-1) =axlimu=ax><lna:axlnz{-.°lima 1:Ina}
h—0 h h—0 h h—0 x-0 X

Ex:Find % by using1st principle or ab initio method of y = In x.
X
Ans:Giveny =Inx = f (x)[suppose]

dy f(x+h)-f(x) . In(x+h)-Inx

WehavedX:ngg n _LLO £ f(x)=Inx}
|n(x+hj |n(x+hj |n(1+h) | (1+h)

. X . X X . X . x) 1
=lim =lim =lim———~—~% =Ilim X =

h—0 h h—0 h h—0 h h—0 D X

X

=1x1:l[ nm'”(l”):l}

X x—0 X

Engg. Math-| 4 Dillip Kumar Barik
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Ex:Find % by using1st principle or ab initio method of y = sin x.
X

Ans :Giveny =sin x = f (x)[suppose]

. f(x+h)=f(x . sin(x+h)-sinx .
Wehaved—yzllm ( )~ f( ):Ilm ( ) £ f(x)=sinx}
X h-0 h h—0
X+h+x . X+h-x 2x+h . h . h
2C0Ss % SIN cos X SIN — 2% Sin —
—lim 2 2 _2lim 2 2 _2limcos xlim
h—0 h h—0 h h—0 2 h-0 |

. h
sin—

=2cosxxIim 2 X+ =2C0S Xx1x$=CoSX
—0

2
Ex:Find g—y by using1st principle or abinitio method of y = tan x.
X

Ans:Giveny =tan x = f (x)[suppose]

Wehave & — fim L= 100 _ g 0 h)Zta0X ¢y tanng
X h-o0 h h—0 h
(x+h) sin x sin(x+h)cosx—cos(x+h)sinx
(x+h) COSX _ .o cos(x+h)cosx lim sin(x+h-x)
h»o o0 h o0 hcos(x+h)cosx
sinh 1 1 1 )
=lim——xIlim =1x =——— =8SeCc" X
h>0 h >0 cos(Xx+h)cosx COSXXCOSX COS” X
Ex:Find % by usinglst principle or ab initio method of y = sec x.
Ans :Giveny =secx = f (x)[suppose]
Wehaved—yzlimf(X+h)_f(x):limsec(x+h)_secx {-f(x)=secx}
dx h-o0 h h—0 h
1 1 cos x—cos(x+h)
_) cos(x+h) cosx_l_ cos(x+h)cosx _ii cosx—cos(x+h)
o0 h o0 h o0 hcos(x+h)cos x
. X+X+h . X+h-x . 2x+h . h
2sin xSin 2sin xSin —
= lim 2 2 _lim 2
h—0 hcos(x+h)cos x h>0 hcos(x+h)cosx

Engg. Math-| 5 Dillip Kumar Barik
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. h )
_2x+h . SIo 1 TR LN | 1
=2limsin x lim x lim =2sinxxlim X =X
h—>0 2 0 h o moocos(x+h)cosx >0 N 2 cosxcosx

>— =secxtanx

=2$inXX1X1><
2 CO0S‘ X

Ex:Find % by using1st principle or ab initio method.
X

(a)y=cos x(g—i =—sin x}(b) y =cot x(% = —coseczxj(c) y= cosecx(% = —C0secx cot xj

FORMULAS

F—l.%(x”):nx"‘1

d X X
F—Z.&(e ):e

F —3.di(ax)=aX log,aora“Ina(a>0)

X
d d 1

F—4.&(Inx)_&(loge x)—;
d

F-5.—( =
dx(OQaX) xIna

F —G.i(sin X) = COS X
dx

F —S.i(cos X) =—sinx
dx

F —9.i(tan X) =sec’
dx

F —10.i(cotx) = —cosec?x
dx

F —11.di(sec X) =sec xtan X
X

F —12.di(cos ecx) = —C0s ecx cot X
X

d
F—13.&(x2)=2x

Engg. Math-| 6 Dillip Kumar Barik
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Formula%(x”): nx"*

Ex:Find gy if y=x°
Ans:y = x°
Ex: Find gy if y=x7°

(x*)=9x""=9x’

Ans:y=x" :ﬂ:i(x’e):—Gx’H:—qu
dx dx

Ex: Find jy if y= x3

Ans:y = oW _Gf) 551 5
dx dx

Ex: Find gylf y =X 3

5
Ans: X3 2L =—
y= :>dx ( ]
1
3

Ex: Flndg—of( a)y=3x=x

5
—-—X
3

o)y

Engg. Math-| 7
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Formulai(ax)zaX Ina
dx

Ex: Find %if y=5"

X d d X X
Ans:y=5"= di &(5)=5In5

Dillip Kumar Barik



Ex: Find ﬂif y=3"
dx

Ans:y=3xz>%:i(3x):3X In3
dx dx

Ex: Find ﬂif y=7"
dx

d 1
Formula —(log, Xx)=——
dx( 9%) xIna

Ex:EX: Findﬂ if y=1log; x
dx
dy

d 1
Ans:yzlogsx:&:d—x(logsx):m

. dy.
Ex: Find d_ilf y =log,, X

ALGEBRA OF DERIVATIVE

F —1i(u iV):d—Uid—V
dx dx dx

Ex: Find j—yif y=x"+tanx—e*+7
X

Ans:y=x>+tanx—e* +7
_dy_d

dx dx
=5x* +sec® x —e*

d
dx

Ex: Find g—y(a)y:x3+eX +3*—cotx+9(b)y =x*+log, x—sec x+cos x+3
X

F —2.i(uv)=u d—V+Vd—U
dx dx dx

Ex: Find ﬂif y=x"tanx
dx
Ans:y = X’ tan x
:>ﬂ:i(x5 tan x):xsi(tan X)+ tan xi(xF’)
dx dx dx dx
= x°sec? x + tan x x5x* = x° sec? x + 5x* tan x

Ex: Find %(a) y =x"cosx(b)y=e*sinx

Engg. Math-| 8
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du dv
vyttt
L 4 (U dx dx
F-3. E _
dx\V \Y
5
Ex: Find Yif y =
dx COS X
5
Ans:y = X
COS X
d, s s d
dy d( x° _COSX&(X )-x &(COSX)_COSXXSX“—XS(—sin X)
dx dx|cosx ) (cos x)® - cos® X
_ 5x*cosx+x’sinx
cos’ X
. dy tan x log x
Ex:Find—=(a)y=——(b)y=
dx( )Y Inx( )Y x>
F—4.i{k f(x)}:ki{f(x)} wherek isa constant
dx dx
Ex:Find d—yif y =6tanx
dx
Ans:y=~6tanx

= ady _ i(6tan X)= Gi(tan X) = 6sec” x
dx dx dx

Ex: Find %(a)y:SInx (b)y=5x*

Ex: Find%if y=5x>+3tanx—-7Inx+9 Ex: Find%if y=5x>+3tanx—-7Inx+9
Ans:y=5x>+3tanx—7Inx+9 Ans:y=5x>+3tanx—7Inx+9
:%:%(5x3)+%(3tan x)—%(?ln x)+%9 :%:%(5x3)+%(3tan x)—%(?ln x)+%9
=5x3x* +3sec’ x—7%=15x2 +3sec’ x—% =5x3x* +3sec’ x—7%=15x2 +3sec’ x—%

Ex: Find g—yif y =cot x+ X’ log, X
X

Ans:y = cot X+ X* log, X

= % = %(cotx)+%(x2 log, x) = —Cosec’X + X %(Iog2 x)+(log, x)%x2
=—Cosec’x + x° e +(log, x)2x = —cosec2x+%+2x(log2 X)

Engg. Math-| 9 Dillip Kumar Barik



3
Ex:Findﬂify:XZ*4
dx X5 —2
x}+4
Ans:y=
y 7

dy _d(x+4 _(XZ—Z)i(x3+4)—(x3+4)i(x2_2)

dx dx(x*-2) (XZ—Z)Z

(x2_2)3x2_(x3+4)2x_3X4_6X2_2X4_8X_X4_6X2_8X
(X2_2)2 ) (xz—z)2 - (X2_2)2

Ex:Findﬂifyzl_COSX
dx 1+cosx
Ans:y:l_cosx
1+cosx
& d (1-cosx (1+cosx)i(l—cosx)—(l—cosx)i(l+cosx)
:>_y=_( J= dx dx
dx dx\1+cosx (1+cosx)2
_ (L+cosx)(=(-sinx))—(1-cosx)(=sinx) _(L+cosx)sinx+(1-cosx)sinx
(1+cosx)2 (1+(:osx)2
_sinx+sinXxcosx+sinXx—sinxcosx  2sinx
(1+cosx)2 (1+cosx)2
. dy 1-sinx 1-tanx Ix-1 : e
x-in dx(a)y 1+sinx() l+tanx(c) \/;+1( )y =xsinx X2 +1
3 -2
(e)y= In x

Engg. Math-I 10
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DERIVATIVE OFCOMPOSITE FUNCTION (CHAI N RULE)

Let usconsider acomposite function y = f (g (x)),so we have to find the derivative of y

with respect to x (i.e ﬂj
dx

Nowy = f (g(x))

Letu=g(x)

Soy = f(u):g—i:j—x(f (u))= ' (u)

Againu :g(x):j—i:%(g(x)):g'(x)
dy dy du

o g T W)= (g(x)g (x)

Inverse Trigonometric Function

F—Lft@m4x):——£—n—l<x<l
dx 1-x2
—(cos‘1 x) =ﬁ,—1< x<1

T
|
N

._\

Tl

= xR [-11]

%|Q‘ (>3'|°- CJ'|Q' <
—_ —_— —_—

()

9.-

N
SN— \>_</ v

||

x|x/x -
d _

F—-6.—(cosec™ x :—,
dX( ) x| Vx? -1

Derivatve of implicit function:

xeR-[-11]

Two variables x and y occurs together in an equation f (x,y) =0,in which the dependent variable y
can not be expressed in terms of x isknown asimplicit function.
Ex:x* +y* =9,e™ =log(x* - y* )etc.

Derivative of some standard function:

dy2y= 92\ _p
&(yz)_ dy(yz)dx =2y dx

Engg. Math-| 11 Dillip Kumar Barik
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or%(y2)=2y%
*%(sin y)=cos yg—i
St L
*%(ey ):eYZZy%

Derivative by using logarithm:
If a function in the form of ( f (x))g(x) then we will use log in both sides.

Ex: x*,sin x“*.log x*" etc

Method to find ﬂ
dx

METHOD —1
lety=(f (x))g(x)
=1Iny=In(f(x)" =g(x)Inf(x)

:d(;r)\(y):%(g(x)lnf(X))

:>idy d

y&=g(x)&lnf(x)+lnf(x)%g(x) (using%(u.\/)j

METHOD -2
lety = ( f (X))g(x) _ eg(x)ln(f(x))

%:%egmm(f(x)):eg<x>un(f(x))%{g(x)|n(f(X))}:(f(x))g(x){g(x)%mf(x)+|n f (X)dig(x)}

X
Derivatve of Parametric function:

If thevariables xand yof a functiony = f (x)can be exp ressed asthe function of athird variable
't'iex=g(t) and y =h(t)isknownas parametric functionwith parameter 't".

Ex:x=at” and y = 2at

Method for findingﬂ
dx

Letx= g(t):%: g (t)
dt
d

o (&) n

dx (3)3 g(t)

Engg. Math-| 12 Dillip Kumar Barik
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Derivativeof a function with respect to another function

If y=f (x)and z = g(x)betwodifferentiable functionthenwe haveto find the derivative of y

dy

with respectto z.(i.e d—taking xasthe parameter]

z

Method for finding dy

dz
y="f(x)
:g—i: f'(x)
z=9(x)
=Z-g(x

Assignment-1: Find % (Algebra of Derivative)
1.y =log, x

3y=9x3*

2
1
5y=(Vx+5)
7.y = eXina 4 palnx 4 alna

9.y = e*sinx + x"cosx

11.y = x?sinxlnx
x+sinx
13.y =
X+Cc0Sx
1+tanx
15y =
1-tanx
xsinx
17.y =
1+cosx
1
19y =——
y ax2+bx+c

Engg. Math-|

13

3inx

2y=e

4.y = x% + sinx +x—12

1-cos2x
6.y =
1+cos2x

8.y = x3tanx = x

3 sinx

CcoSsx

10.y = x"cotx

ex

2.y = 1+sinx
x+3
14y = m
x

16y = 1+tanx
18.y = —

sinx

X

20.y = xsinx +

e
1+x2

Dillip Kumar Barik
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Assignment-2: Find Z—i’ (Differentiation of Composite Function)/ Chain Rule

1.y = sin(tanx)

3.y = tan(secx)
5.y = cosex(x + %)
7.y = ecotx

9.y =al™

11.y = sin7xcos5x
13.If y = In(sech + tan0) ,findz—g
15.y = log,(log;x)
17.y = 3¥nx

19.y = tan3x

21.y = (x + sinx)?

23.y =Vax?+bx+c

25.y = —

Inx
27.y = In(sinx?)
29. y = eSimVx
31.y = (Insinx)?
Vs X
33.y = Intan (Z + 5)

e*+inx

35y =

sin3x

37.y = cos(Inx)?

39.y =+ avx

Engg. Math-| 14

2.y =cos(x? + 1)
4.y = cot(ax + b)
6. y = sin(Inx)
8.y = e3X+5
10.y = a*°*5
12. y = In(tanx)
14.y = In(x? + a?)
16. y = eXsinx

18.y = sin®x

20.y = (x® 4+ 3x% +7)°

22. y =+tanx

24.y =+Va? — x?
1-sinx

26.y = 1+sinx

28.y = cosec(ax + b)?
30. y = sin(In(sinx))
32.y = sec(lnx™)

34y = In(x + V1 + x2)

36.y = eVeotx
ex_e—x
38.y prap—

40.y = sin’xcos?x

Dillip Kumar Barik
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Assignment-3: Find d—z (Differentiation of Inverse Trigonometric Function)

1.y = sin”13x 2.y = sin"1(cosx)
3.y =cos '(3x + 1) 4.y = tan"W/x
5.y = cot linx 6.y =sec 1(x + 2)
7.y = cosec”(x + %) 8.y = sin(msin™1x)
9.y = gm0’ 10. y = g5 Vi-%*

11. y = efan 'Vx 12.y = Intan™x

. 1X _ xsin"1x
13.y = /tan - 4.y ="7=

15.y = (sin~tx*)* 16.y = x sin”1x + V1 — x?2
y y

41
17. y = x?cosec 1;

Engg. Math-| 15 Dillip Kumar Barik



KIT POLYTECHNIC

Assignment-4: Find d—z (Differentiation by using Substitution Method)

1y = COS_l(ZXV 1-— XZ) 2. y = COS_1< 1;_x>
— -1 x _ -1 X
3.y = tan™ (=) 4.y = cos™ (=)
5.y =sin~! (Sinxj_cosx), =T < x < - 6.y=tan?! (1+\/j_7)
- 4x 2a*
7.y = tan 1( _4x2) 8.y =tan™! (1—a2x)
_ x2n _1 (a+btanx
9.y = cos 1( n) 10.y = tan™?! (b_atanx)
11.y = tan™? ( ) 12.y = tan™?! (1_5;2)
o 1 [1—x _ —1 (V1+x2+V1-x?
13.y = sin {Ztan ( 1+x>} 14.y = tan (—m_m)
— tan~1 (X ViTX Vl—x) — cor-1 l—_x)
15.y = tan™ (= 16y = cot™ (15
-1 1—x? -1 1+x? _ -1 ﬂ
17.y = sin 2 tsec T3 18.y = tan ( a+x)
_ -1 acosx—bsinx) _ 1 (3a°x—x
19.y = tan (bcosx+asinx 20.y = tan- (a3 3ax2)
2__
21,y = tan(x + V1 + x?) 22.y = tan~ 1( 1+: 1)
_1 (V1+sinx+V1-sinx _ cosx
— 1 _ 1
23. y =tan (\/1+sinx—\/1—sinx) 24. y = tan 1+sinx)
25.y = tan™1 < iig)

26.y = tan"1(secx + tanx)

Engg. Math-| 16 Dillip Kumar Barik
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Assignment-5: (Differentiation By Using Logarithm)

1.y = sinx!™

. -1
3.y =sinx’® X

5.y = (Inx)* + x!™*
7.y = In(x* + cosecx)
9.y = (sin"1x)*

11. y = tanx°™ + cotxt*"™*

13.y =x"+n* +x* +n"

_ (x2-1)3(2x-1)
15.y = Vx—3(4x—1)

17.y = x**

19. y = Inx* + x'"*

sinx

2.y =lInx
4.y = sinxt®* + cosxS"*
6.y = cos(x*)

8.y = Inx'"*
1
10. y = (tanx)x
12. y = x* + (sinx)*
14.y = sin(x*)

1
V1—x2(2x—3)2
16')}: 1-x%(2x-3)2

(x2+2)§
18.y = (x*)*
20. y = sinxtenx

Assignment-6: Find % (Differentiation of Implicit function)

1.x3+3y3=9 2.axz + byz = c2
xZ yZ 2 3
4.;+b—2:1 5x°+ 2xy +y> =42

Engg. Math-|

3.Vx +\/y=va

6.y3 —3xy? = x3 + 3x2y
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7tan”'(x* +y*) =a 8.V = l"§ 9.In(x? + y?) = 2tan™? (f)
/ — dy _ -1
10. If x,/1+ y + yVv1 + x = 0 then prove that pral Ly
__sin?(a+y)

11. if siny = xsin(a + y)then prove that %

sina

— 6 — 6 — 3_ .3 dy _ x*J1-y°
12.1f V1 — x6 + /1 — y5 = K(x3 — y®)then prove that = i

2 2 — _ dy _ J1-y?
13.1f V1 — x2 + /1 — y2 = K(x — y)then prove that Y
14.Find % if xyln(x+y) =1

— i ay _ y

15.1f y = xsiny then prove that ax  (xcosy)
16.tan(x + y) + tan(x — y) = 1,findz—32 17.Find Z—z if e¥ +eY =e*tY
18.xY = ySinx 19. xY = e*7Y 20. cosx? = siny*
21, x™y™ = (x + y)™t" 22.xY +y*¥ =2 23. xYy* =1

24. x7 + y* = (x + y)*Y

sin?(a+y)

. @ _
25.If y = xsin(a + y)then prove that dx . sin(@ty)—ycosaty)

Engg. Math-| 18 Dillip Kumar Barik
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Assignment-7: Find d—z (Differentiation of Parametric Functions)

1.x = atanB and y = asecf 2.x =asec30 and y = a tan30

3.x =a(@ —sinf)and y = a(1 — cosf)  4.x = asin’*f and y = a cos?6

t, ,—t t_,—t
S5.x=a(t+1/t)andy = a(t —1/t) 6.x=e+ze andyzeze
7.x = a(cost + tsint)and y = a(sint — tcost)

—_ 0 1 _ -0 1 _ sindt _ cosdt
8x=e (9 + 9) andy = e (9 9) 9.x = — and y = N

10.x = Vasi" 't and y = /a5t

l1lx=a {cost + %lntcm2 %} and y = a sint

1 1
12.x = cos '—— and y = sin™?!
V1+t? Y 1+t2
13.x =tan™'— and y = sin™! —
—t 1+t
- _1 1-t?
14. x = tan™?! and y = cos™!
—t?2 1+t2

Engg. Math-| 19 Dillip Kumar Barik
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Assignment-8: (Differentiation of a Function with respect to a function)

1.Dif ferentiate x> w.T to Vx

2. Dif ferentiate In(1 + x?) w.r to tan™1x

3. Dif ferentiate cosx w.r to sinx

4. Dif ferentiate sin"1x w.r to cos™1x

5. Dif ferentiate tan™x w.r to tan”1V1 + x2

, , 1-sinx 1-cosx
6. Dif ferentiate : :
1+sinx 1+cosx
. . 1 2x _11-x?
7. Dif ferentiate tan™! w.r to cos™!
1-x2 1+x2

2

, , . -1 2x —_11—x
8. Dif ferentiate sin™1 w.r to cos™!
1+x2 1+x?

9. Dif ferentiate sin~! 2xV1 — x2 w.r to sec™?!

1
Vi-x2
10. Dif ferentiate Insinx w.r to Vcosx

_1V1+x2-1 _
1 — w.rtotan x
X

11. Dif ferentiate tan
12. Dif ferentiate x* w.r to xlnx

13. Dif ferentiate xS W to sin”lx

. . _qVi—x? _
14. Dif ferentiate tan™1—— w.r to cos ™! 2xV1 — x2

X

15. Dif ferentiate tan™!——— w.r to sec™ ! x

1+sinx

16. Dif ferentiate sin"1 V1 —x2w.r to cot™?!

x
V1—x?2
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HIGHER ORDER DERIVATIVE

y="f(x)-——-—- (1)
Differentiate equation (1) w.r.t x, we get
Y=Yy = % = f (x),whichiscalled 1st order derivative.
X
- . . ody .
Againdifferentiate y, = y v f (x)w.rtx,we get
X
2
Y, =Y = d—Z = i[ﬂ] = f"(x), whichiscalled 2nd order derivative.
dx® dx\dx
. . d’ d(d% .
similarl =y = - — " (x
V=Y =4 dx[dx2 (%)
d'y d(d%
_yr_dy_gafady X
o=V =g dx(dx3 ()

dx"  dx| dx"*
: dy d d(dy) d?
NOtel. y]_:&’ 2, yZZ&(yl):&(&j:W

ExFind y,and y, if y=x°
Ans:giveny = x°

dy d o 8
yl:&:&(x)zgx

d’y d(dy)_d . 7 7
V2= 0 dx(dxj dx( ) =9
Ex:Find y, and vy, if y =tanx
Ans:y=tanx

dy _d 2
=—=—(tanx)=sec” x
A= ax dx( )

2
y2:d—Z:i(ﬂj:i(seczx)zZsecxi(secx):23ecx><secxtanx=25ec2xtanx

dx® dx\dx/ dx dx
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Ex:Find y,and y, if y =+/x

Ans:giveny = Jx
dy d

1
= = X)|=——
A= x dx(\/_) 2Jx
2 1 1 3
y2:d_z/ d(dyj d( 1 11)(2 :l(_iszlz_lxz
a2 dx\dx) dx\l2Jx) 2dx 2\ 2 4

Ex:Find y,and y, if y =cos2x
Ans :giveny = C0S 2x

dy d i d . .
=—=—(C0S2X)=-SINn2Xx—(2X)=-SIN2Xx 2 =-2SIn 2X
h dx dx( ) de( ) *
2
yzzd_zl d (dy d( 25|n2x) —2C0S2X x 2 = —4¢C0S 2X
dx dx dx dx

Ex:Find y,and y, if y =In(3x—4)
Ans:giveny =In(3x—4)
L 43 g)-_1 3

dy d
In(3x—-4 —4)= 3=
%= 0= N —4)) = 5 (B d)= o 3= 2

d’y d(dy) d 3 d 1 1 -9
dx dx dx dx 3x—4 dx\3x—-4 (3x—4) (3x—4)

Ex Find y,and y, if x=at*and y = 2at

Ans:x = at?
dx i(atz)z a2t = 2at
dt dt

y =2at

1) td_ 1 1 _ 1
t t?dx t? 2at 2at®
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Ex:Find y,and y,if x=acos@, y=asind
Ans:x:acosezﬁzi(acose)za(—sin 0)=-asing
doé dé

y = asinezﬂ:i(asinﬁ):acose
doé dé

dy 4o acosé
=—= = =—cotd
"= dx " _asing

déo

d(dy d d ) 1 dx .
afdy to —cot0)2? - _(~cosec’s I asing
V2= 0% T ux (dxj o (C0t0) = g (—eotd) o= ~(~cosec )—asine( qp_ on j

cosec’d
a

Ex:If y=tan™ x then provethat (1+ X2 ) y, +2xy, =0
2
r(1+x° )M+2 W _g
dx? dx
Ans: Giveny = tan™ x
_dy
= i dx(
= (1+x*)y, =1 Differentiate w.r t x both side

tan” x)

1+ x°

:»j ((1+x*) )=—(1)

d
&(1+x2)=0

:>(l+x2)y2+y12x:0

= (1+ XZ)&(%)*‘ y1

d’y . dy d’y dy
2 2 . — —
So(1+X*)y, +2xy, =0 or (1+Xx )WJFZX&:O[. onlyreplaceyz_Wand Vi=o
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mcos ! x

Ex:If y=¢e then provethat(l—xz) Yy, —Xy,—m’y =0

or (1—x2)d—2y—xﬂ—m2y:0

dx*  dx
Ans: Giveny = g™
dy d mcos t x mcos *x d - mcos 1 x -1
y1=&:&(e ):e &(mcoslx):e m —
Squaring both sides
y 2 _ (emcos’lx)2 m2 1 _ yZmZ 1 ( y= emcos’lx)
! 1-x? 1-x?
1— Xz)ylz _ mzyz
d
= {(1-x) ) = (m?y)
d d
= (1=0) S () + 0 (1) =m® - (v?)

d dy (. d . dy d B d B
= (1_X2)2y1&(y1)+ y12 (_ZX) = mzzya ( . &(yz) - Zy&,&(ylz) - 2y1 &(yl) - 2y1y2j
= (1-X%) yy, =3y, = m?yy,
= (1-x*)y,—xy,=m’y (cancel 2and y, inboth sides)

S0 (1-x*)y, —xy,~m’y =0
Ex:If y =sin(msin™ x) then provethat (1-x* )y, — xy, + m’y =0
d’y  dy

or (1—X2)W—X&+ m’y =0
Ans : Given y =sin(msin™* x)
Y, :% :%sin(msin‘1 X) = cos(msin™* x)%(msin‘l X)=cos(msin* x)m : =

Squaring both sides
V' = (cos(msin’l X))2 m’ 1—1x2 = (l—(sin (msin*l x))z)m2 1_1)(2 _ (1_ yz)mz —
(1-x*)y? =(1-y*)m
- (1—X2) Y2 =m? —m2y?
d d 2.,2

d 2 2 2
= ((1=0) ) = (m") - (m*y?)

2 d 2 d 2 ,d d, ,
:>(1—x )&(y1 )+ Y, &(1—x ):—m &(y) (&(m ):Oj
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U

(1-x? y1 )+ ¥i? (=2x) = —m? 2yg—§(’ ( —( )=2 yOIy d (yl)— ylj ()= 2y1yzj

= (1-%° 2 = —myy,

)2Y,
)y

= (1-%*)y,—xy, =—m’y  (--cancel 2and y, inboth sides)
)

w
o

(1-%*)y, = xy, +m’y =0
Ex:If y =sin( psin x) then provethat (1-x*)y, —xy, + p’y =0
d’y  dy
or (1-x° —X—=+ 0
(1) X g Py =
Ex:If x=sintand y =sin pt then provethat (1-x*)y, - xy, + p’y =0
d’y  dy
r (1-x*)——-x—=>+p°y=0
( )dx2 ax P
Ans:Givenx =sint and y =sin pt
Now y =sin pt =sin(psin™x)
Find the solution by using above example.
Ex:Ex:If x=sintand y =sin 2t then provethat(1-x*)y, - xy, +4y =0

d? d
(1 X )d 2’ dz+4y:0

Ex:If y=(sin™ x)2 then showthat (1-x*) y, —xy, =2 =0
Ans:y =(sin™ x)2

dy _
Y = ax
Squaring both sides

Y’ =(2sin™ x)2 1_1)(2 =4(sin™* x)2 1_1)(2

dx (sin’l x)2 = 2(sin’1 x)%(sin1 x) =2sin'x —

(1_ Xz) yl2 =4y
Differentiate w.r.t xboth sides
2 ({1257 =4
, d

dx

dy

:>(1—x2)iy12+yl (1 x) 4dx

dx
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d
= (1- x2)2y1&(y1)+ y.2 (=2x) = 4y,
= (1_ Xz) Yi¥o — Xyl2 =2y,
= (1-x*)y,—xy, =2 (- cancel 2and y, inboth sides)
So(1-x*)y,—xy,~2=0

Ex:If y=e™ *thenshowthat (1+X°)y, +(2x-1)y, =0

tanx

Ans:y=e
dy d tant x tant x d -1 tant x 1
—e =e —(tan" x)=e —
h= dx  dx dx ( ) 1+ %2

:)(14-)( )yl: y ( yzetanflx)
Differentiate w.r.t xboth sides

Y, +¥,2X-Yy, =0
Yy, +(2x-1)y, =

= (Lext)
(1+ X )y2 + y12x Y,
(1+¢)
(1+x)

Ex:If y =axsin xthen provethat x*y, — 2xy, +(x* +2)y =0

Ans :Given y = axsin x

dy d, . d . . d . . d .
y, =—==—/(axsinx)=a—(xsin x) =a| x—sin x+sin x—x [=a(xcos x +sin x)
dx dx dx dx dx
dy d(dy) d . d d
Y, =—> = —a(Xcosx+sinx)=a| —XCcosXx+—sinx
d  dxldx) dx dx dx

d d . .
= a(x&cosx+cos x&x+cos xj = a(x(—sm X)+COS X +C0S x) =a(—xsinx+2cosx)

Now X%y, — 2xy, +(X* +2) y = x*a(=xsin X+ 2C0s X) - xa (X cos X +sin x) +(x* + 2) axsin x

= —ax®sin X + 2ax? cos X — 2ax? cos X — 2axsin X + ax®sin x + 2axsin x = 0
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Ex: If y = Acosnx+ Bsinnxthen provethat y, +n’y =0

2
or ¢ ¥+n2y=0
X
Ans :Given 'y = Acosnx + Bsin nx
dy d . d d . .
, =—==—(Acosnx+Bsinnx ) =—(Acosnx)+——(Bsinnx)= A(-sinnxxn)+Bcosnxxn
dx dx d dx

=—Ansin nx+ Bncos nx

d%y d(dy) d : d : d

=—2 -~ | = |=—(-Ansinnx+Bncosnx)=—(—Ansinnx)+—( Bncosnx
V2= e dx(dxj dx( ’ ) dX( )+dx( )

=—Ancosnxxn+ Bn(—sin NX x n) —An?cosnx — Bn?sin nx

d? . .
Now d—2/+ n’y =—An’ cosnx—Bn®sinnx+n?( Acosnx+Bsinnx )
X

= —An? cosnx— Bn?sin nx+ An? cosnx + Bn?sinnx =0
2

d’y

Hence —2 +n%y =0
dx? y

Ex: If y =sin(sin x)then provethat y, +tan xy, + ycos®x =0

2
or d—2’+tan I ycos®x=0
dx dx

Ans :Given y =sin(sin x)

Y = % = %sin (sinx)=cos(sin x)%sin X = cos(sin x)cos x
2
Y, = % = s—x(j—ij =%cos(sin X)cos x = cos(sin x)%cosx+cosx%cos(sin X)

= cos(sin x)(—sin x) +cos x(—sin (sin x))disin X = —sin xcos(sin x)—cos” xsin (sin x)
X
) .
Now d—¥+ tanx 2 y cos® X =—sin x cos(sin x) —cos? xsin (sin x)+ﬂcos(sin x)cos x+sin (sin x)cos® x
dx dx COS X

=—sin xcos(sin x)+sin xcos(sin x) =0

d’y
dx?

2

Ex: If y=e“"then provethat d_z/ +sin xﬂ +ycosx=0
dx dx

Ex: If y= Ae* + Be *then provethat y=0
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Ex:If y=xsinxthen find y,atx=0.
Ans:y = xsin x

: :%:di(xsin X) = XCOS X +5in X
X dx
2
Y, :%:%(%):%(XCOSXHin x):%(xcosx)+%sinx

= x(—sin x)+cosx+cosx:—xsin X 4+ 2C0S X
Atx=0,y, =—xsinx+2cosx=0+2cos0=2

2
Ex:If x=acos’# and y =asin® 6 then find %
X

Ans:x:acos39:>%:i(acos39):aicos30:a3(cose)2i(cos@)
do do

do do
=3acos” #(—sin @) =-3acos’ dsin &
. dy d, . d ., od
=y=asin’9 => = =—(asin*@ )=a—sin*O=a3(sind)> —(sin
y=y 16" a0\ )=ags (sin0)* 15 (Sin)
=3asin’ #(cos#) =3asin’ Hcos O
dy .
ﬂ: de = 3asin 2000_59  tang
dx OX  _3acos’dsind
do
2 4
d—g:i(ﬂ):i(—tan@):i(—tane)d—e:—secze 12 _ X o cosect
dx dx \ dx dx do dx -3acos- dsin @ 3a

tan~tx

Ex:If y=e™ *then provethat(l+ xz)y2 +(2x-1)y, =0.

Ans : Seethe solutioninthe above example.

Ex:ify= In(sec x) then find y, and y,.
Ans:y = In(secx)

dy d 1 d 1
=2 = — (In(secx)) = ———(secx) = ——sec xtan x = tan x
Y dx dx( ( )) secxdx( ) Sec x
2
yzzd_Zzi(d—yjzitanx:seczx
dx dx \ dx dx

2
Ex:If y=Acosnx+ Bsinnxthen provethat dy +n’y=0
dx’

Ans : Seethe solutioninthe above example.

Ex: If y =tan* xthen showthat (1+X* ) y, +2xy, =0

Engg. Math-| 28 Dillip Kumar Barik



KIT POLYTECHNIC

Ans : Seethe solutioninthe above example.

2
Ex:If x:t+} and y:t—lthen find d 2’
t t dx

dx d( 1) 1 t°-1

Ans:X = t+1:>—:— t+-
t dt dt t

2
y:t—%:dy d(t 1):1+tl2 ttjl

w_at)_
")

d d
dzy _d t2+j (t +1Jdt <t2‘1)§(t2+1)‘(t2+1)a(t2—1) dt

dt dt

t

dy

x> dx(t?-1 t* -1 ) dx (t2_1)2 dx
_(t —1)2t ( +1)2t dt 2t -2t-2t°-2tdt 4t y 4
S (e A (o) & (o) Pl ()

OR

d dy dy x
=x-4= )=—(x*-4)=>2 =2X=> ===
y (V)= (X -4)=2y Y
d y dy _xX
dly _ d(dyj d(x _y&(x)—x&_y—x&_y Xy_yz—Xz
dx*> dx\dx) dx|y y’ y® y? y®
d’y dy

Ex:If y=sin (sin x)then provethatF+ tan x—=+ycos®x=0
X

Ans : Seethe solutioninthe above example.

Ex: If y =sin(msin x)then provethat(1—x*)y, —xy, + m’y =0

Ans : Seethe solutioninthe above example.
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PARTIAL DERIVATIVE

So far we have discussed the derivative of function of one independent variable of the form y = f(X).In this

section ,we will discuss the derivative of functions of more than one independent variables, i.e. two variables or
three variables.

Let z= f(X,y), i.e.zisafunction of two independent variables X and Yy

0z 0z
Then,we define two derivatives of z ,namely partial derivatives denoted by — and —

OX oy

0z 0z
Where 8_ is called partial derivative of zw.r.t x and 8_ is partial derivative of zw.r.t vy
X

0z
Mathematically, 8_ is the partial derivative z w.rt x where variable y taken as constant and
X

0z
8_ is the partial derivative of z w.r.t y where variable x taken as constant

Similarly, for u = f(X,Y,2),i.e. uis a function of three independent variables x,y and z,we define three partial

ou ou ou
derivatives denoted by —,—and —

x'oy oz
Mathematically,

ou
8_ is partial derivative of u w.r.t x where variablesy and z taken as constants
X

ou
— is partial derivative of u w.r.t y where variables x and z taken as constants

oy

ou . . L :

8_ is partial derivative of u w.r.t z where variables x and y taken as constants
YA

The above partial derivatives are called first order partial derivatives.

Second order partial derivatives:

Further differentiating partially to first order partial derivatives,we get second order partial derivatives.

e 3(@}8_22 oo 0%z ofae)_ o’z g[gj_azz
Tox\ox) ox* ' oy\oy) oy? ox\oy) owey'eylox)  oyox

are second order partial derivatives.

Notations:

For z= f(X,y),
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2 2 2 2

ﬁalsodenotedby f., g=fy,a—§=fxx,8§:f , G =f_, az:f .
OX oy OX oy Yoxey Y ooyox
Ex-1:Find @and o

OX oy
i)z=x>+y? (ii) z = xy (iii)z:5 (iv)z=x*y-x’y* +1

y
(v)z =cos (xy) (vi)z = log (x* —y?) (vi)z = /x* +y?
(viii)z = x’ (ix)z = sin 1(5j (x)z =¥
y

(xi)z =ysin x (xii) z =sin x.cos 'y

Solution:

(i) z=x>+y?

%:%(x2)+§(yz):2x+0:2x (y is constant)
%:%(x2)+%(y2):0+2y=2y (-~ x is constant)
(i) z=xy
E 2 0)=y.2 (9 =yi-y
%:%(xy)zx.%(y):x.lzx
(iii) z:§

o _ofx)_1,_1
ox oxly) y

y
oz 8(xj a(1} 1 X
—_— =] — | =X.—| — =X_(——2)=——2
oy oy\y oy\y y y
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(iv) z=x*y—x’y* +1
(o4
&:—( 2y) - (x3y)+ (1)_y2x y?.3x% +0 = 2xy —3x%y?

%—5( y)— 8y(x"*y2)+a(1) =x*1-x>2y+0=x*-2x"y

(V) z=cos (xy)

% =—sin (xy).aﬁ (Xxy) = —sin (xy).y =Y. sin (xy) {by chain rule}
X X

52 =—sin (xy).%(xy) = —sin (Xxy).x = —X.sin (xy)
(vi) z = log (x* — y?)
% X2 iy ax( )= e O)_xz—xyz
%:ngz.@(xz_yazxzfyz 0-29)= 72
(il) 2= X2 + y?
%ﬁ%”ﬁ‘”’ﬁ
T e O
(viii) z=x"
%—y.xyl
%—xy.logx

(ix) z =sin ‘1(£J
y

a_ 1 i[z)_ y 1__ 1t
ox 1—(x/y)2 ox\y yi-x> Y y?-x?

i i A
B (x/y)? o yiox2 Ly’ yAy? —x°
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(x) z=¢"
oz 0
—=eY.—(xy)=eY.y=ye”
P o ) y=y
0z 0
— =eY.—(xy)=e¥.x=xe"
oy oy
(xi)z = ysin X
Q—i(ysin X) = Yy.COS X
X ox '
oz 0 . . .
— =—(ysin x) =sin x.1=sin x
o oy
(xii) z=sin x.cosy
oz 0 ,.
— =—(Sin X.cos y) = C0s Yy.cos X
OX OX
oz 0 ,. . . . .
— =—(sin x.cos y) =sin x.(-sin y) =—sin xsin y
oy
., O0u ou oau
Ex-2:Find —, —, —
oX oy oz
(i)u =xyz (ii)u =xy+yz+zx (iii)u=x* +y® +2°
Solution:
()u = xyz
ou 0 ou 0 ou 0
%o D=y Y 6y(y) & 5 V=X
(i)u = Xy +yz + zx
ou 0
—=—(Xy+yz+2X)=y+0+z=y+z
OX OX
8—u:i(xy+yz+zx):x+z+0:z+x
oy
ou 0
—=—(Xy+Yyz+2X)=0+y+X=X+Yy
o0z oz
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(iii)u = x> +y? +z°

Z—uzai(x2+y2+22)=2X+0+0=2X
X OX
%u:%(xz+y2+zz):0+2y+0:2y
Z_u=§(x2+y2+zz):0+0+22=22
7 oz
Ex-3:
Ifu=x2y+yzz+zzx,showthata—u+a—u+6—u=(X+3/+Z)2
oX oy oz
Solution:

u=x’y+vy?z+z%x

Z—u:ai(xzy+yzz+zzx):y.2x+0+22.1:2xy+z2
X OX

au a 2 2 2 2 2
gza(x Yy+YZ+2°X)=Xx"1+22y+0=Xx"+2yz
au_ o

—=—(X?y+y’z+2°x) =0+ y*.1+ X2z = y* + 22X
o0z oz

.-.6_U+a_u+a_u:x2+y2 +2% 4+ 2Xy+ 2yz + 22X
ox oy oz

=(X+y+12)°
Ex-4:

If u=5+l+£, show that Xa_u+y8_u+za_u:0

y z X ox "oy oz

Solution:
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Given u=2+¥,2

y z X
a—u:i 5+X+E :£+0+z.(—i2j:1—i2
OX OX\y z X) vy X y X
ou o0(x y z 1 1 X 1
—=—|—+=+—|=X| -5 |+=+0=——+—
o yly z X y*) z y: z
a_uzg i.’.l.’.i :O+y'(_i2j l:_lz_i_l
oz oz\y 7 X z X VAR ¢

Homogeneous Function and Euler’s Theorem:

Homogeneou s function :

Afunction f(x,y) is said to be homogeneou sin x and y of degree 'n' if
f(tx,ty) =t".f(x,y) where t is any constant
Euler' s theorem :

If zis homogeneou s of degree 'n' then x% + yg =nz
X

oy

Ex-5: Verify Euler’s theorem in the following problems

Mz=xy (ii)z =§ (iii) 2 = x2y? + 4xy® —3x°y

Solution:

(i) z=xy="1(xy)

= f(tx,ty) =txty =t’xy =t*f (x, y)
=z is homogeneou s of degree 2
0z oz

0 0
&—&(XY)—% 2y —E(Xy)—x

Now by Euler' s theorem,
oz o0z

X—+Y—=Xy+ yx=2Xxy=22
ox oy

Hence Euler' s theorem verified
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(i) =2 = f(x,y)
y

= f(tx,ty):t—xziztoiztof(x,y)
ty y y

= zis homogeneou s of degree 0

%2@_1 1 @_i[ij_x[_i]__L
ox oax\y) vy oyoy ayly) U y) ¥
Now by Euler' s theorem,

0z 0z 1 X X X
X—+yY—=X—+yl-— |=———=0=0z
y y y 'y
Hence Euler' s theorem verified

(iii) z = x’y* +4xy’ -3x°y
= zis homogeneou s of degree 4

? = y2.2x+4y>.1-3y.3x* = 2xy® + 4y —9x%y
X

o _ x2.2y +4x.3y? —3x%.1=2x*y +12xy* - 3%°
Now by Euler' s theorem,

0z 0z

OX

=2x°y% +4xy® —9x%y + 2x°y* +12xy® - 3x’y

= 4x%y? +16xy° —12x%y
= 4(x?y? +4xy° —3x%y) = 4z
Hence Euler' s theorem verified
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2 2
Ex -6: Prove that if z=sin‘1(x Y jthen xg+y%:tan z

X+Yy OX
2 2
) ) X

Sol" : Given, z=sml( +y ]

- X+Yy
2 2
= sin z:X +Y
X+Yy

Let u=sin z

Clearly, uis homogeneou s of degree 1
By Euler' s theorem,

KIT POLYTECHNIC

xa—u ya—u =1lU=U.cccuunn... @
OX oy
Now,a—u = i(sin Z) =Cos zga—u = i(sin Z) =cos z.g
oX OX ox oy oy oy
Hence, eq" (1) reduces to
0z 0z
XCOS Z.—+ yC0S Z.— = U
OX oy

0z 0z .
=C0SZ| X—+Yy—|=sinz
ox oy

0z 0z
=>X—+y—=tanz
ox "oy
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CHAPTER-4
DIFFERENTIAL EQUATION

Differential Equation: An equation involves an independent variable, a dependent variable and the
derivative of the dependent variable is known as differential equation.

Ay — o
Ex.dx + 5y = sinx

d?y dy _

2 T 7x +3y =cos2x
ydx —xdy =0

4y _

dx 0

ou ou .
x — + y— = 2u General Solution:
dx dy

Ordinary differential equation (ODE): i a differential equation involves one independent variable then

itis called ordinary differential equation.
dy .
= + 5y = sinx,

a’y dy _
a2 T 7x +3y =cos2x

Partial differential equation(PDE): If a differential equation involves more than one independent
variable then it is called partial differential equation.

o R — oy
ax yay_

Order of a differential equation: The highest order derivative occurring in a differential equation is

known as order of a differential equation.

Degree of a differential equation: The power of the highest order derivative occurring in a differential
equation after it is made free from any radicals or fractions is known as degree of a differential equation.

Ex:Find the order and degree of the following differential equation.

d?y 3 dy\® dy
<W> +4(a) —754—9—0
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d

d’y Sy +d—3;
dtZ - dzy
at?

Solution of a differential equation: An equation in the form of y = f(x) , which satisfies to the given
differential equation is known as solution of D.E.

Note: Solution of a D.E will be obtained by taking integration.

General Solution: If the solution of a D.E of nth order contains n arbitrary constants then it is called general
solution.

Particular solution: A solution obtained after putting the particular values to the arbitrary constants in the
general solution is known as particular solution.

Formation of a differential equation: If an equation of a curve contains n arbitrary constants then
differentiate the given equation n times to obtain n number of equations, Using all these equations eliminate the
constants and we will get a differential equation of nth order.

Ex:Form a differential equation of the following equations.
(a)y = Ae* + Be ™ (b)y = ax? + bx (c)ax? + by? = 1 (d)y = asint + be®

(e)y = ae®* + be ?*(f)y = asinx + bcosx (g)y = a secx (g)x* + y? = a?

Techniques For Solving a D.E:
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LAy _
Case-1: —- = f(x)

Method: Z—i} =f(x) =dy = f(x)dx

Integrating both sides [ dy = [ f(x)dx
LAy _
Case-2:—~=f (y)

LAy gy _
Method: : ™ fy) = o) dx

Integrating both sidesf% = [dx

Case-3: (Variable separable)

ay _ fx)
dx  g)

LAy _ f(x) —
Method: = 30 = g(y)dy = f(x)dx

Integrating both sides [ g(v)dy = [ f(x)dx

Case-4: ( Higher order)

d’y
Tz = ()
dZ
Method: d_xJZ/ = f(x)
dy _ &y _dp
Letdx =p :dxz T dx
d

o =F(0) = dp=f(dx

Integrating Both sides

Jdp=[f)dx=p=F(x) +c

Y

= Z— =F(x) + ¢; = dy = {F(x)dx + c,dx}Integrating both sides

X

fdy=[F(xX)dx+ [cidx=>y=h(x) +cx+c,

Or

d2%y
Ly f0)
. dy
Integrate direct = F(x)+ ¢

Again integrate y=hx)+cx+c,

d
Ex:—y = CcoSXx
dx
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Ex = 3x2 — sinx + 7
dx

d 1
Ex: =Y =
dx 1+x2

d 2
Ex: Solve 22 = 2xe*
dx

d ,
Ex: Solve ﬁ = c0Ss2x sin3x

-1

d tan~1t etan °t

Ex:Solve X =24 ¢
dt 1+t2

d_y 1

du  u2-5u+6

Ex: Solve

Ex: Solve 2 = y2 + 5y
dx

Ex: Solve Z—z = cotx tany

Ex: Solve Sinxz—i] + ycosx =0

Ex: Solve x(1 — y?)dx — y(1 —x?)dy = 0
Ex: Solve ydy + e Y xsinxdx = 0

Ex: Solve % = sec(x + )

Ex:Solve 22732/ = %coszx

Ex: Solve (x? + 7x + 12)dy + (y?> — 6y + 5)dx = 0

3t+4y

_y d? d
Ex: Solve e ™* X = x Ex:solve 2 =¢
dx? dt

Linear Differential Equation: A Differential equation is said to be linear if the dependent variable and all
its derivatives occurs 1°* degree only but both are not multiplied together.

4y _ x 4%y — 2
Ex.dx+5y—e ,dx2+7xy—x

Non-linear:
dy)? — X
(dx) + 5y =€

yz—z + 2xy = 3x
Here two cases are arises
. . . . d
Case-1:If a differential equation in the form of d—z + Py =Q

Where P and Q are the function of x or constants.
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Method for Solving:

Find Integrating factor (I.F) = eJ Pax

General Solution: y(I.F) = [ Q(I.F)dx

Case-2:If a differential equation in the form of Z—; + Px =Q
Where P and Q are the function of y or constants.

Method for Solving:

Find Integrating factor (I.F) = el Pdy

General Solution: x(I.F) = [ Q(I.F)dy

dy _ 2%
1.Solve T S5y=e
. dy 3. _ .2
Ex.Solvedx toy=x
Ex:Solve (1 + x?) z—z + 2xy = cosx
. dy
Ex:Solve sinx—=+ 3y = cosx
Ex:solve (x + 2y3) o y.
dx
Ex:Solve (1 + xz)% +2xy—x3=0
Ex:solve 2 + 4x = 3V
dy
Ex:vsolve 2 — 2 x = y3
y vy
Ex:Solve (1 + y?)dx = (tan™ly — x)dy
. 2 _ —tan"1y\ Y _
Ex:Solve (1+y2) + (x —e )dx—O
Ex:Solve (x + tany)dy = sin2ydx
Ex:Solve (x +y + 1) Z—z =1
Ex:Solve (1 + x?)dy + 2xydx = cotx

Ex:Solve xinx Z—z +y = 2inx

d
Ex:Solve é + ysecx = tanx
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fxy)
gxy)
and g(x,y) are two homogeneous function of same degree) is known as homogeneous differential equation.

Homogeneous Differential Equation: A differential equation in the form of % = (Where f(x,y)

2 2
Ex:d—y =X
dx 2xy
d_y _ x3_y3
dx  x2y
dy _ y=x
dx x+y
Method for Solving: Let us consider a homogeneous differential equation z—z = %
- v _ @
Puty—vx=>dx—v+xdx
av _ fxx) _ av _ _ dv_ _ dx
v+ x_—= propet F(v) > X = Flv)—v=> o

Integrating both sides ,After simplification we will get the solution.

d x2+y?
Ex: solve =% = 222
dx 2xy
d x2+y?
Ex: solve =% = 222
dx xy
d —-X
Ex: solve =% ==X
dx x+y

d 2
1.Solve X =24+ L
dx x  x2

5.Solve xdy — ydx = /x? + y? dx

6.Solve x?dy + y(x + y)dx = 0
7.Solve (x? + y?)dx — 2xydy = 0

Reference Books: Elements of Mathematics Vol.- 2 (Odisha State Bureau of Text Book
preparation & Production)
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