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KIT POLYTECHNIC

CHAPTER -1
VECTOR

Introduction:

In physics or mechanics, while studying the motion you are using a variety of quantities such as distance,
displacement, speed, velocity, acceleration, mass, force, momentum, work, power, energy etc. to describe the
motion. These quantities can be classified into two categories 1) Scalar quantity 2) Vector quantity.

The quantities possessing a numerical value (or magnitude) are called as scalar quantities.
Examples: Distance, speed, mass, work etc.

The quantities possessing magnitude as well as direction are called as vector quantities.
Examples: displacement, velocity, acceleration, force, momentum etc.

Representation of vectors: v 4 ,/"B
,’
,I
In a plane the vector directed from a point A to B is denoted as /"
AB .Here the point A is called as initial point and B is the terminal ‘/’
point or (Final point) . A
- . . X o X
Notes: The length of a vector AB is the distance or magnitude of
the vector AB. It is denoted as|ﬁ|. Y'v

Itis a scalar quantity , which is always positive.
Vectors are also denoted by using the lowercase bold alphabets a, b, c etc. or a, B, ¢, etc.

Types of vectors:

Null vector:

Vector with magnitude zero (0) is called as a null vector or zero vector. It is written as 0.
Example: Every point is a null vector.

Unit vector: A vector with magnitude unity (1) is called as unit vector. If @ be a vector, then the unit vector in the

a

direction of d is denoted by @ and given by : @ = i

Co-initial vectors: Vectors starting from a point are called as co-initial vectors.

Negative of a vector: A vector having same magnitude but opposite direction is

&’ known as negative vector.
If @ be a vector, then the negative of @, written as -a
-~ EZ“ Note: the magnitudes of @ and -d are same. i.e.|d| = |—d| = a
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Scalar multiplication of a vector:

Suppose k is a scalar quantity and d be a vector quantity, then the multiplication kd is a new vector called as
scalar multiplication of d. The vector kd is a vector whose length is | k| times that of d. The direction of ka will be
same as of a if k is positive and opposite of d if k is negative.

Parallel vectors:
Two vectors are said to be parallel if both are of either same or opposite direction. In otherwords d and b will be
parallel if @ and b are scalar multiple of each otheri.e. @ = kb ,where k is scalar.

—_—

a

b

Equal vectors: —
Two vectors are said to be equal if they have same magnitude as well cl
as same direction.

Like and Unlike vectors
Two vectors are said to be like if they are parallel but in same direction.
Two vectors are said to be unlike if they are parallel but in opposite direction.

Note: Like and Unlike vectors may be of same or different magnitudes.
Collinear of vectors:

Two vectors are said to be collinear if one is scalar multiple of other and they have a common point.
i.ed = kb,where k is a scalar

Collinear of three points:
Three points A,B and C are said to be collinear if they lie in same line and the condition is

_ —

AB = kAC
Or
AB = kBC
)
e
Addition and Subtraction of vectors: - i c _a+b 7
a / ’

—_— — - s {’,.—""’ /

If AC = d and CB = b be any two vectors and join AB. ——— - -E
A
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Here the terminal point of AC is same as intial point of CB. So AB is the sum of the vectors of AC and CB.
i.eAB =AC + CB=d + b , Which is called triangle law of vector addition.

Subtraction of vectors:
The difference of two vectors @ and b is denoted by @ — b and which is defined asd@ — b = @ + (=b)

Parallelogram law of vector addition:

Let 04 = d and OB = I;join BC and AC and make a parallelogram OACB. Join the diagonals 0C and BA.
Here OA=d = BC and OB = b = AC

By using triangle law of vector addition we get OC =@ +b and BA=d — b

0 ey A

Fig.5

Algebra of vectors:
1. Vector addition is commutative i.e. d+b=b+d
2. Vector addition is associative i.e. . (d+b) + ¢= d + (b+©)
3. If m, n be any scalars, then m(& + B) = md + mb, m(nd) = n(ma) = mn(a).
4, 1d=3d,0d=0

Position vector of a point in space:

If P be any point on the space and O be a fixed point (called origin) then the vector OP = 7(say)
Is called the position vector of the point P with respect to origin O.
Which is written as P(7"),(read as P be a point having position vector 7 )

Note:
If A(a) and B(B) are two position vectors then 4B = b — d

Note:
If P(x,y) be any point on the plane and O be origin then

OP = xi +yj
Where 1 and j are the unit vectors along the direction of X-axis and Y-axis.

Note:
If P(x,y,z) be any point on the space and O be origin then
OP=xi+yj+zk
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where, 1, and k are the unit vectors along X-axis, Y-axis and Z-axis respectively.

Note:

If d = xi+4 yj+ zkthen |d| = \/x2 + y2 + z2
And

a= a _ xi+yj+zk

al  x2+y2+z2

Vector joining two points:
The vector joining two points A(x1, y1, 1) and B(xz, Y2, z3) can be obtained by using the triangle law of addition of
vectors

i.e.AB = 0B — 04 = (x, — x)i + (v, — y)j + (2 — 2)k

|E| = (x2 — )% + (V2 — y1)? + (22 — 21)?

The coefficients x2-x1, y2-y1 and z;-z; are called as the scalar components of the vector AB in the direction of X-
axis, Y-axis and Z-axis respectively. And the vectors (x, — x;)i, (y, — y1)jand (z, — z;)k are called as vector
components of the vector AB in the direction of X-axis, Y-axis and Z-axis respectively.

—

Problem: Findd +b,d — b, 5d and 2G@ — 7b, where d=1-3j—5kand b =21+ 3j — 3k.

Example: Find the position vector of the point (2, 3, -5).
Ans: 21 + 3j — 5k.

Example: Find the vector from the point (2, -3, 4) to (6, 4, 1) and hence find the modulus of this vector.
Example: Find the value of m if the modulus of the vector joining A(O, 1, -2) and B(-2, 3, m) is V8.

Example: Find the unit vector in the direction of the vector 21 — 4f + 4k.

Problem: Find the unit vector in the direction of the sum of the vectors @ and b where, d = =31 + 2j — 8k and
b =1+ 5j+ 3k.

Example: Find the value of ‘m’ if the vectors —31 + mj — 8k and 151 + 2j + 40k are parallel.

Example: Prove that the points (2, 1, -1), (3, -2, 1) and (8, -17, 11) are collinear.

Questions carrying 2 marks

1. Find the position vector of the point A (2, -3). Ans: 21 —3]

2. Find the vector joining points A (1, -3) and B (-5, 4). Ans: —6i + 7j

3. Find the length of the vector joining P (2, -1) and Q (5,-4). Ans: 3\/5

4. Find the unit vector in the direction of the vector I + j +K. Ans :i I+ i j + ilz
V3 V37 43

5. For what value of ‘@’ the vectors 21 —3] and al —6 ] are parallel. Ans: 4
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6. If the vectorsd =i +3] —6k and b =1 — j + 2K are parallel, find the value of . Ans: a=-3
o 2 n o ) ~ i\ i IZ

7. Find a unit vector parallel to the sum of vectors 31 —2J+k and —2i + j —3k Ans: — — J_x

J6 6 6
Question carrying 5 marks
1. Prove by vector method that the points A(2,6,3), B(1,2,7) and C(3,10,-1) are collinear.
2. Prove that the vectors a =21 — | + k,b= i-3j —5k and € =3i — 4] — 4k form the sides of a right angled
triangle.

Engg. Math-| 7 Dr. Pravakar Jena



Product of vectors:

The product of vectors can be defined using two special symbols i.e. (¢) and (X).

a. Scalar Product or Dot product
b. Vector Product or Cross Product

Scalar product (Dot product)

Definition:

Llet @ and b be any two coinitial vectors and Obe the angle
them measured from @ to b . Then the scalar product (or dot
and b written as @ - b and defined by

i b= |&||E|cos€ = abcos6
Similarly

Angle between two vectors

Formula:
Angle between the vectors d and bis given by:

Condition-1:If two vectors are parallel then @ - b = |dl||b| = ab

Condition-2: If two vectors are perpendicular then d - b=0=b.d

Properties of Dot product

KIT POLYTECHNIC

between
product) of a

a. d-b=b-d

b da-d=|al?

C. If @and b are perpendicularthen @- b = 0.

d d-(b+&) =d-b+ad-¢ (Distributive over addition)

Notes:

1. i j=j-k=k-i=0 (Since 1, j, k are perpendicular)

2. ti=jj=k-k=1

3. Ifd = a,i + ayf + azk and b = byi + b,j + bsk, then @ - b = a, by + a,b, + asbs

Geometrical meaning of dot product:(Scalar and vector projection)

L > > ab
Scalar projectionof aon b = (Gl

Ql
(S0

Scalar projection of bond = I

a

Engg. Math-| 8
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L - db)b
vector projection of don b = (|q|2
b
. . > ab)a
vector projection of bon d = (Idlz

Work done:
W = ﬁ-iwhere§=ﬁ(ﬁ = force)

Example: Find the scalar product of the vectors § + 3j — 2k and —21 +j — 3k

Example: Find the value of § if the vectors T — j — 2k and 1+ 6j — 3k are perpendicular to each other.
Example: Find the scalar projection and vector projection of bondwhered =1+ 3j — 4k, b=30+ 2j + k.
Example: Find the acute angle between the vectors d = 1 + j — 2k and b =2i +j+ 3k.

Questions carrying 2 marks

1.Findd.b if () d=21—-3jandb=i+2] (i)d=2i—j+3kandb=1—j+k
2. Find the value of 'A'if @ =61 + ] —kand b=2i- j+ 4K are perpendicular to each other.
3. Show that the vectors @ = 2i + ] —3k and b =37 —3] +k areatright angles .

Question carrying 5 marks

1. Find the value of A if &=(2,-2,1) and b =(0,24,1) are perpendicu lar.

2. Find the angle between the vectors 8 = f—2j+|2 and b =2i—j+ 2k
d=i-2j+konb=4i-4j+7k

3. Find scalar and vector projections of

4. Find the work done by force F=5-2 j +3K which displaces a particle from A (1,-2,2) to B (3,1,5).
5. Prove by vector method that in any triangle ABC.
b?+c®—-a’

2bc

Proof: Assume the three vectors a , b and 2to represent the
triangle taken in order (Refer figure).

CoOsA=

sides of a

Prove by vector method that an angle inscribed in a semicircle is right angle.
If the sum of two unit vectors is a unit vector, then prove that the magnitude of their difference will

be V3.

8.In a triangle ABC prove by vector method that a=bcosC + c cosB

Engg. Math-| 9 Dr. Pravakar Jena
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Vector Product (Cross Product)

Definition of vector product: &" X

Sy

Let @ and b be any two coinitial vectors and 8be the angle between them

measured from @ to b . Then the vector product (or cross product) of a
and b written as @ X b and defined by

@ x b = (|dl|b|sin6)A = (absin®)n

The
Hence 7

Here 7 is a unit vector perpendicular to the plane of d@ and b.
direction of @ X b is perpendicular to the plane of d@ and b.
is in the direction of @ X b .

|c'i X E| = ||Ei||5|sin9ﬁ | = absin@ || = absind
Now b X @ = (Ic'il|5|sin(—9))ﬁ = —absinf Al
|b x @| = |-|b|ldlsinén | = absind |4| = absind

Sodxb #bxdbut|dxb|=|bxd
Note:d X b = —(b X @)

Sine of the angle between the vectors d and b:

sing = 122

@lib]
Condition-1: If two vectors are parallel then |d x b| = |b x @| =0 ordx b =0
Condition -2: If two vectors are perpendicular then |d@ x b| = |d||b|=ab

a. dxb=—(bxa)
b. ixd=0
c. dx(b+& =dxb+dxé (Distributive over addition)
Notes:
1. ixj=k (Since 1, j, k are perpendicular)
2. fxk=1
3. kxi=j
4. ixi=jxj=kxk=0
5. Ifd = a,i + ayf + azk and b = byi + b,j + b3k,
. A
thend xXb =|a; a, as
by by b3

= (aybs — bya3)i — (a;bs — byas)j + (a;b; — biay)k

Geometrical meaning of cross product:
Area of a parallelogram whose adjacent sides are represented by the vectors d and b is |& X b|
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If & and b represent the two sides of a parallelogram taken in order,
then the area of the triangle will be % @ x E|

Unit vector perpendicular to the vectors a and b:

The unit vector perpendicular to the vectors d and b will be f =

KIT POLYTECHNIC

S

X

QU

X

Q
=

Note:The vector perpendicular to the vectors d and bwillbed x b
Note:Area of a triangle with vertices A, B and C is % |AB x AC|

Example: Find the vector product of the vectors § — 5] + 2k and —i +j — 3k.
Ex:Findc'ixl_;whereEi=3i+j+7l€andl;=i—3j+412.

Example: Find the vector perpendicular to both 51 — 2j + 3k and 1 — 3 + 4k.

Example: Find the unit vector perpendicular to both § + 2j and i + 3f + k.

Example: Find the area of the parallelogram whose adjacent sides are © + 2j — 4k and i — 3j+ k.
Example: Find the area of the triangle whose vertices are at A(1, -1, 3), B(2,1,0) and C(3, 1, -1)
Example: Find the sine of the angle between the vectors 3i — 4f and 61 — 2j + 3k.

Question carrying 2 marks

1.
2.

o

Engg. Math-| 11 Dr. Pravakar Jena

Find the vector perpendicular to both of the vectors I+ j and j+ K.Ans:i — j+ K

Find the unit vector perpendicular to both the vectors I+ j and 1 —K .

Ans: _—1f+i j—iR
V3' V37 43
Find the unit vector perpendicular to both the vectors @ = 2 + | —kand b=3— ]+ 3k
2 =« 9 . 5 Q
Ans 110 V110 | V110

Find area of parallelogram whose adjacent sides are given by vectors

d=i+2j+3kand b =3 —2j+k Ans: 84/3
Find area of the triangle whose sides are given by vectors d =1 + 2 j +3kand b =3i — 2j+ K
Ans: 4+/3

Find area of the triangle whose vertices are A(1,-2,3), B(3,1,2), C(2,3,-1).

743
2

Ans:

Find sine angle between the vectors =21 — | + 3k and b =i + 3+ 2k

V171
14
Find the area of the parallelogram whose diagonals are @ = 21 —3j +4K and b = -3 + 4i—|2

Ans:

Prove that (51 x 6)2 =a’b? - (5.6)2

Ans:
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10. Prove that by vector method in any triangle ABC
a b c

ﬂnAzﬁnB:smC

Hints: Assume the three vectorsd , b and &to represent the sides
triangle taken in order (Refer figure).

i+b+2=0

Sd=—(b+8 e (a)
sdxd=—(b+&)xd=—(bxd)—(Zxda)
=0=—(bxd)—(¢xa) A
N (R IR R — (b)

Similarly, take the cross product with b on both sides of equation (a) and get
NI R — (c)

Comparing Equation (b) and (c) in getting
(@xb)=(bx¢)=(Exa)

= |@xb|=|bx¢é|=|¢xad|

= absin(m — C) = besin(wt — A) = casin(m — B)
= absinC = bcsinA = casinB

Now divide ‘abc’ on both sides to get the answer.

Engg. Math-| 12 Dr. Pravakar Jena



CHAPTER -2
INTEGRATION

Integration is an inverse process of differentiation or antiderivative process.
If the derivative of F (x) is f (x), then the antiderivative or integral of f (x) is F(x).

Let%(F(x)): f (x) = integrationof f (x)=F (x)

Zx x2

Again %(F(X)+C): f(x)= [ f(x)dx=F(x)+c

Where ciscalled constant of integration.

Here f (x)is called integrand and F (x) is called integral.

But dx represents integration with respect x.

The symbol I represents sign of integration.

Ex:We havedi(sin X) =cos x= [ cos xdx =sin x+c
X

FORMULAS :

n+1

F—l.[x”dx= X
n+1

+c(n=-1)

Ex : Evaluate j x°dx

9+1 10

Ans:jxgdx= X =X ¢
9+1 10

5
Ex: Evaluatej x2dx

7
2 7

5
2 X 2 =
Ans:ijdx:T+c:7x2+c
2

5
Ex : Evaluate I X 2dx

5 X 2 2 -2
Ans:Jx de:—3+c:—§x 2+cC
2

Engg. Math-| 13
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Ex:Evaluate I %dx
X

-6 -6
Ans:j%dx:fx‘7dx:x—6+c:—%+c
X

Ex:Evaluate j —dx

1
X 2 L
dx = —dx x2dx——+c——2x2+c
XX I J 1

2 (IMP)

Ans: j

F—Zfexdx:ex+c

X

F- Sja dx = a +C
Ina

Ex: Ealuatej 3*dx

Ans:jsxdx: 3 +C
In3

F—4jsin XX = —COS X +C
F—5'|'cosxdx:sin X+C
F—6jsec2xdx:tan X+C
F—7jsecxtan XdX =SecX+c
F—9J'cosec2xdx=—cotx+c

F —lOJ.COSECXCOthX =—C0Secx+cC

F—llJ. dx=sinx+c

1
J1-x2

F—12‘[1 1 ~dx=tan x+c
+X

dx=secx+cC

1
F-13[————o
Ix\/xz—l
F —14I1dx =In|x|+c
X

XZ
Note:jxdx:?Jrc

Idx=x+c

Engg. Math-| 14 Dr. Pravakar Jena
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Algebra of integration:

L (f() 4+ g(x)dx = [ f(x)dx + [ g(x)dx

Ex: [ (sinx + cosx — e* — sec?x) dx
= fsinxdx +fcosxdx —Jexdx—jseczxdx

=—cosx + sinx — e* — tanx + ¢

F-2:[ kf(x)dx = k [ f(x)dx, wherek is a constant.
Ex:[ 5x%dx = 55 tc=""4¢
10 2
Ex:[ 5dx =5x + ¢
Ex:f%dx = 7In|x| + ¢

Ex: [ 3sinxdx = —3cosx + ¢

> — Cein—1
Ex.fmdx—Ssm x+c

Ex: [ — ~dx = 7tan"'x + ¢
1+x
Ex: [ (3sinx — 4cosec?x + 9sec’x — 5e* — 5)dx
= j 3sinxdx — J 4cosec’xdx + j 9sec?xdx — j S5e*dx — f 5dx
=—3cosx + 4cotx + 9tanx — 5e* — 5x + ¢
F-3: %{ff(x)dx} = f(x) ,The differentiation of an integral is the integrand itself.

Ex :% {[ sinxdx} = sinx

1
Ex: [ dx = [ sec’xdx = tanx + ¢
cos?x

1
Ex:[ ——dx = [ cosec’*xdx = —cotx + ¢
sin“x

Ex: [ ——dx = [ ——dx = [ sec?xdx = tanx + ¢

1-sin?x cos?x
1 1 2
Ex: [ dx = [ ——dx = [ cosec’*xdx = —cotx + c
1-cos?x sin?x

Engg. Math-| 15 Dr. Pravakar Jena



CcoSXx
Ex: [ = [ cotx cosecxdx = —cosecx + ¢
sin?x

sinx
Ex:[ ———dx = [ tanx secxdx = secx + ¢

IMP

Ex: [ tan®xdx = [(sec’x — 1)dx = [ sec®xdx — [ 1dx = tanx —x + ¢

KIT POLYTECHNIC

Ex: [ cot?’xdx = [(cosec’x — 1)dx = [ cosec®xdx — [ 1dx = —cotx —x + ¢

E fl smxdx :f 1 —f sinx dx

cos?x cos?x cos?x

= fseczxdx — J tanx secxdx = tanx — secx + ¢

1 1
Ex:[ Sl:nxx dx = fsinzx dx — fi:zx dx = [ cosec®x dx — [ sinxdx

= —cotx + cosx + ¢

Ex f cos2x . fcoszx—sinzx _f cos?x f sin?x
cos2xsin? x o cos?xsin?x —J cos2xsin2x cos2xsin?x
=[ cosec’x dx — [ sec’x dx = —cotx — tanx + ¢
Ex f fcos 2x+sin’x _f cos?x f sin?x
cos?xsin? x cos?xsin?x cos?xsin?x cos?xsin?x
=[ cosec’x dx + [ sec’x dx = —cotx + tanx + ¢
cos2x cos?x—sin? x (cosx+sinx)(cosx—sinx)
J————dx=[———dx = | : dx
cosx+sinx cosx+sinx cosx+sinx

=[(cosx — sinx)dx = [ cosxdx — [ sinxdx = sinx + cosx + ¢
Ex: [ (tanx + cotx)?dx = [(tan®x + cot®x + 2tanx cotx) dx
=[(sec®x — 1 + cosec’x — 1 + 2) dx=[ sec’xdx + [ cosec®xdx
=tanx — cotx + ¢

x%+1- 1 x%+1
EXf1+2 x= 0= 14x2 —f1+x2dx

=x — tan~ lx+c

1
= [1ldx — [ —dx

_fx —1+1

EXf1+2 1+x2

Engg. Math-| 16
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3

X
?—x+tan Iy+c

= [x%dx —

Ex:f Tz dx = x“*dx=f<("2)3“3— )dx

1+x2 1+x2 1+x2

(x2+1)(x*—x2+1) 4 .2 _ 1
= e dx = [(x*—x*+1)dx f1+x2 dx
4 5 x5 x3
=[x*dx — [x dx+fdx—f1+x2dx=?——+x—tan x+c
IMP:
1-sinx 1-sinx
EX.f 1+sinx _f(1+sinx)(1—sinx) f(l smzx)
_fl Slnx _f —f sinx
cos?x cos?x cos?x
= [ sec?xdx — [ tanx secxdx = tanx — secx + ¢
f sinx _f sinx(1-sinx) _f sinx—sin®x
1+sinx Y (A+sinx)(1-sinx) Y (1-sin?x)
i
[ R0y = s —fsm Z dx=[ tanx secx dx — [ tan®xdx

cos?x cos?x cos?x

= [ tanx secx dx — [(sec?x — 1)dx=secx — tanx + x + ¢

Engg. Math-| 17 Dr. Pravakar Jena



Assighment:

Ex: [ 2% gy

1-cosx

Ex: [ 2% gy

1+cosx

Ex: [ X gy

1-sinx
Ex: [ (x/? + \/%)2 dx

5 2
xX°+5x°—-2x+7
Ex:f—dx

x3

EX:f(exloga + ealogx + ealoga) dx

3—-2cosx
Ex: [ ——dx
sin?x

Ex:[ V1 — sin2xdx

Ex:[ V1 + sin2xdx

Ex:[ V1 — cos2xdx

Ex:[ V1 + cos2xdx
cosecx

Ex:[ ——————dx

cosecx—cotx

Ex:[ 3*2dx
EX:f 1-sinx
Ex: [ ——dx

1+cosx
Ex: [

1—cosx

Engg. Math-| 18
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INTEGRATION BY SUBSTITUTIONS

Integration by substitution will be used to solve the integration easily by using suitable
substitution.

If the integrand in the form of [ f(x)f'(x)dx
How to solve: [ f (x)dx

Let f(x) =t, take derivative in both sides

Sf() == f'(x) === f'()dx = dt

2 2
So [ fGOf'()dx = ftdt =S+ c =L 4 ¢
Ex: Evaluate [ sinx cosx dx

Ans: [ sinx cosx dx
let sinx =t

d . dt
= —sinx = — = cosx dx = dt
dx dx

2 2
. t
Sofsmxcosxdx=ftdt=?+c=5mx

2+c

J(F)'f (0)dx
How to solve:

Let f(x) = t, take derivative in both sides

Sf() =22 /() == f'()dx = dt

n+1

n+1
=ftndt=t—+c=&+c
n+1 n+1

Ex:Evaluate [ sin®x cosx dx

Ans: [ sin®x cosx dx

let sinx =t

Engg. Math-| 19 Dr. Pravakar Jena



d . dt
= —sinx = — = cosx dx = dt
dx dx

6 6
. t

So [ sin®x cosxdx = [t°dt ==+ ¢ = S”; “+c
Ex: [ tan3x sec?x dx
Ans: [ tan3x sec?x dx
let tanx =t

d dt
= —tanx = — = sec’x dx = dt

dx dx

3 2 3 t4 tan4x

So [tan®x sec’x dx = [t*dt = +c=——+c

[ Flg()g’ (x)dx
How to solve:

Let g(x) = t, take derivative in both sides

d dt , _adt , _
zag(x)—a:og (x)—dx=>g (x)dx = dt

S0 jf(g(x))g’(x)dx

KIT POLYTECHNIC

=jf(t)dt=F(t)+c=F(g(x))+c [~ ]f(x)dsz(x)+c

Ex: Evaluate [ cos(sinx) cosxdx

Ans: [ cos(sinx) cosxdx

dt
let sinx =t > —(sinx) = — = cosx dx = dt
dx dx

= j cost dt = sint + ¢ = sin(sinx) + ¢
Ex: [ et sec?x dx
Ans: [et%™sec?x dx

Let tanx = t = sec?xdx = dt

sof et sec’xdx = [eldt = et +c =" +¢
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Ex: [ x2e*” dx
Ans: [ x%e*’ dx
Let x3 = t = 3x%dx = dt = x%dx = dt/3

t
3 e"dt 1 1 ,3
sof x%e* dx = nget+c=§ex +c

Ex: [ a’™*cosx dx
Ans: [ a®"™ cosx dx

Let sinx =t = cosxdx = dt

=fatdt:a—t+c

Ina

blnx

Ex: [ " dx

Let Inx = t:idx=dt

How to solve:

Let f(x) = t, take derivative in both sides

:%f(x) =%:>f’(x) =%=>f’(x)dx =dt

-n+1

So [ D dx = Lo femde="—+c

(F(0))" tn —n+1
2
Ex: Evaluate [ —— dx
tanx
2
Ans: [ == dx
tanx

d dt
let tanx =t = —tanx = — = sec?xdx = dt
dx dx

dt
= f? = In|t| + ¢ = In|tanx| + ¢
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sec?x
tan3x

Ex: Evaluate [ dx

sec?x
Ans: [ dx
tan3x

d dt
Let tanx = t = —tanx = — = sec’xdx = dt
dx dx

d - 2 -
t—stzft 3dt=t_—2+c=—%(tanx) “+c

cosx
Ex: [ ——
3+4sinx

Let 3 4+ 4sinx =t = 4cosxdx = dt = cosxdx = %

=fdt_/4=l ﬁzllnltl +c =lln|3 + 4sinx| + ¢
t 47 t 4 4

Ex: [ —=—dx

a?+x?

Let a® + x? = t = 2xdx = dt = xdx = dt/2

d d
S[E2 IrE_Ine +c
t 2 t 2

X
Ex:fmdx

Let a? + x? = t? = 2xdx = 2tdt = xdx = tdt

[ fdt=t+c=V@Z+x+c

. =

sec?\x
Ex: [ 5 dx
1 1
Let Vvx=t = ﬁdx—dt = \/—de = 2dt

=[ sec?t 2dt = 2 [ sec®’tdt = 2tant + ¢ = 2tan\/x + ¢

- (sin‘lx)2
EX'J~_?7ff§§f_(tx

letsin"lx =t = \/%dx = dt
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Some formulas related to substitutions

F-1.J f(ax + b)dx = = F(ax + b) +

Proof: Letax + b =t

:>adx=dt=>dx=%

so [ f(ax + b)dx = ff(t)% = iF(t) +c =iF(ax +b)+c

F-2. [ sin(ax + b)dx = —%cos(ax +b)+c

Ex: [ sin(2x + 4)dx = —%cos(Zx + 4) + ¢ {or we can substitute 2x + 4 =t

Ex:[ sin(2x)dx = —%cos(Zx) +c

Ex:[ sin(2 — 7x) dx :LZ;M) +c

Ex:[ sin (g) dx = — colsg + ¢ = —3cos (E) +c

F-3. [ cos(ax + b)dx = %sin(ax +b)+c

sin4dx

Ex:[ cos4x dx =

+c

Ex:[ cos(2 — x) dx = Sin(_zl_x) +c

F-4. [ sec?(ax + b)dx = %tan(ax +b)+c

tandx

Ex: [ sec?4x dx = +c
Ex:[ sec?(2 + x)dx = tan(2 + x) + ¢

F-5. [ cosec?(ax + b)dx = — %cot(ax +b)+c

cot3x

Ex: [ cosec?3x dx = — +c
Ex: [ cosec?7x dx = — cot7x/7+c

F-6. [ sec(ax + b)tan(ax + b)dx = ésec(ax +b)+c
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sec(2x+1)

Ex: [ sec(2x + 1) tan(2x + 1) dx = +c

Ex: [sec(x + 1) tan(x + 1) dx = sec(x + 1) + ¢

F-7. [ cosec(ax + b)cot(ax + b)dx = —icosec(ax +b)+c

cosec(2x+1)
2

Ex: [ cosec(x + 1) cot(x + 1) dx = —cosec(x + 1) + ¢

Ex: [ cosec(2x + 1) cot(2x + 1) dx = — +c

F-8. [e®*tbdx = %ea’”b +c

2x+3 e2x+3
Ex: [ e®*T3dx =

+c

-X
Ex:fe‘xdx=e_—1+c =—e*+c¢

—2X
Ex:[ e #¥dx = =

bx+d

F-9. [ ab¥*tdgy = =4 — 4 ¢

b In
1
F-10. fmdx = ;lnlax +b|+c

1 In|3x-2|

Ex:[ dx = +c

3x—2 3
Ex: ——dx = "2 1 ¢ (IMP)
Ex: f—d — nl2- x|+c

-1

1 (ax+p)*+1

F-11. [(ax + b)"dx = +c,n#—1

n+1
11, _ 1 (2x+1)12
Ex: [(2x + 1)dx -
F-12. fm x=5tan_1(ax+b)+c

: _ 1 -1
Ex: [ 1+(2x+1)2 dx=-tan™'(2x+ 1) +c

- S
F13.fmdx ~sin (ax +b) +c¢
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. 1 =l . 1
Ex.f—m —sinT (2x+ 1) +c

F-14. [ :

= = — -1
oS X = gsec T ax +b) +c

F-15. tanx dx = In|secx| + ¢

F-16. [ cotx dx = In|sinx| + ¢

F-17. [ secx dx = In|secx + tanx| + ¢
F-18. [ cosecx dx = In|cosecx — cotx| + ¢
Ex: Evaluate [ tan7x dx

Ans: [ tan7x dx
dt
let7x=t:>7dx:d1::,dx=7
d
=[ tant 7t = %f tant dt =%ln|sect| tc= %lnlsec7x| +c

Ex: Evaluate [ cot7x dx

Ans: [ cot7x dx
dt
let7x=t:>7dx:dt:>dx:7
d , '
=/ cott 7t = %f cott dt =%ln|smt| +c= %lnlsm7x| +c

Ex: Evaluate [ sec(2x + 1) dx
Ans: [sec(2x + 1) dx

let2x+1=t:o2dx=dt:>dx:%
= sect % = %fsect dt =%ln|sect + tant| + ¢
= %lnlsec(Zx + 1) +tan(2x + 1)| + ¢

Ex: Evaluate [ cosec(2x — 3) dx

Ans: [ cosec(2x — 3) dx

let2x—3:t=>2dx:dt=>dx:%
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at 1 1
=/ cosect — =~ [ cosect dt == In|cosect — cott| + ¢

1
= Elnlcosec(Zx —3) —cot(2x —3)| + ¢

[MP:

sinx
EX.f m dx
Ans: [ gy

sin(x—a)

let x—a=t=dx=dt (x=t+a)

sint sint

sin(t+a) sint cosa+cost sina sint cosa | costsina
- dt dt = f ( + )dt
f f f sint sint

=[ cosa dt + [ sina cottdt = cosa t + sina In|sint| + ¢
=cosa (x — a) + sina In|sin(x —a)| + ¢

Assignment:

EX:f . sinx

sin(x+a)

EX:f . CoSsx

sin(x+a)

E f CoSx

cos(x+a)

E f sinx

cos(x— a)

Ex:[ tan(x + 1) dx
Ex:[ cot(2x — 11) dx
Ex: [ sec(3x) dx

Ex: [ cosec 7x dx

Ex: [ sec?(2x + 1) dx
Ex:[ sin(2x — 11) dx

Engg. Math-| 26 Dr. Pravakar Jena



Ex: [ sec(3x)tan3x dx
Ex:[ e**~7dx
Ex: f—dx

IMP:

eX+e™*

EX: f —dx

. f tanx+tana
tanx—tana

Ex: [ cotxVIn sinx dx

1
EX.f mdx
etanx
Ex: [ 2 dx
EX:f ;dx
sinx cosx
1
Ex:[ —dx ’f1+e-x dx, [
sin2x
EX.f acos?x+bsin?x
sinx
Ex fcos9x
X
EX:f \/ﬁ dx

Ex:[ xvVa? + x2dx

Engg. Math-|
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dx

X

2

EX:f cosec de

3—cotx

Ex f COSX
V1— smx

Ex: [ sinxe*s*dx

Ex: [ cosx cos(sinx)dx let sinx =t
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INTEGRATION OF SOME TRIGONOMETRIC
FUNCTIONS

sin’x = 1 — cos®x,cos’x = 1 — sin’x,sec’x = 1 + tan’x,

1—cos2x
2

1+cos2x

,sin’x =

cosec’x = 1+ cot’x ,cos’x =

/ Sin(A + B) + sin(A — B) = 2sinAcosB \
Sin(A+ B) — Sin(A — B) = 2cosAsinB
cos(A + B) + cos(A — B) = 2cosAcosB

{ cos(A + B) — cos(A — B) = —2sinAsinB
or cos(A — B) — cos(A + B) = 2sinAsinB

o /

Ex:[ sin 3x cos2xdx

Ans: [ sin 3x cos2xdx = %f 2 sin 3x cos2xdx
= %f(sin(Bx + 2x) + sin(3x — 2x))dx

= %f sin5xdx + %fsinx dx

_ 1 (—cosSx

1
= )+5(—cosx)+c

cos5x coSsx
== - +cC
10 2

Ex:[ cos5x cos2xdx

Ans: [ cos 5x cos2xdx = %f 2 cos5x cos2xdx
= %f(cos(Sx + 2x) + cos(5x — 2x))dx

= %f cos7xdx + %f cos3x dx

_ l (sin7x) n 1 (sin3x) e
2 7 2 3
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Sin7x sin3x
= + +c
14 6

Ex:[ cos3x sinx sin5x dx

Ans: [ cos3x sinx sin5xdx

= %f(ZsinSxCOSBx)sinx dx
= % [ (sin8x + sin2x)sinxdx
= %f sinBxsinx dx + %f sin2xsinx dx

= if 2sin8x sinx dx + if 2sin2x sinx dx
1 1
= ZJ(COS(SX —x) —cos(8x + x)) dx + Zj(cos(Zx —x) —cos(2x + x)) dx

=%fcos7xdx—ifcos9xdx +ifcosxdx—ifc053xdx

1sin7x 1 sin9x 1 ., 1sin3x
== - = +-sinx — -
4 7 4 9 4 4

+c

Here the power of sinx and cosx are odd

Ex: [ sin3x dx
Ans: [ sin3x dx = [ sin®x sinxdx = [(1 — cos?x)sinxdx
Let cosx =t = —sinxdx = dt

=f(1—t2)(—dt)=f(tz—1)dt=ft2dt—fdt:§_t+c

cos3x

—Ccosx +c¢

Ex: [ sin®x dx

Ans: [ sin®x dx = [ sin*x sinxdx = [(sin?x)?sinxdx = [(1 — cos?x)?sinxdx
Let cosx =t = —sinxdx = dt

=[(1 —t?)?(—dt) = [(1 + t* = 2t*)(—dt) = [(2t* — t* — 1)dt

=f2t2dt—ft4dt—fdt=%3—t—:—t+c
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2cos3x  cos°x

— — coSx + ¢
3 5

Ex: [ sin”x dx
Ans: [ sin”x dx = [ sin®x sinxdx = [(sin®*x)3sinxdx = [(1 — cos?x)3sinxdx
Let cosx =t = —sinxdx = dt

=[(1 —t*)3(—dt) = [(1 —t° = 3t% + 3t*)(—dt) = [(t® — 3t* + 3t% — 1)dt

=ft6dt—f3t4dt+f3t2dt—fdt=§—3§+3§—t+c

6 5 3
=COZ - - 360; =+ 300; = —cosx+c USE:(a—b)* =a® - b* - 3a®b + 3ab?

Ex: [ sin®x cos3xdx
Ans: [ sin®x cos3xdx = [ sin®x cos?x cosxdx
= [sin®x (1 — sin®x) cosxdx

Let sinx =t = cosxdx = dt

sin®x  sin8x

6 8

=ft5(1—t2)dt=ftsdt—ft7dt=§—t—88+c= +c
Ex: [ sin®x cos®xdx

Ans: [ sin3x cos®xdx = [ cos®x sin3xdx = [ cosBx sin®x sinxdx
= [ cos®x (1 — cos?x) sinxdx

Let cosx =t = —sinxdx = dt

=[t8 (1 — t?)(=dt) = [(t® — t°)(—dt)

t? ¢l cos’x = cosllx

=[—t¥dt+ [tVdt=—-=+—+c=— + +c
9 11 9 11

EX'f sin3x do

' cos%x
sin3x sin?xsinx (1—cos?x)sinx
Ans: xX=|———dx = dx
fcos9x f cos®x f cos®x

Let cosx =t = —sinxdx = dt

(D gy = f—(t:” dt=f§—zdt—fti9dt = [t77dt - [t°dt

t9
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t=6 t78 _ (cosx)™®  (cosx)~?
-6 -8 - 6 9

Ex: [ tan®xdx

+c

Ans: [ tan®*xdx = [(sec?x — 1)dx = [ sec’xdx — [ 1dx = tanx —x + ¢

Ex: [ tan*xdx

Ans: [ tan*xdx = [ tan®x tan®*xdx = [ tan®x(sec®x — 1)dx

= [ tan®x sec*xdx — [ tan®xdx

Let tanx = t = sec’xdx = dt

=[t*dt — [(sec’x — 1)dx = [ t*dt — [ sec*xdx + [ 1dx =§—tanx +x+c

tan3x
= 3 —tanx +x + ¢

Ex: [ tan®xdx

Ans: [ tan®xdx = [ tan*xtan®*xdx = [ tan*x(sec?x — 1)dx
= [ tan*xsec’xdx — [ tan*xdx

Let tanx = t = sec?xdx = dt

=[ t*dt — [ tan®x(sec’x — 1)dx

= [t*dt — [ tan®xsec’xdx + [ tan®x dx

=[ t*dt — [ t*dt + [(sec?*x — 1)dx

= [t*dt — [ t?dt + [ sec®xdx — [ 1dx

t5  t3 tan®x tan3x
=?—§ + tanx — x + c = - - 3 +tanx — x + ¢

Ex: [ cot3xdx
Ans: [ cot3xdx = [ cotx cot?xdx = [ cotx(cosec®x — 1)dx
= [ cotx cosec?xdx — [ cotxdx

Let cotx =t = —cosec?xdx = dt

=[ t(—dt) — [ cotx dx = —g — In|sinx| + ¢
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t? .
=— COZ X _ In|sinx| + ¢

Note: The power of tan is either even or odd but the power of sec is even
Ex: [ tan®x sec®x dx
Ans: [ tan®x sec?x dx

Let tanx = t = sec?xdx = dt

6 6
=[todt ==+c=""F+c

Ex:[ tan'®x sec*x dx
Ans: [ tan'®x sec*x dx = [ tan'®x sec’*x sec®xdx
=[ tan'®x (1 + tan®x)sec*xdx

Let tanx = t = sec’xdx = dt

t11 t13

=[t?°A +t2)dt = [¢1%dt + [tHPdt =—+~+¢

__ tan'lx | tan'3x

= + +C
11 13

Note: The power of sec is either odd or even but the power of tan is odd
Ex: [ sect'x tanx dx
Ans: [ sec'lx tanx dx = [ sec'®x secx tanx dx

Let secx =t = secx tanx dx = dt

_ secllx

10 tll
=[tPdt=—+c = +c
11 11

Ex: [ sec'?x tan3x dx
Ans: [ sec?x tan®x dx = [ sec'lx tan®x secx tanx dx
=[ sec'lx (sec’x — 1) secx tanx dx

Let secx =t = secx tanx dx = dt
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14 12
sec X sec—"x
= — +c
14 12

Ex: [ sin®x dx

Ans: [ sin®x dx = [

=%fdx—%f6052xdx =Ex

Ex:[ cos?x dx

Ans: [cos’xdx = [

=%fdx+%f6052xdx——x+—

1—cos4x

Ex:[ sin*2x dx = [

Ex:[ cos?2x dx = [

Ex:[ sin*x dx

Ddt = [t3dt —

1- COSZJC

1+ cos2x

dx = f%dx — fCOS4xdx

KIT POLYTECHNIC

11 t14 t12
[tHdt=——-—+c
14 12
C0oS2x
—f dx — [ —=dx
1
sin2x + c
2 2

dx = [-dx+ [“d

1sin2x
2

+c

(Hints)

dx = f%dx + f60;4x dx (Hints)

_ 2
Ans: [ sin*x dx = [(sin®*x)?dx = f(l Csszx) dx

—f(l + cos?2x — 2cos2x)dx ——f (1 TSI L ZCOSZx) dx

1 f (2+1+cos4x—46052x)
o 2

=%f3dx +%fcos4xdx —%f4c052xdx =-x+-

Engg. Math-|

= %f(B + cos4dx — 4cos2x)dx

1sin2x

4 2 2

1 sin4x

+c
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Assighment:

Ex.[ sin3x cos2x dx Ex.[ cos5x sin3x dx
Ex.[ cos4x cos2x dx Ex.[ sin3x sindx dx

Ex.[ cos2x cos4x dx Ex.[ sinx sin2x sin3x dx
Ex.[ cos3x dx Ex.[ cos®x dx

Ex.[ cos”x dx Ex.J sin®xcos?x dx

Ex.[ sin*xcosx dx Ex.[ sin3xcos?x dx

Ex. [ X Ex.[ cosmx cosnx dx

cosx

f c0s4x—cos2x
" sin4x—sin2x

Ex.[ sec™x tanx dx
Ex:[ sin®xcos?x dx
Ex:[ sin*xcosx dx
Ex:[ sin3xcos?x dx
Ex:[ sin3xcos3x dx
Ex: [ cot?x dx
Ex: [ cot*x dx

Ex: [ cot”x dx

Ex: [ tan®x dx

Ex: [ tan®x dx

Ex: [ cot*lx cosec?x dx
Ex: [ cot**x cosec*x dx
Ex: [ sec'?x tan3x dx
Ex: [ cosec™x cot3x dx

Ex: [ cosec'®x cot3x dx
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¥_//

F-1:If the integral in the form of [ va%z then substitute x = asin® , sinf = x/a

Proof: f% putx = asin@ = dx = a cos6 d6

acosb dob B f acosb dob

X
=fd6=6+c=sin‘1—+c
av1l —sin20 a

a%? — a?sin?0

o s
dx dx . —1x
== f == =sin "+

Ans: [
dx
Bxf o

Ans: [ = [
7-9x? [ ( ﬁ)z_ (30)?

Let 3x =t = 3dx = dt = dx = dt/3

zfdt—/3=l L:lsin_li_kcz_s 13_f+c
(\/7)2—t2 3 (\/7)2—t2 3 7 3
xdx

B[ o
xdx

ans: i = | e

Let X% = t = 2xdx = dt = xdx = dt/2

dt/2 1 dat 1 . _qt 1 . _qx?
=) ===z ===—=z-sin -+c=<-sin ~—+c
f\/32—t2 Zf\/32—t2 2 3 + 2 3 +
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eXdx
Ex:fm
eXdx eXdx
Ans.fm—f\/m

Let e* = t = e*dx = dt

_r_a . -1t i, ler
= mZ==sin ;+c=sin S +c
cosx dx
EX: | ——
f\/16—sin2x
cosx dx cosx dx
Ans: [ —— = [ ——
V16—sin?x V42—-sin?x

Let sinx = t = cosxdx = dt

dt . —1t .. —1sinx
-fw—sm ;tec=sin " —=+c

dx
EX: | —/——
fxw/ZS—(lnx)z
dx

Ans: | ———

fxw/ZS—(lnx)z

x+/52—(Inx)?2
letInx =t = - dx = dt
_r_a . -1t e —1nx
=] m===sin "c+c=sin " —+c

dx
aZ+x2

F-2: If the integral in the form of | then substitute x = a tanf, tanf = x/a

dx
Proof: f m

Putx = atan® = dx = a sec?0 do

_j‘ asec?0do _f asec?0 do —1fd9—19+ _1t X
) a2+ a%tan?0 ) a?(1+tan20) a T a €= aTe

Engg. Math-| 36 Dr. Pravakar Jena



f dx
9+x2
-1
dx dx 1 b
Ans: -tan -=-+c¢
f9+x2 f32+x2 3 3 +
f dx
11+16x2
dx dx
Ans: =
f11+16x2 f(\/ﬁ)2+(4x)2
Llet4x =t = 4dx = dt = dx = dt/4
-1
dt/4 1 dt 11 t 1
= [—— = == == tan —+c=-—tan
I (VID +@®?2 47 (VII) 42 4VIl 11 4V11
2
X
Ex: dx
f16+ 6
X X
Ans: X =|———=dx
f16+ f42+(x3)2
Let x3 = t = 3x2%dx = dt = x?%dx = dt/3
dt/3 11 1t 1 _1x3
= == ———==-=tan" -+ c=—tan " —+c¢
f42+(t)2 3f42+(t)2 34 4 t 12 4 t
f e?Xdx
9+elx
e?Xdx e?Xdx
Ans: f9+ 4x f32+(e2x)2
Let e?¥ =t = ¢ 2dx = dt = ¢ dx = dt/2
dt/2 11 1t 1 _qe%x
=[ /2 _ f =-tan -4+ c==tan ' —+c
32+¢2 32+t2 23 3 6 3

Ex f sec?x dx

16+tan?x

Engg. Math-I
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sec?xdx _f sec?xdx
16+tan?x 42+tan?x

Ans: [

Let tanx = t = sec’xdx = dt

_f an_l tanx
42+ t2 B 4

+c

dx
EX.f x(25+(Inx)?)
dx _f dx
x(25+(nx)?) ¥ x(52+(inx)?)

Ans: [

letlnx =t = - dx = dt

X

-1 -1 Inx

1 t 1
f52+t2 =ztan c+c=ctan —+c

F-3: If the integral in the form of [ % then substitute x = a tan0

Put x = atan0 = dx = asec?6d0

asec?0do asec?0do
= j sec0dO = In|secO + tan6| + ¢,

\/aztan26+a2_ avtanZ0 + 1
Xy 2 X Vx?%+ a?
| +/tan?6 + 1 |+c1—ln— () +1[+c; =In £+T +c

— | [FYx2+a? X+Vx2+a?

+c = ln|x+\/x2 +a2| —lna+c = ln|x+\/x2 +a2| +c

B J o
Ans: [

ln|x+\/32+x2|+c—ln|x+\/9+x2|+c

de-
o= e =

dx
B[
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dx

Ans: [ f—
(V7)"+(3x)?

dx _
V7+9xZ
Let 3x =t = 3dx = dt = dx = dt/3

_dt/3

/\/_)+t2 /\/_)+t2

=§ln|3x+\/7+9x2| +c

ln

t + /(\/—) +t2| +

4dx
Ex:| —
f\/9+x1°

x*dx x*dx
Ans: f\/9+x1 f 324(x5)2

Let x° = t = 5x*dx = dt = x*dx = dt/5

:f,/;lsistz f\/‘m—_l |t+m|+c——ln|x +m|+c

Ex: a*dx
X'f Vo+a?2x

a*dx

Ans: [ —== [ —— @ dx

Let a* = t = a*Inadx = dt = a* dx = dt/Ina

lna __ 2 2
fm el T = e |t + VB
=$ln|a"+\/9+a2x| +c

cosec?x dx
Ex: [

V16+cot?x
Ans: fcosec 2x dx f cosec?xdx
V16+cot?x V42+cot?x

Let cotx =t = —cosec?xdx = dt = cosec?xdx = —dt

=f\/% =—In |t +/(4)% + t2| + ¢ = —In|cotx + V16 + cot2x| + ¢
dx
EX.f x+/25+(Inx)?
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Ans: IL
"V xy/254(inx)?

— f dx
x4/ 52+ (Inx)?

let Inx = t = - dx = dt

t ++/(5)? +t2| +c= ln|lnx+\/25 + (Inx)?| + ¢

dt
=t

F-4: If an integral in the form of [ ngaz then substitute x = a sec6
dx
Proof: [ Ny
Put x = asecf = dx = asecOtan0do
asecOtan0do asecOtan6do
= = | sec6dO = In|secO + tanb| + ¢,
a?sec?0 — a? avsec?0 —1
X X Xy 2 X Vx%—a2
=1n|—+\/sec26—1| +c;=In|-+ (—) -1+ =In-+—|+¢
a a a a a
Vx2—92
=In|["="=|+ ¢, = In|x +VxZ —a?| —Ina+¢; = In|x + VxZ —aZ| + ¢

Ans:f\/%=f\/%= In|x + Vx2 = 32|+ c =In|x + Vx2 = 9| + ¢
dx
B[ s
dx dx
Ans: [ —— = [ ——
Vox2-7 (3x)2_(\/7)2

Let 3x =t = 3dx = dt = dx = dt/3
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_dt/3

w/tz -(v7)’ N/tz -(v7)’

= §Zn|3x + V9x?2 — 7| +c

ln

e —(ﬁ)2|+c

x3dx
B f o
x3dx x3dx
R N

Let x* = t = 4x3dx = dt = x3dx = dt/4

——l |t+\/t2—32|+c——ln|x + Vx8 — |+c

[ dt/4 f
== =

Ex: eXdx
X'f Ve2x—11
eXdx

e*dx
Ver_11 / exy2—(

Lete¥ =t = &* dx = dt

Ans: [

t+\/t2 (V11) ‘+c

= —E _=n
t2-(v11)*

= ln|ex +Ve?x — 11| +c
Ex: [

Ans: [

sin?x cotzx 16

f cosec?xdx

Vcot?x—42

Let cotx =t = —cosec?xdx = dt = cosec?xdx = —dt

sin?x cotzx 16

=f\/t_2(i—22 = —In|t + Vt? — 42| + ¢ = —In|cotx + Vcot?x — 16| + ¢
dx
EX.f x+/(Inx)%-25
dx
Ans: fxw/(lnx)z—zs
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dx
- f x+/(Inx)2-52

Let Inx = t = - dx = dt

X

=f\/2—52 In|t + Vt2 = 52| + ¢ = ln|lnx + 4/ (Inx)? —25| +c
IMPORTANT FORMS:
If the int Lin the f f axt b ax+b ax+b axibd
e integral in the form dx or dx or dxor | =——=dx
s Vva? — x2 VaZ + x2 VxZ —az a* +x?
th axt+b j t j b d
en express dx = + | ———=dx
P \/a2 —x? Va2 —x2 Va2 —x2
LetI j = dx and I j
etl; = X an =
! Vva? —x? 2 Vva? — x?
Integrate I; by puttinga? — x> =t?ora? —x? =t
Integrate I, by using the above formula.
Similarly we can integrate other forms.
3x-2
Ex: f i

3x—-2 3x 2
Ans f =dx = | pemdx — [ oz dx

X
—3fv9_—dx‘2fw
Inthe 1%t term let 9 — x% = t? = —2xdx = 2tdt = xdx = —tdt
—tdt 1 _ . _1X
—Bf fo/gz— —3t — 2sin” —+c——3\/9—x2—25m Ste
xX+2
Ex fm

xX+2

X 2
T = pam x|

In the 15t term let 16 + x2 = t? = 2xdx = 2tdt = xdx = tdt

tdt
=[— +2fm—t+21n|x+V16+x2|+c
=\/16+x2+21n|x+\/16+x2|+c

Ans: [
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7+x2

2x+5
Ans: f ", dx =

let 7 4+ x% = t = 2xdx = dt

_ dt 1 11
f +5f T ln|t|+5\/_tan Ftc

=In|7 + x?| + SLtan_li+c

V7 V7
3x+1
Ex:[ =—==dx
3x+1 1
Ans.fm dex+f\/T25dx

x 1
= 3f—mdx+f—mdx

In the 15t term let x%2 — 25 = t% = 2xdx = 2tdt = xdx = tdt
tdt 1

=3[— +fﬁdx:3t+ln|x+\/x2—52|+c

= 3vVx2 —-25+ ln|x+\/x2 —25| +c

IMP:

If the integral in the form f 2+bx+c or fﬁ%

then express ax? + bx + ¢ = a{(x — a)? + B?} (In a perfect suare )

putx —a=t=dx =dt

dx
Ex:| ——
'fx2+4x+9
dx

Ans:; | ——
'fx2+4x+9

Make the denominator x? + 4x + 9 in a perfect square

Nowx? 4+4x+9=x242x.24+22-2249=(x+2)>+5

dx
50 fx2+4x+9 =] (x+2)245 f(x+2)2+(\/§)2

letx+2 =t =dx =dt
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dt 1 -1 t 1 _1X+2
=f—2=—tan —+c=—5tan —+c

t2+(+/5) V5 V5 V5 V5

EXIL

W Vx2-4x+13
dx

Ans: f\/x2—4x+13

Make the denominator x? — 4x + 13 in a perfect square

Nowx? —4x+13=x%2—-2.x.24+22-22+13=(x—-2)>+9

-Sof dx :f dx — f dx
' Vx2-4x+13 J(x=2)2+49 V(x—2)2+432

letx —2 =t = dx =dt

[l 4 VET T b o= in|w -2+ G2 T T

N

EXIL
Y x2-4x-13

" Vx2-4x-13

Now x? —4x — 13 =x?—-2.x.2+22-22-13 = (x —2)?> - 17
dx

)2-(V17)°

dx dx
50 f\/x2—4x—13 _fJ(x—2)2—17 N f\/(x—z

letx —2 =t = dx =dt

=f—dt =In

(7

+c

t+Jt2 —~ (\/ﬁ)z

=ln +c

x—2) +\/(x—2)2 —- (V17)°

EXIL

Y V5—4x—x2
dx

Ans: | =g

Make the denominator 5 — 4x — x2 in a perfect square
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Now 5 —4x —x% = —(x? +4x —5) = —(x* + 2.x.2 + 22 — 22 = 5)
=—((x+2)2-9) =9 — (x + 2)?

-Sof dx —f dx —f dx
' Vo—ax—x2 Y Jo—(x+2)2 Y J32—(x+2)2

letx+2=t=dx=dt
dt gt 1 x+2
=fﬁ=3m 1§+c=sm 1XT+C

X+ q) dx X + q)dx
If the integral in the form f(Iz)—q) or f&
+bx+c Vax? +bx+c

then express px + q = ld% (ax? +bx+c)+m

,compare the coefficient of x and constant term , find the value of | and m.

o . L (px + @) dx
Now the given integration can be written in the form of | —————
ax? +bx+c
ldi(axz+bx+c)+m ldi(ax2+bx+c) m
= f X = j X J dx
ax? +bx+c ax? +bx+c ax? +bx+c

Solve it by using the formula.

(3x+2)dx
Ex
f x2+4x+9

f (3x+2)dx
x2+4x+9

Let3x+2=l%(x2+4x+9)+m
=12x+4)+m
=2lx+4l+m

Compare the coefficient of x and constant term in both the sides

3 3
21=3:>l:§ and4l+m=2=>m:2—4l:2—4_5=_4

3x+2)dx I(2x+4)+m 1(2x+4) m
So [EEEE dx = [ gy + [
x2+4x+9 x2+4x+9 xZ+4x+9 x%2+4x+9
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=lf (2x+4—)d +mf

X2 +4x+9 x2+4x+9
letx?+4x+9=t= (2x + 4)dx = dt

dt dx
o lf7+ mfx2+2.x.2+22—22+9 lln|t| t mf( +2)2+5

letx+2=z=>dx =dz

=lln|t|+m |

=%ln|x2 +4x +9| —

Assignment:

dx
EX:I4+9X2

3xX
Ex:
J‘1+2X4

f sec?x
V16+tan?x
dx
Ex: | —
f V16x%2+25
1
EX'f'\/a2+b2x2

_e7 d
Ex: X
f 16+9e~2X

dx

eXdx
Ex: [ =

5x—-2
Ex ~fv11 —x2

Ex: f 3x+5

3x—2
Ex: d
j‘l6+x2
dx
if %
9x2-12x+8

Ex: [ &

2x2+x+3

E f 2x+3
V5—4x— x2

Engg. Math-|

2(\/_)

— 2 = ln|x? +4x+9| —4tan 1 Z + ¢

2 V5
-1 xX+2

\/§+c

EX f sinx
V4cos2x—

Ex:

EXJ‘L
Y V2—4ax+x2

1
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u

If uand v are two functions then integration of the product of u and v is defined as

Here the 1%t function can be choosed by using a form ILATE.

/ I-Inverse function (sin~1x,cos Ix, tan ™ x ... ... .o e e ) \

L-Logarithm function (logx,log(x + 1) ... cccceo s vev e ve e e )
A-algebraic function (X, X%, (X + 1) ... oo oo e e e e e e
T-Trigonometric function(sinx, cosx, tanx ... ... ... ... ... ... ... ...)

E-Exponential function (e*,a*, e**1 .. . oo )

A 4

Ex:[ x e* dx here u =x and v=e*

Ans: [x e* dx = xfexdx—f{%fexdx}dx
=xeX— [leXdx =xe*—e*+¢

Ex: [ x sinx dx

Ans: [ x sinx dx = x [ sinx dx —f{%fsinx dx} dx
= x (—cosx) — [ 1 (-cosx) dx = —x cosx + sinx + ¢
Ex: [ x cosx dx=x [ cosxdx — [ {%f cosx dx} dx

= x (sinx) — [ 1 (sinx) dx = x sinx + cosx + ¢
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Ex:[ x e** dx

Ans: [xe®* dx =x [e** dx — f{%fezxdx} dx

er er eZX 1 2
=x7—f17dx=x7—5fexdx+c=x

er 1 ezx
2 2 2
Ex: [ x sin3x dx

Ans: [ x sin3x dx = x [ sin3xdx — [ {%fsirﬁx dx} dx

-cos3 -C0S3 3 L
- () - 1 () = ot

coS3x 1 sin3x
=X + - +c
3 3 3

Ex:[ x sec’x dx

) 2 _ 2 o fdx) 2
Ans: [ x sec’x dx = x [ sec’xdx — [ — [ sec?x dx{dx
= x tanx — [ 1 tanx dx = x tanx — In|secx| + ¢
Ex: [(x + 1) e* dx
Ans: [(x +1) e¥ dx = (x+1)fexdx—f{%fexdx}dx
=(x+De*—[1le*dx=(x+1e*—e*+c
OR
J(x+1)e*dx=[xe*dx+ [e*dx
Ex: [ x tan®x dx
Ans: [ x tan®*x dx = [ x (sec’x — 1)dx
= [xsec’x dx — [ xdx
= x [ sec®x dx —f{%fseczx dx}dx —x?z

x? x?

= x tanx —fltanxdx—?:xtanx—lnlsecxl -5 tc
Ex: [ x cos?x dx

Ans: [ x cos?x dx = [ «x (1+C;)st) dx = f%dx + fx“;szx dx
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=%fxdx+§fx0052xdx

= % %+§{xf0052xdx —f{f%fcost dx}dx}
o (52 5o (22 o

= XTZ+ %{x (Sizzx) — %f sin2x dx}

2 i —
_ x- n l{x (stx) . l( cost)} Y
4 2 2 2 2

Ex: [ x sin3x cos2x dx

Ans: [ x sin3x cos2x dx = %f x (2sin3x cos2x) dx

= %fx (sin(3x + 2x) + sin(3x — 2x)) dx

=%fx(sin5x+sinx)dx =%fx sin5x dx+%fxsinxdx

Ex: [ Inx dx

d(lnx)
dx

Ans:flnxdx=lnxf1dx—f{ fldx}dx

=lnxx—f%xdxlenx—fdx=xlnx—x+c
Ex:[ x> Inx dx
Ans: [ x° Inx dx = Inx [ x° dx—f{%fxs dx}dx

ol 1 x© el 1 x® 1x6
=lnx ——[-=dx==Inx —=[ x’dx==Inx ——-=+¢
6 Jx6 6 6 6 66

ol ol
==Inx——+c
6 36

Ex:[ xIn(1 + x) dx

Ans: [ xIn(1 + x)dx = In(x + 1)fxdx—{%fxdx}dx
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2 2 2
In(x+1) - [—Zdx=xIn(x+1) - [ Z-dx

2

X 1

=x1n(x+1)—%f dx

-1+
x+1

= xIn(x + 1) —l{fi:_ldx+fﬁdx}

2 +1

=x1n(x+1)—%{f%dx+fﬁdx}
=x1n(x+1)—%f(x—1)dx—%fﬁdx
=x1n(x+1)—%fxdx+%fdx—%fx—ildx

2
=x1n(x+1)—%x7+%x—%ln|x+1|+c

IMP
Ex:[ In(1 + x?) dx
Ans: [In(1 +x?)dx =In(1+ x%) [1dx — f{%ln(l +x2)[1 dx} dx

X2
1+x2

1
1+x2

=In(1+x?)x— [ 2xxdx=xIn(1+x*) -2/ dx

x%41-1
1+x2

=xln(1+x*) -2 dx=xln(1+x2)—2f(x2+1— : )dx

1+x2 1+x2

1
1+x2

=xn(1+x*) -2 dx+2] dx=xIn(1+x?)—2x+2tan"x + ¢

Ex: [ sin"tx dx

Ans: [sin"lxdx =sin"'x [1dx — f{%sin_lel dx} dx

=sin"lx .x — [ —— xdx = x.sin"tx — [ 2
' V1-x2 ' V1-x2

For2™termletl —x2 =t% = —2xdx=2tdt = xdx = —tdt
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—-tdt .

= x.sin " tx — — =x.sinIx+t+c=xsin"x+V1l—-x2+¢

Ex: [ tan™1x dx

Ans: [tan"'xdx = tan"'x [1dx — f{% tan™1x [ 1 dx} dx

xdx
1+x2

=tan"'x .x— [ xdx =x.tan lx — |

1+x2
For2"termlet 1 +x2 =t = 2xdx = dt = x dx = dt/2

dt/2 _ 1
a2 _ x. tan 1x+Eln|t| +c

=x.tan"lx — [
= x.tan"1x + %lnll +x?%|+c
Ex:[ x tan™'x dx

Ans: [ x tan " xdx = tan™'x [ x dx —f{% tan 'x [ x dx} dx

x2 dx
1+x2

2 2 2
- X 1 X X _ 1
=tan"'x . ——[— . —dx=—tan"'x —
2 1+x2 2 2 2

x? _ 1 x%+1-1 x? — 1(x%+1 1
== tan Iy —= dx = = tan 1x——{f — }dx

2 1+x2 1+x2

1 x?

= tan = fdxt g dr =
Assignment:

Ex: [ x sinx cosx dx

Ex: [ x sin5x dx

Ex: [ xeP*dx

Ex: [ xcos?x dx

Ex:[ xcosnx dx Ex: [ x Inx dx

Ex:fl:—;c dx = [x Slnx dx

Ex: [ x™ Inx dx Ex:[ cos1x dx

Ex: [ (Inx)*dx
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Formula:

x(f(x) +'(x) =e"f(x) +c
1.f e*(tanx + Insecx)dx 2. f(1+x)2 x
e ez
Formulas:1

2
X a X
J\/az—xzdx=— a?—x2+—sin"1—+¢

Proof:Let I = [Va? — x2dx =Va% —x2 [dx — | (d a’ fdx) dx

1 —x?
=x\/a2—x2—j—(—2x)xdx=x\/a2—x2—j—dx
2Va* — x? Va2 — x2
(a® = x*) — a® Ja — x*
= xVa? — x? — dx = xVa® — x* — dx+j
Va? — x? Va? — x? Va? — x?

— 2 _ 2 2 _ 2 2 1
=xvaz—x%2— [Vaz—x%2dx+a | =
=>1+1=xVa® -2 +d’sin™ =+ ¢, [+ [Va? —x2dx =1]

_1 X X a2 L1 X
= 2] = xVa? — x* + a’sin"' -+ ¢, =>I=E\/a2—x2+?sm -+ ¢
a a
2
fVaZ—xzdx=§\/a2—x2+a7sin‘1§+c
2.

2
x a
J\/a2+x2dx=§ a2+x2+—ln|x+\/a2+x2|+c

2 /

Proof: Let I = [Va? + x2dx = Va? +x2fdx—f($fdx)dx
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=x\/a2+x2—f (2x)x dx = x+/ a? + x2 —j
2Va? + x?
\/ﬁ (a2+x2)—a2d \/ﬁ ja2+x2 p j a p
= x\a* +x* — x=X\a*+x*— | ——=dx + | ———=dx
Va? + x* Va* + x? Va* + x*

_ 2 7 _ 2 _ 2 2 1

xvVa? +x? — [Va? —x?dx +a fmdx
:>I+I=X\/az+x2+azln|x+\/az+xz|+c1 [+ [Va? +x2dx =]
=2l =xVa? + x2 + a®ln|x + Va2 + x%| + ¢; = 1 :§Va2+x2 +a7zln|x+\/a2+x2|+c
VT 3 dx = N+ 2 + Sl + @+ 2| 4 ¢

3.

va +x

2
X a
j x? —a?dx =§\/x2 —a? —7ln|x+\/x2 —a2| +c

Proof: Let I = [ Vx% — a?dx = Vx? —azfdx—f(d X oa” fdx)dx

2
=x\/x2—az—fzvﬁ@x)xdx:xVxZ—az—f\/ﬁ dx

=xm_j(x2‘“z““ xﬁ_j"‘“ f
Vx? — a? Vx? — a? Vx? — a?

— 2 1

=xVxt—a*?— [Vx* —a’dx—a fmdx

>+ =xVx?—a? —azlnlx+\/x2 —a2| + ¢ [+ [Vx2 —a?dx =1]
:>21=x\/x2—az—azln|x+\/x2—a2|+cl :>Izgx/xz—az—a;ln|x+\/x2—a2|+c
VT = aPdx = NaZ = a2 — S infx + VT —a?| +

4.

ax

PR [acosbx + bsinbx] + ¢

j e*cosbx dx =
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dcosbx
dx

Proof:Let I=[ e**cosbxdx = cosbx [ e**dx — (f( fe“xdx)dx)

ed* . edx edx b .
= cosbx —+ [ sinbx.b—dx = —cosbx + - [ e®*sinbx dx

edx b [e®* dsinbx
= —cosbx + - [—smbx — ( eM™dx dx)]
a al a f( dx f )
eax b ] b2 ex b ; b2
= —cosbx + — e%sinbx — — [ e*cosbxdx =—cosbx + — esinbx — =1
a a a a a a
b2 edx b ]
I +—1=—cosbx + —e**sinbx
a a a
a%+b? ae®®cosbx+be™* sinbx
>——1 = 5
a a
eax

=] =

— 5z (acosbx + bsinbx)+c

[ e™cosbx dx =

ax

[acosbx + bsinbx] + ¢

a?+b?
5.
ax
e**sinbx dx = ———— |asinbx — bcosbx] + ¢
j a? + b? [ |
ax . , ax dsinbx ax

Proof:Let I=[ e sinbxdx = sinbx [ e™dx — (f( — [e dx)dx)
= sinbx &= — [ cosbx. b dx = <= sinbx — 2 [ e%cosbx dx

a a a a

ed* . b [e%* dcosbx

= —sinbx — - [T cosbx — (f( — feaxdx)dx)]

eax

. b ax b2 ¢ ax .. et . b ax b?
= —sinbx — — e cosbx — — [ e®*sinbxdx =—sinbx — — e cosbx — =1
a a? a? a a? a?

b2 e b
[ +—=1 =—sinbx — —e™cosbx
a? a a?
a%+b? ae®sinbx—be** cosbx
= = I = = +c

ax

e .
=] = 7 (asinbx — bcosbx)+c

[ e sinbx dx =

=7 lasinbx — bcosbx] + ¢

Engg. Math-| 54 Dr. Pravakar Jena



Assignment:

2
1.f 1:56 dx

3. &

x2+2x+6

1+x—x2

7. ==

x2+x+1

X
O o

2x+1

KIT POLYTECHNIC

2~f9x2 7

f dx
' 9x2-12x+8

6. ———dx

x*+x2+1

8. == _dx

x2+3x—18

dx
10"[\/8+3x—x2

11.[ 2 dx 12.f =22 dx
13.[ e3*sindx dx

14. [ e73*sin2x dx 15.f e *cos4x dx

16. [ e *cosx dx 17.f e*sin(bx + ¢)dx

DEFINITE INTEGRATION

Let f(x) be a continued function defined in an interval [a,b],so definite integral of f(x)

over [a,b] is defined as f f(x)dx = [F(x) + c]

= F(a) — F(b)

Here x = a is the lower limit and x = b is the upper limit

In definite integration constant c is deleted.

Ex:Evaluate f: x?

dx

8 19

Ans: fxzdx—[ ] ———=—

Ex:Evaluate foz 1+1x2

T
- 1
| 4
Ans:[# ——

Engg. Math-|

dx = [tan™'x]} = tan™" -

3 3

dx

T
4

—tan™'0=1-0=1
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4

Ex:Evaluate [?xsinx dx
Ans: [ xsinx dx = x [ sinx dx — f(%fsinxdx)dx = —xcosx — [ 1(—cosx)dx

= —XC0SX + sinx

s

Now fOExsinx dx = [—xcosx + sinx]g = (—gcosg + sing) —(0+sin0) =1
Ex:Evaluate fon tan?x dx

(T 2 e 2 — (T 2 T — /s T
Ans: [ tan’x dx = [ (sec’x — 1)dx = [ sec’xdx — [ dx = [tanx]§ — [x]§ = —n
Definite integration by substitution:

2
Ex:Evaluate [ xe* dx

2
Ans: [ xe* dx let x? = t = 2xdx = dt = xdx = %

x=1t=1

=2 ¢t=4 for finding the value of t put the value of x in x? = t.

limit change {

T
Ex:Evaluate foz sin3x cos dx

T
Ans:fo2 sin3x cos dx let sinx =t = cosx dx = dt
x=0,t=0
z t=1
X = -, =
2
411
=y ttdr=]5| =1-0=1
4lg 4 4
Properties:

LI, FGdx = [} f)dy

2.J0 f(x)dx = — [ f(x)dx

3.J) f()dx = [ FG)dx + [ f(x)dx,a <c <b
a.f; f)dx = [, fla—x)dx

2 foaf(x)dx, if f(x)is an even function

5-f_af(X)dx = { 0,If f(x)is an odd function
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2 [ fGdx, if f(2a—x) = f(x)

6 Jy S G = { 0,if f(2a —x) = —f(x)

Reference Books: Elements of Mathematics Vol. - 2 (Odisha State Bureau of Text Book
preparation & Production)
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