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CHAPTER -1 

VECTOR 
Introduction: 
In physics or mechanics, while studying the motion you are using a variety of quantities such as distance, 
displacement, speed, velocity, acceleration, mass, force, momentum, work, power, energy etc. to describe the 
motion. These quantities can be classified into two categories 1) Scalar quantity 2) Vector quantity.  
 
The quantities possessing a numerical value (or magnitude) are called as scalar quantities.  
Examples: Distance, speed, mass, work etc.  
 
The quantities possessing magnitude as well as direction are called as vector quantities.  
Examples: displacement, velocity, acceleration, force, momentum etc. 
 
Representation of vectors: 
 
In a plane the vector directed from a point A to B is denoted as 

𝐴𝐵⃗⃗⃗⃗  ⃗.Here the point A is called as initial point and B is the terminal 
point or (Final point) .  
 

Notes: The length of a vector 𝐴𝐵⃗⃗⃗⃗  ⃗ is the distance or magnitude of 

the vector 𝐴𝐵⃗⃗⃗⃗  ⃗. It is denoted as|𝐴𝐵⃗⃗ ⃗⃗  ⃗|. 

It is a scalar quantity , which is always positive. 

Vectors are also denoted by using the lowercase bold alphabets a, b, c etc. or 𝑎 , 𝑏⃗ , 𝑐 , etc. 
        
 
Types of vectors: 
 
Null vector:   

Vector with magnitude zero (0) is called as a null vector or zero vector. It is written as 𝑂⃗ .  
Example: Every point is a null vector. 
 
Unit vector: A vector with magnitude unity (1) is called as unit vector. If 𝑎  be a vector, then the unit vector in the 

direction of 𝑎  is denoted by 𝑎̂ and given by : 𝑎̂ =
𝑎⃗ 

|𝑎⃗ |
. 

 
Co-initial vectors: Vectors starting from a point are called as co-initial vectors.  
 
 

Negative of a vector: A vector having same magnitude but opposite direction is 
known as negative vector. 
 
If 𝑎  be a vector, then the negative of 𝑎 , written as -𝑎   
Note: the magnitudes of 𝑎  and -𝑎  are same. i.e. |𝑎 | =  |−𝑎 | = 𝑎 
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Scalar multiplication of a vector:  
Suppose k is a scalar quantity and 𝑎  be a vector quantity, then the multiplication k𝑎  is a new vector called as 
scalar multiplication of 𝑎 . The vector k𝑎  is a vector whose length is |𝑘| times that of 𝑎 . The direction of k𝑎  will be 
same as of 𝑎  if k is positive and opposite of 𝑎  if k is negative.  
 
 
Parallel vectors:  

Two vectors are said to be parallel if both are of either same or opposite direction. In otherwords 𝑎  and 𝑏⃗  will be 

parallel if 𝑎  and 𝑏⃗  are scalar multiple of each other i.e. 𝑎 = 𝑘𝑏⃗  ,where k is scalar.  
 
 
 
 
 
 
 

 
Equal vectors:  
Two vectors are said to be equal if they have same magnitude as well 
as same direction.  
 
 
 
 
Like and Unlike vectors 
Two vectors are said to be like if they are parallel but in same direction.  
Two vectors are said to be unlike if they are parallel but in opposite  direction. 
 
Note: Like and Unlike vectors may be of same or different magnitudes. 
 
Collinear of vectors: 
 
Two vectors are said to be collinear if one is scalar multiple of other and they have a common point. 

i.e 𝑎 = 𝑘𝑏⃗ , 𝑤ℎ𝑒𝑟𝑒 𝑘 𝑖𝑠 𝑎 𝑠𝑐𝑎𝑙𝑎𝑟 
 
Collinear of three points: 
Three points A,B and C are said to be collinear if they lie in same line and the condition is  

𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑘𝐴𝐶⃗⃗⃗⃗  ⃗ 
Or  

𝐴𝐵⃗⃗ ⃗⃗  ⃗ = 𝑘𝐵𝐶⃗⃗⃗⃗  ⃗ 
 
 
Addition and Subtraction of vectors:  
 

If 𝐴𝐶⃗⃗⃗⃗  ⃗ = 𝑎  and 𝐶𝐵⃗⃗⃗⃗  ⃗ = 𝑏⃗  be any two vectors and join 𝐴𝐵⃗⃗⃗⃗  ⃗. 
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Here the terminal point of 𝐴𝐶⃗⃗⃗⃗  ⃗ is same as intial point of 𝐶𝐵⃗⃗⃗⃗  ⃗. So 𝐴𝐵⃗⃗⃗⃗  ⃗ is the sum of the vectors of 𝐴𝐶⃗⃗⃗⃗  ⃗ and 𝐶𝐵⃗⃗⃗⃗  ⃗. 

i.e 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝐴𝐶⃗⃗⃗⃗  ⃗ + 𝐶𝐵⃗⃗⃗⃗  ⃗=𝑎 + 𝑏⃗  , which is called triangle law of vector addition. 
 
 Subtraction of vectors:  

The difference of two vectors 𝑎  and 𝑏⃗  is denoted by 𝑎 − 𝑏⃗   and which is defined as 𝑎 − 𝑏⃗ = 𝑎 + (−𝑏⃗ ) 
 
Parallelogram law of vector addition: 

Let 𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝑎  and 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝑏⃗  join 𝐵𝐶⃗⃗⃗⃗  ⃗ and 𝐴𝐶⃗⃗⃗⃗  ⃗ and make a parallelogram OACB. Join the diagonals 𝑂𝐶⃗⃗⃗⃗  ⃗ and 𝐵𝐴⃗⃗⃗⃗  ⃗. 

Here 𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝑎 = 𝐵𝐶⃗⃗⃗⃗  ⃗ and 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝑏⃗ = 𝐴𝐶⃗⃗⃗⃗  ⃗ 

By using triangle law of vector addition we get 𝑂𝐶⃗⃗⃗⃗  ⃗ = 𝑎 + 𝑏⃗   and 𝐵𝐴⃗⃗⃗⃗  ⃗ = 𝑎 − 𝑏⃗  

 
  Algebra of vectors: 

1. Vector addition is commutative i.e.  𝑎 +𝑏⃗ = 𝑏⃗ +𝑎  

2. Vector addition is associative i.e. .  (𝑎 +𝑏⃗ ) + 𝑐 = 𝑎 + (𝑏⃗ +𝑐 ) 

3. If m, n be any scalars, then 𝑚(𝑎 + 𝑏⃗ ) = 𝑚𝑎 + 𝑚𝑏⃗ , 𝑚(𝑛𝑎 ) = 𝑛(𝑚𝑎 ) = 𝑚𝑛(𝑎 ). 

4. 1𝑎 = 𝑎 , 0𝑎 = 𝑂⃗  
 
 
 
Position vector of a point in space: 
 

If P be any point on the space and O be a fixed point (called origin) then the vector 𝑂𝑃⃗⃗⃗⃗  ⃗ = 𝑟 (say) 
Is called the position vector of the point P with respect to origin O. 
Which is written as P(𝑟 ),(read as P be a point having position vector 𝑟  ) 
 
Note: 

If A(𝑎 ) and B(𝑏⃗ ) are two position vectors then 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑏⃗ − 𝑎   
 
 
Note: 
If P(x,y) be any point on the plane and O be origin then 
 

𝑶𝑷⃗⃗⃗⃗⃗⃗ = 𝒙𝒊̂ + 𝒚𝒋̂ 
Where 𝑖̂ 𝑎𝑛𝑑 𝑗̂ are the unit vectors along the direction of X-axis and Y-axis. 
 
Note: 
If P(x,y,z) be any point on the space and O be origin then 

 𝑶𝑷⃗⃗⃗⃗⃗⃗ = 𝒙𝒊̂ + 𝒚𝒋̂ + 𝒛 𝒌̂ 
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where, 𝑖̂ , 𝑗̂ 𝑎𝑛𝑑 𝑘̂ are the unit vectors along X-axis, Y-axis and Z-axis respectively. 
 
Note: 

If  𝑎 = 𝑥𝑖̂ + 𝑦𝑗̂ + 𝑧𝑘̂ then  |𝑎 | = √𝑥2 + 𝑦2 + 𝑧2 
And 

 𝑎̂ =
𝑎⃗ 

|𝑎⃗ |
=

𝑥𝑖̂+𝑦𝑗̂+𝑧𝑘̂

√𝑥2+𝑦2+𝑧2
 

 
Vector joining two points: 
The vector joining two points A(x1, y1, z1) and B(x2, y2, z3) can be obtained by using the triangle law of addition of 
vectors 

 i.e. 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑂𝐵⃗⃗ ⃗⃗  ⃗ − 𝑂𝐴⃗⃗⃗⃗  ⃗ = (𝑥2 − 𝑥1)𝑖̂ + (𝑦2 − 𝑦1)𝑗̂ + (𝑧2 − 𝑧1)𝑘̂ 
 

 |𝐴𝐵⃗⃗ ⃗⃗  ⃗| = √(𝑥2 − 𝑥1)
2 + (𝑦2 − 𝑦1)

2 + (𝑧2 − 𝑧1)
2 

 

The coefficients x2-x1, y2-y1 and z2-z1 are called as the scalar components of the vector 𝐴𝐵⃗⃗⃗⃗  ⃗ in the direction of X-

axis, Y-axis and Z-axis respectively. And the vectors (𝑥2 − 𝑥1)𝑖̂, (𝑦2 − 𝑦1)𝑗̂𝑎𝑛𝑑 (𝑧2 − 𝑧1)𝑘̂  are called as vector 

components of the vector 𝐴𝐵⃗⃗⃗⃗  ⃗ in the direction of X-axis, Y-axis and Z-axis respectively. 
 
 

Problem:  Find 𝑎 + 𝑏⃗  , 𝑎 − 𝑏⃗  , 5𝑎  and 2𝑎 − 7𝑏⃗ , where  𝑎 = 𝑖̂ − 3𝑗̂ − 5𝑘̂ and  𝑏⃗ = 2𝑖̂ + 3𝑗̂ − 3𝑘̂. 
 
Example:  Find the position vector of the point (2, 3, -5). 

Ans: 2𝑖̂ + 3𝑗̂ − 5𝑘̂. 
 
Example:   Find the vector from the point (2, -3, 4) to (6, 4, 1) and hence find the modulus of this vector. 
 

Example: Find the value of m if the modulus of the vector joining A(0, 1, -2) and B(-2, 3, m) is √8. 
 

Example: Find the unit vector in the direction of the vector 2𝑖̂ − 4𝑗̂ + 4𝑘̂. 
 

Problem: Find the unit vector in the direction of the sum of the vectors 𝑎  𝑎𝑛𝑑 𝑏⃗   where, 𝑎 = −3𝑖̂ + 2𝑗̂ − 8𝑘̂ and 

𝑏⃗ = 𝑖̂ + 5𝑗̂ + 3𝑘̂. 

Example: Find the value of ‘m’ if the vectors −3𝑖̂ + 𝑚𝑗̂ − 8𝑘̂ and 15𝑖̂ + 2𝑗̂ + 40𝑘̂ are parallel. 
Example: Prove that the points (2, 1, -1), (3, -2, 1) and (8, -17, 11) are collinear. 
. 

Questions carrying 2 marks 

1. Find the position vector of the point A (2, -3).      Ans: ji ˆ3ˆ2      

2. Find the vector joining points A (1, -3) and B (-5, 4).    Ans:  ji ˆ7ˆ6    

3. Find the length of the vector joining P (2, -1) and Q (5,-4).   Ans :  23           

4. Find the unit vector in the direction of the vector kji ˆˆˆ  .  Ans : kji ˆ

3

1ˆ
3

1ˆ
3

1
  

5. For what value of ‘a’ the vectors  ji ˆ3ˆ2   and jia ˆ6ˆ   are parallel.        Ans : 4 
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6. If the vectors  ofkjibkjia valuethefindparallel,areˆ2ˆˆandˆ6ˆ3ˆ 


. Ans: α=-3 

7. Find a unit vector parallel to the sum of vectors  kjiandkji ˆ3ˆˆ2ˆˆ2ˆ3   Ans: 
6

ˆ

6

ˆ

6

ˆ kji
  

 
Question carrying 5 marks 
 
1. Prove by vector method that  the points  A(2,6,3), B(1,2,7) and C(3,10,-1) are collinear. 

2. Prove that the vectors  kjickjibkjia ˆ4ˆ4ˆ3andˆ5ˆ3,ˆˆˆ2 


 form the sides of a right angled 

triangle. 
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Product of vectors:  
The product of vectors can be defined using two special symbols i.e. (•) and (X). 
a. Scalar Product or Dot product 
b. Vector Product or Cross Product 
 
Scalar product (Dot product) 
 
Definition: 

Let 𝑎  and 𝑏⃗  be any two coinitial vectors and 𝜃be the angle between 

them measured from 𝑎  to 𝑏⃗   . Then the scalar product (or dot product) of  𝑎  

and 𝑏⃗  written as 𝑎 ∙ 𝑏⃗   and defined by 
 

𝑎 ∙ 𝑏⃗ = |𝑎 ||𝑏⃗ |𝑐𝑜𝑠𝜃 = 𝑎𝑏𝑐𝑜𝑠𝜃 

Similarly   
 
 
Angle between two vectors 
 
Formula: 

Angle between the vectors 𝑎  and 𝑏⃗  is given by: 

 𝑐𝑜𝑠𝜃 = ±
𝑎⃗ ∙𝑏⃗ 

|𝑎⃗ ||𝑏⃗ |
 

  𝜃 = 𝑐𝑜𝑠−1 (±
𝑎⃗ ∙𝑏⃗ 

|𝑎⃗ ||𝑏⃗ |
) 

Condition-1:If two vectors are parallel then 𝑎 ∙ 𝑏⃗ = |𝑎 ||𝑏⃗ | = 𝑎𝑏 

Condition-2: If two vectors are perpendicular then 𝑎 ∙ 𝑏⃗ = 0 = 𝑏⃗ . 𝑎  

Properties of Dot product 

a. 𝑎 ∙ 𝑏⃗ = 𝑏⃗ ∙ 𝑎   
b. 𝑎 ∙ 𝑎 = |𝑎 |2 

c. If  𝑎  and 𝑏⃗  are perpendicular then 𝑎 ∙ 𝑏⃗ = 0. 

d. 𝑎 ∙ (𝑏⃗ + 𝑐 ) = 𝑎 ∙ 𝑏⃗ + 𝑎 ∙ 𝑐  (Distributive over addition) 

 
Notes: 

1. 𝑖̂ ∙ 𝑗̂ = 𝑗̂ ∙ 𝑘̂ = 𝑘̂ ∙ 𝑖̂ = 0  (Since 𝑖̂, 𝑗̂, 𝑘̂ are perpendicular) 

2. 𝑖̂ ∙ 𝑖̂ = 𝑗̂ ∙ 𝑗̂ = 𝑘̂ ∙ 𝑘̂ = 1 

3.  If 𝑎 = 𝑎1𝑖̂ + 𝑎2𝑗̂ + 𝑎3𝑘̂ and 𝑏⃗ = 𝑏1𝑖̂ + 𝑏2𝑗̂ + 𝑏3𝑘̂, then 𝑎 ∙ 𝑏⃗ = 𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3 
 
Geometrical meaning of dot product:(Scalar and vector projection) 

Scalar projection of 𝑎  on 𝑏⃗ =
𝑎⃗ ∙𝑏⃗ 

|𝑏⃗ |
 

Scalar projection of 𝑏⃗  on 𝑎 =
𝑎⃗ ∙𝑏⃗ 

|𝑎⃗ |
 



                                                                         KIIT POLYTECHNIC  

    Engg. Math-I                                                         9                                                                                   Dr. Pravakar Jena 
 

vector projection of 𝑎  on 𝑏⃗ =
(𝑎⃗ ∙𝑏⃗ )𝑏⃗ 

|𝑏⃗ |
2  

vector projection of 𝑏⃗  on 𝑎 =
(𝑎⃗ ∙𝑏⃗ )𝑎⃗ 

|𝑎⃗ |2
 

Work done: 

 𝑊 = 𝐹 ∙ 𝑆 , 𝑤ℎ𝑒𝑟𝑒 𝑆 = 𝐴𝐵⃗⃗⃗⃗  ⃗ (𝐹 = 𝑓𝑜𝑟𝑐𝑒) 

Example: Find the scalar product of the vectors 𝑖̂ + 3𝑗̂ − 2𝑘̂ and  −2𝑖̂ + 𝑗̂ − 3𝑘̂ 

Example: Find the value of 𝛿 if the vectors 𝑖̂ − 𝑗̂ − 2𝑘̂ and  𝑖̂ + 𝛿𝑗̂ − 3𝑘̂ are perpendicular to each other. 

Example: Find the scalar projection and vector projection of 𝑏⃗  𝑜𝑛 𝑎  where 𝑎 = 𝑖̂ + 3𝑗̂ − 4𝑘̂, 𝑏⃗ = 3𝑖̂ + 2𝑗̂ + 𝑘̂. 

Example: Find the acute angle between the vectors 𝑎 = 𝑖̂ + 𝑗̂ − 2𝑘̂ and 𝑏⃗ = 2𝑖̂ + 𝑗̂ + 3𝑘̂. 
 

Questions carrying 2 marks 

1. Find 𝑎 .𝑏⃗    if    (i)  𝑎  = jibji ˆ2ˆandˆ3ˆ2 


  ,(ii) kjibandkjia ˆˆˆˆ3ˆˆ2 


 

2. Find the value of '' if kjibkjia ˆ4ˆˆ2andˆˆˆ6 


  are perpendicular to each other. 

3. Show that the vectors kjibkjia ˆˆ3ˆ3andˆ3ˆˆ2 


 anglesrightatare . 

 
Question carrying 5 marks 

1. Find the value of      .larperpendicuare1,2,0and1,2,2if   ba


  

2. Find the angle between the vectors  kjibandkjia ˆ2ˆˆ2ˆˆ2ˆ 


  

3. Find scalar and vector projections of kjibkjia ˆ7ˆ4ˆ4onˆˆ2ˆ 


.  

4. Find the work done by force kjiF ˆ3ˆ2ˆ5 


 which displaces a particle from A (1,-2,2) to B (3,1,5). 

 5. Prove by vector method that in any triangle ABC.
 

bc

acb
A

2
cos

222 
  

Proof: Assume the three vectors 𝑎  , 𝑏⃗  and 𝑐  to represent the sides of a 
triangle taken in order (Refer figure). 

𝑎 + 𝑏⃗ + 𝑐 = 0⃗   

 𝑎 = −(𝑏⃗ + 𝑐 )  

 𝑎 ∙ 𝑎 = −(𝑏⃗ + 𝑐 ) ∙ 𝑎 = (𝑏⃗ + 𝑐 ) ∙ (𝑏⃗ + 𝑐 ) 

 𝑎 ∙ 𝑎 = 𝑏⃗ ∙ 𝑏⃗ + 𝑐 ∙ 𝑐 + 𝑏⃗ ∙ 𝑐 + 𝑐 ∙ 𝑏⃗   
6. Prove by vector method that an angle inscribed in a semicircle is right angle. 
7. If the sum of two unit vectors is a unit vector, then prove that the magnitude of their difference  will 

be √3. 
8.In a triangle ABC prove by vector method that a=bcosC + c cosB 
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Vector Product (Cross Product)  
 
Definition of vector product: 

Let 𝑎  and 𝑏⃗  be any two coinitial vectors and 𝜃be the angle between them 

measured from 𝑎  to 𝑏⃗   . Then the vector product (or cross product) of  𝑎  

and 𝑏⃗  written as 𝑎 × 𝑏⃗   and defined by 

𝑎 × 𝑏⃗ = (|𝑎 ||𝑏⃗ |𝑠𝑖𝑛𝜃)𝑛̂ = (𝑎𝑏𝑠𝑖𝑛𝜃)𝑛̂  

 

Here 𝑛̂ is a unit vector perpendicular to the plane of 𝑎  and 𝑏⃗  . The 

direction of 𝑎 × 𝑏⃗  is perpendicular to the plane of 𝑎  and 𝑏⃗  . Hence 𝑛̂ 

is in the direction of 𝑎 × 𝑏⃗  . 

 |𝑎 × 𝑏⃗ | = ||𝑎 ||𝑏⃗ |𝑠𝑖𝑛𝜃𝑛̂ | = 𝑎𝑏𝑠𝑖𝑛𝜃 |𝑛̂| = 𝑎𝑏𝑠𝑖𝑛𝜃  

 

Now 𝑏⃗ × 𝑎 = (|𝑎 ||𝑏⃗ |sin (−𝜃))𝑛̂ = −𝑎𝑏𝑠𝑖𝑛𝜃 𝑛̂  

 |𝑏⃗ × 𝑎 | = |−|𝑏⃗ ||𝑎 |𝑠𝑖𝑛𝜃𝑛̂ | = 𝑎𝑏𝑠𝑖𝑛𝜃 |𝑛̂| = 𝑎𝑏𝑠𝑖𝑛𝜃 

So 𝑎 × 𝑏⃗ ≠ 𝑏⃗ × 𝑎  but |𝑎 × 𝑏⃗ | = |𝑏⃗ × 𝑎 | 

 

Note: 𝑎 × 𝑏⃗ = −(𝑏⃗ × 𝑎 ) 
 

Sine of the angle between the vectors 𝒂⃗⃗  and 𝒃⃗⃗  : 

 𝑠𝑖𝑛𝜃 =
|𝑎⃗ ×𝑏⃗ |

|𝑎⃗ ||𝑏⃗ |
 

Condition-1: If two vectors are parallel then |𝑎 × 𝑏⃗ | = |𝑏⃗ × 𝑎 | = 0 𝑜𝑟 𝑎 × 𝑏⃗ = 0⃗  

Condition -2: If two vectors are perpendicular then |𝑎 × 𝑏⃗ | = |𝑎 ||𝑏⃗ |=ab 

 
 
Properties of Cross product 

a. 𝑎 × 𝑏⃗ = −(𝑏⃗ × 𝑎 )  

b. 𝑎 × 𝑎 = 0⃗  

c. 𝑎 × (𝑏⃗ + 𝑐 ) = 𝑎 × 𝑏⃗ + 𝑎 × 𝑐  (Distributive over addition) 

Notes: 

1. 𝑖̂ × 𝑗̂ = 𝑘̂  (Since 𝑖̂, 𝑗̂, 𝑘̂ are perpendicular)  

2. 𝑗̂ × 𝑘̂ = 𝑖̂ 

3. 𝑘̂ × 𝑖̂ = 𝑗̂ 

4. 𝑖̂ × 𝑖̂ = 𝑗̂ × 𝑗̂ = 𝑘̂ × 𝑘̂ = 0⃗  

5.  If 𝑎 = 𝑎1𝑖̂ + 𝑎2𝑗̂ + 𝑎3𝑘̂ and 𝑏⃗ = 𝑏1𝑖̂ + 𝑏2𝑗̂ + 𝑏3𝑘̂,  

 then 𝑎 × 𝑏⃗ = |
𝑖̂ 𝑗̂ 𝑘̂
𝑎1 𝑎2 𝑎3

𝑏1 𝑏2 𝑏3

|  

= (𝑎2𝑏3 − 𝑏2𝑎3)𝑖̂ − (𝑎1𝑏3 − 𝑏1𝑎3)𝑗̂ + (𝑎1𝑏2 − 𝑏1𝑎2)𝑘̂  
 
Geometrical meaning of cross product: 

Area of a parallelogram whose adjacent sides are represented by the vectors 𝑎  and 𝑏⃗  is |𝑎 × 𝑏⃗ | 
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If 𝑎  and 𝑏⃗  represent the two sides of a parallelogram taken in order, 

then the area of the triangle will be 
1

2
|𝑎 × 𝑏⃗ | 

 

Unit vector perpendicular to the vectors 𝒂⃗⃗  and 𝒃⃗⃗  : 

The unit vector 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 to the vectors  𝑎  𝑎𝑛𝑑 𝑏⃗  will be  𝑛̂ =
𝑎⃗ ×𝑏⃗ 

|𝑎⃗ ×𝑏⃗ |
 

Note:The vector perpendicular to the vectors  𝒂⃗⃗  and 𝒃⃗⃗  will be 𝑎 × 𝑏⃗  

Note:Area of a triangle with vertices A, B and C is 
1

2
|𝐴𝐵⃗⃗ ⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗| 

 

Example: Find the vector product of the vectors 𝑖̂ − 5𝑗̂ + 2𝑘̂ and  −𝑖̂ + 𝑗̂ − 3𝑘̂. 

Ex: Find 𝑎 × 𝑏⃗  where 𝑎 = 3𝑖̂ + 𝑗̂ + 7𝑘̂ and 𝑏⃗ = 𝑖̂ − 3𝑗̂ + 4𝑘̂. 

Example: Find the vector perpendicular to both 5𝑖̂ − 2𝑗̂ + 3𝑘̂ and  𝑖̂ − 3𝑗̂ + 4𝑘̂. 

Example: Find the unit vector perpendicular to both 𝑖̂ + 2𝑗̂ and  𝑖̂ + 3𝑗̂ + 𝑘̂. 

Example: Find the area of the parallelogram whose adjacent sides are  𝑖̂ + 2𝑗̂ − 4𝑘̂ and  𝑖̂ − 3𝑗̂ + 𝑘̂. 
Example: Find the area of the triangle whose vertices are at A(1, -1, 3), B(2, 1, 0) and C(3, 1, -1) 

Example: Find the sine of the angle between the vectors 3𝑖̂ − 4𝑗 ̂and 6𝑖̂ − 2𝑗̂ + 3𝑘̂. 
Question carrying 2 marks 

1. Find the vector perpendicular to both of the vectors kjandji ˆˆˆˆ  . Ans: kji ˆˆˆ   

2. Find the unit vector perpendicular to both the vectors kiji ˆˆandˆˆ  . 

 Ans:
 

kji ˆ
3

1ˆ
3

1ˆ
3

1



 

3. Find the unit vector perpendicular to both the vectors kjibkjia ˆ3ˆˆ3andˆˆˆ2 


 

 Ans kji ˆ
110

5ˆ
110

9ˆ
110

2
  

4. Find area of parallelogram whose adjacent sides are given by vectors         

 kjibkjia ˆˆ2ˆ3andˆ3ˆ2ˆ 


      Ans: 38  

5. Find area of the triangle whose sides are given by vectors kjibkjia ˆˆ2ˆ3andˆ3ˆ2ˆ 


                                    

 Ans: 34   

6. Find area of the triangle  whose vertices are  A(1,-2,3), B(3,1,2), C(2,3,-1).  

 Ans:
2

37
 

7. Find sine angle between the vectors  kjibkjia ˆ2ˆ3ˆandˆ3ˆˆ2 


 

 Ans:
14

171
 

8. Find the area of the parallelogram whose diagonals are kjibkjia ˆˆ4ˆ3andˆ4ˆ3ˆ2 


                Ans:

2

303
 

9. Prove that     222
2

.bababa


  
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10. Prove that by vector method in any triangle ABC         

                                                            
C

c

B

b

A

a

sinsinsin
  

Hints: Assume the three vectors𝑎  , 𝑏⃗  and 𝑐  to represent the sides of a 
triangle taken in order (Refer figure). 

𝑎 + 𝑏⃗ + 𝑐 = 0⃗   

 𝑎 = −(𝑏⃗ + 𝑐 )     ------------ (a) 

 𝑎 × 𝑎 = −(𝑏⃗ + 𝑐 ) × 𝑎 = −(𝑏⃗ × 𝑎 ) − (𝑐 × 𝑎 ) 

 0⃗ = −(𝑏⃗ × 𝑎 ) − (𝑐 × 𝑎 )  

 (𝑎 × 𝑏⃗ ) = (𝑐 × 𝑎 )     ------------ (b) 

Similarly, take the cross product with 𝑏⃗  on both sides of equation (a) and get 

 (𝑎 × 𝑏⃗ ) = (𝑏⃗ × 𝑐 )     ------------ (c) 

Comparing Equation (b) and (c) in getting 

(𝑎 × 𝑏⃗ ) = (𝑏⃗ × 𝑐 ) = (𝑐 × 𝑎 )  

 |𝑎 × 𝑏⃗ | = |𝑏⃗ × 𝑐 | = |𝑐 × 𝑎 | 

 𝑎𝑏𝑠𝑖𝑛(𝜋 − 𝐶) = 𝑏𝑐𝑠𝑖𝑛(𝜋 − 𝐴) = 𝑐𝑎𝑠𝑖𝑛(𝜋 − 𝐵) 
 𝑎𝑏𝑠𝑖𝑛𝐶 = 𝑏𝑐𝑠𝑖𝑛𝐴 = 𝑐𝑎𝑠𝑖𝑛𝐵 
Now divide ‘abc’ on both sides to get the answer. 
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CHAPTER -2 

INTEGRATION 

 

Integration is an  inverse process of differentiation or antiderivative process.

If the derivative of ( )  is ( ),  then the antiderivative or integral of  ( )  is ( ).

Let ( ) ( ) integration of (

F x f x f x F x

d
F x f x f x

dx
  ) ( )F x

 

 

  

 

 Again ( ) ( ) ( ) ( )

Where cis called constant of integration.

Here ( ) is called integrand and ( )  is called integral.

But  represents integration with respect .

The symbol  represents sign

d
F x c f x f x dx F x c

dx

f x F x

dx x

    

 of integration.

Ex:We have (sin ) cos cos sin
d

x x x dx x c
dx

   





 

1

1 ( 1
1

:

)
n

n

FORMU

x
F x dx c n

n

LAS



    


 

9

9 1 10
9

5

2

7
5 72
2 2

7

2

5

2

3
5 32
2 2

3

2

:

:
9 1 10

:

2
:

7

:

2
:

3

Ex Evaluate x dx

x x
Ans x dx c c

Ex Evaluate x dx

x
Ans x dx c x c

Ex Evaluate x dx

x
Ans x dx c x c






 



   


   

    












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7

6 6
7

7

1
:

1
:

6 6

Ex Evaluate dx
x

x x
Ans dx x dx c c

x

 
     





 
 

1
3 12
2 2

3

2

1
:

1 1
: 2

1

2

Ex Evaluate dx
x x

x
Ans dx dx x dx c x c

x x
x


 

      





  

(IMP) 

2

2

1

2

2

3
ln

: 3

3
: 3

ln 3

4 sin cos

5 cos sin

6 sec tan

7 sec tan sec

9 cos cot

10 cos cot cos

1
11 sin

1

x x

x
x

x

x
x

F e dx e c

a
F a dx c

a

Ex Ealuate dx

Ans dx c

F x dx x c

F x dx x c

F x dx x c

F x x dx x c

F ec x dx x c

F ecx x dx ecx c

F dx
x



  

  

 

   

  

  

  

   

   

 






















1

2

1

2

2

1
12 tan

1

1
13 sec

1

1
14 ln

:
2

x c

F dx x c
x

F dx x c
x x

F dx x c
x

x
Note xdx c

dx x c







  


  


  

 

 











  
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Algebra of integration: 

F-1:∫(𝑓(𝑥) + 𝑔(𝑥))𝑑𝑥 = ∫𝑓(𝑥)𝑑𝑥 + ∫𝑔(𝑥)𝑑𝑥 

Ex:∫(𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥 − 𝑒𝑥 − 𝑠𝑒𝑐2𝑥) 𝑑𝑥 

= ∫𝑠𝑖𝑛𝑥𝑑𝑥 + ∫𝑐𝑜𝑠𝑥𝑑𝑥 − ∫𝑒𝑥𝑑𝑥 − ∫𝑠𝑒𝑐2𝑥𝑑𝑥 

=−𝑐𝑜𝑠𝑥 + 𝑠𝑖𝑛𝑥 − 𝑒𝑥 − 𝑡𝑎𝑛𝑥 + 𝑐 

F-2:∫ 𝑘𝑓(𝑥)𝑑𝑥 = 𝑘 ∫ 𝑓(𝑥)𝑑𝑥,       𝑤ℎ𝑒𝑟𝑒 𝑘 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

Ex:∫ 5𝑥9𝑑𝑥 = 5
𝑥10

10
+ 𝑐 =

𝑥10

2
+ 𝑐 

 Ex:∫5𝑑𝑥 = 5𝑥 + 𝑐 

 Ex:∫
7

𝑥
𝑑𝑥 = 7𝑙𝑛|𝑥| + 𝑐 

Ex:∫ 3𝑠𝑖𝑛𝑥𝑑𝑥 = −3𝑐𝑜𝑠𝑥 + 𝑐 

Ex:∫
5

√1−𝑥2
𝑑𝑥 = 5𝑠𝑖𝑛−1𝑥 + 𝑐 

Ex:∫
7

1+𝑥2
𝑑𝑥 = 7𝑡𝑎𝑛−1𝑥 + 𝑐 

Ex:∫(3𝑠𝑖𝑛𝑥 − 4𝑐𝑜𝑠𝑒𝑐2𝑥 + 9𝑠𝑒𝑐2𝑥 − 5𝑒𝑥 − 5)𝑑𝑥 

= ∫3𝑠𝑖𝑛𝑥𝑑𝑥 − ∫4𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 + ∫9𝑠𝑒𝑐2𝑥𝑑𝑥 − ∫5𝑒𝑥𝑑𝑥 − ∫5𝑑𝑥 

=−3𝑐𝑜𝑠𝑥 + 4𝑐𝑜𝑡𝑥 + 9𝑡𝑎𝑛𝑥 − 5𝑒𝑥 − 5𝑥 + 𝑐 

F-3: 
𝑑

𝑑𝑥
{∫ 𝑓(𝑥)𝑑𝑥} = 𝑓(𝑥) ,The differentiation of an integral is the integrand itself. 

Ex :
𝑑

𝑑𝑥
{∫ 𝑠𝑖𝑛𝑥𝑑𝑥} = 𝑠𝑖𝑛𝑥 

Ex:∫
1

𝑐𝑜𝑠2𝑥
𝑑𝑥 = ∫ 𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑡𝑎𝑛𝑥 + 𝑐 

Ex:∫
1

𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫ 𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 = −𝑐𝑜𝑡𝑥 + 𝑐 

Ex:∫
1

1−𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

1

𝑐𝑜𝑠2𝑥
𝑑𝑥 = ∫ 𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑡𝑎𝑛𝑥 + 𝑐 

Ex:∫
1

1−𝑐𝑜𝑠2𝑥
𝑑𝑥 =∫

1

𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫ 𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 = −𝑐𝑜𝑡𝑥 + 𝑐 



                                                                         KIIT POLYTECHNIC  

    Engg. Math-I                                                         16                                                                                   Dr. Pravakar Jena 
 

Ex:∫
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫ 𝑐𝑜𝑡𝑥 𝑐𝑜𝑠𝑒𝑐𝑥𝑑𝑥 = −𝑐𝑜𝑠𝑒𝑐𝑥 + 𝑐 

Ex:∫
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥 = ∫ 𝑡𝑎𝑛𝑥 𝑠𝑒𝑐𝑥𝑑𝑥 = 𝑠𝑒𝑐𝑥 + 𝑐 

IMP 

Ex:∫ 𝑡𝑎𝑛2𝑥𝑑𝑥 = ∫(𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥 = ∫ 𝑠𝑒𝑐2𝑥𝑑𝑥 − ∫1𝑑𝑥 = 𝑡𝑎𝑛𝑥 − 𝑥 + 𝑐 

Ex:∫ 𝑐𝑜𝑡2𝑥𝑑𝑥 = ∫(𝑐𝑜𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥 = ∫𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 − ∫1𝑑𝑥 = −𝑐𝑜𝑡𝑥 − 𝑥 + 𝑐 

Ex: ∫
1−𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥 = ∫

1

𝑐𝑜𝑠2𝑥
𝑑 − ∫

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥 

= ∫𝑠𝑒𝑐2𝑥𝑑𝑥 − ∫𝑡𝑎𝑛𝑥 𝑠𝑒𝑐𝑥𝑑𝑥 = 𝑡𝑎𝑛𝑥 − 𝑠𝑒𝑐𝑥 + 𝑐 

Ex:∫
1−𝑠𝑖𝑛3𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

1

𝑠𝑖𝑛2𝑥
𝑑𝑥 − ∫

𝑠𝑖𝑛3𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫ 𝑐𝑜𝑠𝑒𝑐2𝑥 𝑑𝑥 − ∫ 𝑠𝑖𝑛𝑥𝑑𝑥 

 = −𝑐𝑜𝑡𝑥 + 𝑐𝑜𝑠𝑥 + 𝑐 

Ex:∫
𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠2𝑥𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥−𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥𝑠𝑖𝑛2𝑥
𝑑𝑥 =∫

𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠2𝑥𝑠𝑖𝑛2𝑥
𝑑𝑥 − ∫

𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥𝑠𝑖𝑛2𝑥
𝑑𝑥 

=∫ 𝑐𝑜𝑠𝑒𝑐2𝑥 𝑑𝑥 − ∫ 𝑠𝑒𝑐2𝑥 𝑑𝑥 = −𝑐𝑜𝑡𝑥 − 𝑡𝑎𝑛𝑥 + 𝑐 

Ex:∫
1

𝑐𝑜𝑠2𝑥𝑠𝑖𝑛2𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥+𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥𝑠𝑖𝑛2𝑥
𝑑𝑥 =∫

𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠2𝑥𝑠𝑖𝑛2𝑥
𝑑𝑥 + ∫

𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥𝑠𝑖𝑛2𝑥
𝑑𝑥 

=∫ 𝑐𝑜𝑠𝑒𝑐2𝑥 𝑑𝑥 + ∫ 𝑠𝑒𝑐2𝑥 𝑑𝑥 = −𝑐𝑜𝑡𝑥 + 𝑡𝑎𝑛𝑥 + 𝑐 

Ex:∫
𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠2𝑥−𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥
𝑑𝑥 = ∫

(𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥)(𝑐𝑜𝑠𝑥−𝑠𝑖𝑛𝑥)

𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥
𝑑𝑥 

=∫(𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥)𝑑𝑥 = ∫ 𝑐𝑜𝑠𝑥𝑑𝑥 − ∫ 𝑠𝑖𝑛𝑥𝑑𝑥 = 𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥 + 𝑐 

Ex:∫(𝑡𝑎𝑛𝑥 + 𝑐𝑜𝑡𝑥)2𝑑𝑥 = ∫(𝑡𝑎𝑛2𝑥 + 𝑐𝑜𝑡2𝑥 + 2𝑡𝑎𝑛𝑥 𝑐𝑜𝑡𝑥) 𝑑𝑥 

=∫(𝑠𝑒𝑐2𝑥 − 1 + 𝑐𝑜𝑠𝑒𝑐2𝑥 − 1 + 2) 𝑑𝑥=∫ 𝑠𝑒𝑐2𝑥𝑑𝑥 + ∫ 𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 

=𝑡𝑎𝑛𝑥 − 𝑐𝑜𝑡𝑥 + 𝑐 

Ex:∫
𝑥2

1+𝑥2
𝑑𝑥 = ∫

𝑥2+1−1

1+𝑥2
𝑑𝑥 =∫

𝑥2+1

1+𝑥2
𝑑𝑥 − ∫

1

1+𝑥2
𝑑𝑥 = ∫1𝑑𝑥 −∫

1

1+𝑥2
𝑑𝑥 

= 𝑥 − 𝑡𝑎𝑛−1𝑥+c 

Ex:∫
𝑥4

1+𝑥2
𝑑𝑥 = ∫

𝑥4−1+1

1+𝑥2
𝑑𝑥 
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 = ∫
𝑥4−1

1+𝑥2
𝑑𝑥 + ∫

1

1+𝑥2
𝑑𝑥 = ∫

(𝑥2+1)(𝑥2−1)

1+𝑥2
𝑑𝑥 +∫

1

1+𝑥2
𝑑𝑥 

=∫(𝑥2 − 1) 𝑑𝑥 + ∫
1

1+𝑥2
𝑑𝑥 = ∫ 𝑥2𝑑𝑥 − ∫1𝑑𝑥 + ∫

1

1+𝑥2
𝑑𝑥 =

𝑥3

3
− 𝑥 + 𝑡𝑎𝑛−1𝑥+c 

Ex:∫
𝑥6

1+𝑥2
𝑑𝑥 = ∫

𝑥6+1−1

1+𝑥2
𝑑𝑥 = ∫(

(𝑥2)3+13

1+𝑥2
−

1

1+𝑥2
)𝑑𝑥 

=∫
(𝑥2+1)(𝑥4−𝑥2+1)

1+𝑥2
𝑑𝑥 − ∫

1

1+𝑥2
𝑑𝑥 = ∫(𝑥4 − 𝑥2 + 1)𝑑𝑥 − ∫

1

1+𝑥2
𝑑𝑥 

=∫ 𝑥4𝑑𝑥 − ∫ 𝑥2𝑑𝑥 + ∫𝑑𝑥 − ∫
1

1+𝑥2
𝑑𝑥 = 

𝑥5

5
−

𝑥3

3
+ 𝑥 − 𝑡𝑎𝑛−1𝑥 + 𝑐 

IMP: 

Ex:∫
1

1+𝑠𝑖𝑛𝑥
𝑑𝑥 =∫

1−𝑠𝑖𝑛𝑥

(1+𝑠𝑖𝑛𝑥)(1−𝑠𝑖𝑛𝑥)
𝑑𝑥=∫

1−𝑠𝑖𝑛𝑥

(1−𝑠𝑖𝑛2𝑥)
𝑑𝑥 

=∫
1−𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥 = ∫

1

𝑐𝑜𝑠2𝑥
𝑑 −∫

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥 

 = ∫ 𝑠𝑒𝑐2𝑥𝑑𝑥 − ∫ 𝑡𝑎𝑛𝑥 𝑠𝑒𝑐𝑥𝑑𝑥 = 𝑡𝑎𝑛𝑥 − 𝑠𝑒𝑐𝑥 + 𝑐 

Ex:∫
𝑠𝑖𝑛𝑥

1+𝑠𝑖𝑛𝑥
𝑑𝑥 =∫

𝑠𝑖𝑛𝑥(1−𝑠𝑖𝑛𝑥)

(1+𝑠𝑖𝑛𝑥)(1−𝑠𝑖𝑛𝑥)
𝑑𝑥=∫

𝑠𝑖𝑛𝑥−𝑠𝑖𝑛2𝑥

(1−𝑠𝑖𝑛2𝑥)
𝑑𝑥 

=∫
𝑠𝑖𝑛𝑥−𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥 = ∫

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑 −∫

𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥=∫ 𝑡𝑎𝑛𝑥 𝑠𝑒𝑐𝑥 𝑑𝑥 − ∫ 𝑡𝑎𝑛2𝑥𝑑𝑥 

 = ∫ 𝑡𝑎𝑛𝑥 𝑠𝑒𝑐𝑥 𝑑𝑥 − ∫(𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥=𝑠𝑒𝑐𝑥 − 𝑡𝑎𝑛𝑥 + 𝑥 + 𝑐 
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Assignment: 

Ex:∫
𝑐𝑜𝑠𝑥

1−𝑐𝑜𝑠𝑥
𝑑𝑥 

Ex:∫
𝑐𝑜𝑠𝑥

1+𝑐𝑜𝑠𝑥
𝑑𝑥 

Ex:∫
𝑠𝑖𝑛𝑥

1−𝑠𝑖𝑛𝑥
𝑑𝑥 

Ex:∫ (√𝑥 +
1

√𝑥
)
2
𝑑𝑥 

Ex:∫
𝑥5+5𝑥2−2𝑥+7

𝑥3
𝑑𝑥 

Ex:∫(𝑒𝑥𝑙𝑜𝑔𝑎 + 𝑒𝑎𝑙𝑜𝑔𝑥 + 𝑒𝑎𝑙𝑜𝑔𝑎) 𝑑𝑥 

Ex:∫
3−2𝑐𝑜𝑠𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥 

Ex:∫√1 − 𝑠𝑖𝑛2𝑥𝑑𝑥 

Ex:∫√1 + 𝑠𝑖𝑛2𝑥𝑑𝑥 

Ex:∫√1 − 𝑐𝑜𝑠2𝑥𝑑𝑥 

Ex:∫√1 + 𝑐𝑜𝑠2𝑥𝑑𝑥 

Ex:∫
𝑐𝑜𝑠𝑒𝑐𝑥

𝑐𝑜𝑠𝑒𝑐𝑥−𝑐𝑜𝑡𝑥
𝑑𝑥 

Ex:∫ 3𝑥−2𝑑𝑥                  

  Ex:∫
1

1−𝑠𝑖𝑛𝑥
𝑑𝑥           

  Ex:∫
1

1+𝑐𝑜𝑠𝑥
𝑑𝑥          

   Ex:∫
1

1−𝑐𝑜𝑠𝑥
𝑑𝑥 
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Integration by substitution will be used to solve the integration easily by using suitable 

substitution. 

If the integrand in the form of ∫ 𝒇(𝒙)𝒇′(𝒙)𝒅𝒙 

How to solve:                ∫ 𝑓(𝑥)𝑓′(𝑥)𝑑𝑥 

Let f(x) = t ,   take derivative in both sides 

⇒
𝑑

𝑑𝑥
𝑓(𝑥) =

𝑑𝑡

𝑑𝑥
⇒ 𝑓′(𝑥) =

𝑑𝑡

𝑑𝑥
⇒ 𝑓′(𝑥)𝑑𝑥 = 𝑑𝑡 

So ∫ 𝑓(𝑥)𝑓′(𝑥)𝑑𝑥 = ∫ 𝑡𝑑𝑡 =
𝑡2

2
+𝑐 =

(𝑓(𝑥))2

2
+ 𝑐 

Ex: Evaluate ∫ 𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥 

Ans: ∫ 𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥                                                                                                          

𝑙𝑒𝑡 𝑠𝑖𝑛𝑥 = 𝑡 

⇒
𝑑

𝑑𝑥
𝑠𝑖𝑛𝑥 =

𝑑𝑡

𝑑𝑥
⇒ 𝑐𝑜𝑠𝑥 𝑑𝑥 = 𝑑𝑡  

So ∫ 𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥 = ∫ 𝑡 𝑑𝑡 =
𝑡2

2
+ 𝑐 =

𝑠𝑖𝑛2𝑥

2
+ 𝑐 

 ∫(𝒇(𝒙))
𝒏
𝒇′(𝒙)𝒅𝒙 

How to solve: 

Let f(x) = t, take derivative in both sides 

⇒
𝑑

𝑑𝑥
𝑓(𝑥) =

𝑑𝑡

𝑑𝑥
⇒ 𝑓′(𝑥) =

𝑑𝑡

𝑑𝑥
⇒ 𝑓′(𝑥)𝑑𝑥 = 𝑑𝑡 

 = ∫ 𝑡𝑛𝑑𝑡 =
𝑡𝑛+1

𝑛+1
+ 𝑐 =

(𝑓(𝑥))
𝑛+1

𝑛+1
+ 𝑐 

 

Ex:𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ 𝑠𝑖𝑛5𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥 

Ans: ∫ 𝑠𝑖𝑛5𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥 

𝑙𝑒𝑡 𝑠𝑖𝑛𝑥 = 𝑡 

   INTEGRATION BY SUBSTITUTIONS 
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⇒
𝑑

𝑑𝑥
𝑠𝑖𝑛𝑥 =

𝑑𝑡

𝑑𝑥
⇒ 𝑐𝑜𝑠𝑥 𝑑𝑥 = 𝑑𝑡  

So ∫ 𝑠𝑖𝑛5𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥 = ∫ 𝑡5𝑑𝑡 =
𝑡6

6
+ 𝑐 =

𝑠𝑖𝑛6𝑥

6
+ 𝑐 

Ex: ∫ 𝑡𝑎𝑛3𝑥 𝑠𝑒𝑐2𝑥 𝑑𝑥 

Ans: ∫ 𝑡𝑎𝑛3𝑥 𝑠𝑒𝑐2𝑥 𝑑𝑥 

𝑙𝑒𝑡 𝑡𝑎𝑛𝑥 = 𝑡 

⇒
𝑑

𝑑𝑥
𝑡𝑎𝑛𝑥 =

𝑑𝑡

𝑑𝑥
⇒ 𝑠𝑒𝑐2𝑥 𝑑𝑥 = 𝑑𝑡  

So ∫ 𝑡𝑎𝑛3𝑥 𝑠𝑒𝑐2𝑥 𝑑𝑥 = ∫ 𝑡3𝑑𝑡 =
𝑡4

4
+ 𝑐 =

𝑡𝑎𝑛4𝑥

4
+ 𝑐 

 ∫ 𝒇(𝒈(𝒙))𝒈′(𝒙)𝒅𝒙 

How to solve: 

Let g(x) = t, take derivative in both sides 

⇒
𝑑

𝑑𝑥
𝑔(𝑥) =

𝑑𝑡

𝑑𝑥
⇒ 𝑔′(𝑥) =

𝑑𝑡

𝑑𝑥
⇒ 𝑔′(𝑥)𝑑𝑥 = 𝑑𝑡 

𝑠𝑜 ∫𝑓(𝑔(𝑥))𝑔′(𝑥)𝑑𝑥

= ∫𝑓(𝑡)𝑑𝑡 = 𝐹(𝑡) + 𝑐 = 𝐹(𝑔(𝑥)) + 𝑐      [∵  ∫𝑓(𝑥)𝑑𝑥 = 𝐹(𝑥) + 𝑐 

Ex: 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ cos(𝑠𝑖𝑛𝑥) 𝑐𝑜𝑠𝑥𝑑𝑥 

Ans: ∫ cos(𝑠𝑖𝑛𝑥) 𝑐𝑜𝑠𝑥𝑑𝑥 

𝑙𝑒𝑡 𝑠𝑖𝑛𝑥 = 𝑡 ⇒
𝑑

𝑑𝑥
(𝑠𝑖𝑛𝑥) =

𝑑𝑡

𝑑𝑥
⇒ 𝑐𝑜𝑠𝑥 𝑑𝑥 = 𝑑𝑡 

= ∫ 𝑐𝑜𝑠𝑡 𝑑𝑡 = 𝑠𝑖𝑛𝑡 + 𝑐 = sin(𝑠𝑖𝑛𝑥) + 𝑐 

Ex:∫ 𝑒𝑡𝑎𝑛𝑥𝑠𝑒𝑐2𝑥 𝑑𝑥 

Ans: ∫ 𝑒𝑡𝑎𝑛𝑥𝑠𝑒𝑐2𝑥 𝑑𝑥 

Let 𝑡𝑎𝑛𝑥 = 𝑡 ⇒ 𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑑𝑡 

so∫ 𝑒𝑡𝑎𝑛𝑥𝑠𝑒𝑐2𝑥 𝑑𝑥 = ∫ 𝑒𝑡𝑑𝑡 = 𝑒𝑡 + 𝑐 = 𝑒𝑡𝑎𝑛𝑥 + 𝑐 
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Ex: ∫ 𝑥2𝑒𝑥3
𝑑𝑥 

Ans: ∫ 𝑥2𝑒𝑥3
𝑑𝑥 

Let 𝑥3 = 𝑡 ⇒ 3𝑥2𝑑𝑥 = 𝑑𝑡 ⇒ 𝑥2𝑑𝑥 = 𝑑𝑡/3 

so∫ 𝑥2𝑒𝑥3
𝑑𝑥 = ∫

𝑒𝑡𝑑𝑡

3
=

1

3
𝑒𝑡 + 𝑐 =

1

3
𝑒𝑥3

+ 𝑐 

Ex:∫ 𝑎𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 𝑑𝑥 

Ans: ∫ 𝑎𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 𝑑𝑥 

Let 𝑠𝑖𝑛𝑥 = 𝑡 ⇒ 𝑐𝑜𝑠𝑥𝑑𝑥 = 𝑑𝑡 

=∫ 𝑎𝑡𝑑𝑡 =
𝑎𝑡

𝑙𝑛𝑎
+ 𝑐 

Ex:∫
𝑏𝑙𝑛𝑥

𝑥
𝑑𝑥 

Let 𝑙𝑛𝑥 = 𝑡 ⇒
1

𝑥
𝑑𝑥 = 𝑑𝑡 

=∫ 𝑏𝑡𝑑𝑡 =
𝑏𝑡

𝑙𝑛𝑏
+ 𝑐 

2. ∫
𝑓′(𝑥)

(𝑓(𝑥))
𝑛 𝑑𝑥  

How to solve: 

Let f(x) = t, take derivative in both sides 

⇒
𝑑

𝑑𝑥
𝑓(𝑥) =

𝑑𝑡

𝑑𝑥
⇒ 𝑓′(𝑥) =

𝑑𝑡

𝑑𝑥
⇒ 𝑓′(𝑥)𝑑𝑥 = 𝑑𝑡 

So ∫
𝑓′(𝑥)

(𝑓(𝑥))
𝑛 𝑑𝑥 = ∫

𝑑𝑡

𝑡𝑛
= ∫ 𝑡−𝑛𝑑𝑡 =

𝑡−𝑛+1

−𝑛+1
+ 𝑐 =

(𝑓(𝑥))1−𝑛

1−𝑛
+ 𝑐 

Ex: Evaluate ∫
𝑠𝑒𝑐2𝑥

𝑡𝑎𝑛𝑥
𝑑𝑥 

Ans: ∫
𝑠𝑒𝑐2𝑥

𝑡𝑎𝑛𝑥
𝑑𝑥 

 Let  𝑡𝑎𝑛𝑥 = 𝑡 ⇒
𝑑

𝑑𝑥
𝑡𝑎𝑛𝑥 =

𝑑𝑡

𝑑𝑥
⇒ 𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑑𝑡 

= ∫
𝑑𝑡

𝑡
= 𝑙𝑛|𝑡| + 𝑐 = 𝑙𝑛|𝑡𝑎𝑛𝑥| + 𝑐 



                                                                         KIIT POLYTECHNIC  

    Engg. Math-I                                                         22                                                                                   Dr. Pravakar Jena 
 

Ex: Evaluate ∫
𝑠𝑒𝑐2𝑥

𝑡𝑎𝑛3𝑥
𝑑𝑥 

Ans: ∫
𝑠𝑒𝑐2𝑥

𝑡𝑎𝑛3𝑥
𝑑𝑥 

Let 𝑡𝑎𝑛𝑥 = 𝑡 ⇒
𝑑

𝑑𝑥
𝑡𝑎𝑛𝑥 =

𝑑𝑡

𝑑𝑥
⇒ 𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑑𝑡 

= ∫
𝑑𝑡

𝑡3
= ∫ 𝑡−3𝑑𝑡 =

𝑡−2

−2
+ 𝑐 = −

1

2
(𝑡𝑎𝑛𝑥)−2 + 𝑐  

Ex:∫
𝑐𝑜𝑠𝑥

3+4𝑠𝑖𝑛𝑥
𝑑𝑥 

Let 3 + 4𝑠𝑖𝑛𝑥 = 𝑡 ⇒ 4𝑐𝑜𝑠𝑥𝑑𝑥 = 𝑑𝑡 ⇒ 𝑐𝑜𝑠𝑥𝑑𝑥 =
𝑑𝑡

4
 

=∫
𝑑𝑡/4

𝑡
=

1

4
∫

𝑑𝑡

𝑡
=

1

4
𝑙𝑛|𝑡| + 𝑐 =

1

4
𝑙𝑛|3 + 4𝑠𝑖𝑛𝑥| + 𝑐 

Ex:∫
𝑥

𝑎2+𝑥2
𝑑𝑥 

Let 𝑎2 + 𝑥2 = 𝑡 ⇒ 2𝑥𝑑𝑥 = 𝑑𝑡 ⇒ 𝑥𝑑𝑥 = 𝑑𝑡/2 

=∫
𝑑𝑡/2

𝑡
=

1

2
∫

𝑑𝑡

𝑡
=

1

2
𝑙𝑛|𝑡| + 𝑐 

Ex:∫
𝑥

√𝑎2+𝑥2
𝑑𝑥 

Let 𝑎2 + 𝑥2 = 𝑡2 ⇒ 2𝑥𝑑𝑥 = 2𝑡𝑑𝑡 ⇒ 𝑥𝑑𝑥 = 𝑡𝑑𝑡 

=∫
𝑡𝑑𝑡

𝑡
= ∫𝑑𝑡 = 𝑡 + 𝑐 = √𝑎2 + 𝑥2 + 𝑐 

Ex:∫
𝑠𝑒𝑐2√𝑥

√𝑥
𝑑𝑥 

Let √𝑥=t  ⇒
1

2√𝑥
dx=dt  ⇒

1

√𝑥
𝑑𝑥 = 2𝑑𝑡 

=∫ 𝑠𝑒𝑐2𝑡 2𝑑𝑡 = 2∫ 𝑠𝑒𝑐2𝑡 𝑑𝑡 = 2𝑡𝑎𝑛𝑡 + 𝑐 = 2𝑡𝑎𝑛√𝑥 + 𝑐 

Ex:∫
(𝑠𝑖𝑛−1𝑥)

2

√1−𝑥2
𝑑𝑥 

let 𝑠𝑖𝑛−1𝑥 = 𝑡 ⇒
1

√1−𝑥2
𝑑𝑥 = 𝑑𝑡 

=∫
(𝑠𝑖𝑛−1𝑥)

2

√1−𝑥2
𝑑𝑥 = ∫ 𝑡2𝑑𝑡 =

𝑡3

3
+ 𝑐 
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Some formulas related to substitutions 

F-1.∫ 𝑓(𝑎𝑥 + 𝑏)𝑑𝑥 =
1

𝑎
𝐹(𝑎𝑥 + 𝑏) + 𝑐 

Proof: Let 𝑎𝑥 + 𝑏 = 𝑡 

 ⇒ 𝑎𝑑𝑥 = 𝑑𝑡 ⇒ 𝑑𝑥 =
𝑑𝑡

𝑎
 

 𝑠𝑜 ∫ 𝑓(𝑎𝑥 + 𝑏)𝑑𝑥 = ∫𝑓(𝑡)
𝑑𝑡

𝑎
=

1

𝑎
𝐹(𝑡) + 𝑐 =

1

𝑎
𝐹(𝑎𝑥 + 𝑏) + 𝑐 

F-2. ∫ 𝑠𝑖𝑛(𝑎𝑥 + 𝑏)𝑑𝑥 = −
1

𝑎
𝑐𝑜𝑠(𝑎𝑥 + 𝑏) + 𝑐 

Ex: ∫ 𝑠𝑖𝑛(2𝑥 + 4)𝑑𝑥 = −
1

2
𝑐𝑜𝑠(2𝑥 + 4) + 𝑐 {𝑜𝑟 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 2𝑥 + 4 =𝑡 

Ex:∫ 𝑠𝑖𝑛(2𝑥)𝑑𝑥 = −
1

2
𝑐𝑜𝑠(2𝑥) + 𝑐 

 Ex:∫ sin(2 − 7𝑥) 𝑑𝑥 =
−𝑐𝑜𝑠(2−7𝑥)

−7
+ 𝑐 

Ex:∫ 𝑠𝑖𝑛 (
𝑥

3
) 𝑑𝑥 = −

𝑐𝑜𝑠
𝑥

3
1

3

+ 𝑐 = −3𝑐𝑜𝑠 (
𝑥

3
) + 𝑐 

F-3. ∫ 𝑐𝑜𝑠(𝑎𝑥 + 𝑏)𝑑𝑥 =
1

𝑎
𝑠𝑖𝑛(𝑎𝑥 + 𝑏) + 𝑐 

Ex:∫ 𝑐𝑜𝑠4𝑥 𝑑𝑥 =
𝑠𝑖𝑛4𝑥

4
+ 𝑐 

Ex:∫ cos(2 − 𝑥) 𝑑𝑥 =
sin (2−𝑥)

−1
+ 𝑐 

F-4. ∫ 𝑠𝑒𝑐2(𝑎𝑥 + 𝑏)𝑑𝑥 =
1

𝑎
𝑡𝑎𝑛(𝑎𝑥 + 𝑏) + 𝑐 

Ex: ∫ 𝑠𝑒𝑐24𝑥 𝑑𝑥 =
𝑡𝑎𝑛4𝑥

4
+ 𝑐 

Ex:∫ 𝑠𝑒𝑐2(2 + 𝑥)𝑑𝑥 = tan(2 + 𝑥) + 𝑐 

F-5. ∫ 𝑐𝑜𝑠𝑒𝑐2(𝑎𝑥 + 𝑏)𝑑𝑥 = −
1

𝑎
𝑐𝑜𝑡(𝑎𝑥 + 𝑏) + 𝑐 

Ex: ∫ 𝑐𝑜𝑠𝑒𝑐23𝑥 𝑑𝑥 = −
𝑐𝑜𝑡3𝑥

3
+ 𝑐 

Ex: ∫ 𝑐𝑜𝑠𝑒𝑐27𝑥 𝑑𝑥 = − cot7x/7+c 

F-6. ∫ 𝑠𝑒𝑐(𝑎𝑥 + 𝑏)𝑡𝑎𝑛(𝑎𝑥 + 𝑏)𝑑𝑥 =
1

𝑎
𝑠𝑒𝑐(𝑎𝑥 + 𝑏) + 𝑐 
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Ex: ∫ sec(2𝑥 + 1) tan(2𝑥 + 1) 𝑑𝑥 =
sec (2𝑥+1)

2
+ 𝑐 

Ex: ∫ sec(𝑥 + 1) tan(𝑥 + 1) 𝑑𝑥 = sec(𝑥 + 1) + 𝑐 

F-7. ∫ 𝑐𝑜𝑠𝑒𝑐(𝑎𝑥 + 𝑏)𝑐𝑜𝑡(𝑎𝑥 + 𝑏)𝑑𝑥 = −
1

𝑎
𝑐𝑜𝑠𝑒𝑐(𝑎𝑥 + 𝑏) + 𝑐 

Ex: ∫ cosec(2𝑥 + 1) cot(2𝑥 + 1) 𝑑𝑥 = −
𝑐𝑜𝑠𝑒𝑐(2𝑥+1)

2
+ 𝑐 

Ex: ∫ cosec(𝑥 + 1) cot(𝑥 + 1) 𝑑𝑥 = −𝑐𝑜𝑠𝑒𝑐(𝑥 + 1) + 𝑐 

F-8. ∫ 𝑒𝑎𝑥+𝑏𝑑𝑥 =
1

𝑎
𝑒𝑎𝑥+𝑏 + 𝑐 

Ex:∫ 𝑒2𝑥+3𝑑𝑥 =
𝑒2𝑥+3

2
+ 𝑐 

Ex:∫ 𝑒−𝑥𝑑𝑥 =
𝑒−𝑥

−1
+ 𝑐 = −𝑒−𝑥 + 𝑐 

Ex:∫ 𝑒−2𝑥𝑑𝑥 =
𝑒−2𝑥

−2
+𝑐 

F-9. ∫ 𝑎𝑏𝑥+𝑑𝑑𝑥 =
1

𝑏

𝑎𝑏𝑥+𝑑

𝑙𝑛𝑎
+ 𝑐 

F-10. ∫
1

𝑎𝑥+𝑏
𝑑𝑥 =

1

𝑎
𝑙𝑛|𝑎𝑥 + 𝑏| + 𝑐 

Ex:∫
1

3𝑥−2
𝑑𝑥 =

𝑙𝑛|3𝑥−2|

3
+ 𝑐 

Ex:∫
1

2−7𝑥
𝑑𝑥 =

𝑙𝑛|2−7𝑥|

−7
+ 𝑐 (IMP) 

Ex: ∫
1

2−𝑥
𝑑𝑥 =

𝑙𝑛|2−𝑥|

−1
+ 𝑐 

F-11. ∫(𝑎𝑥 + 𝑏)𝑛𝑑𝑥 =
1

𝑎

(𝑎𝑥+𝑏)𝑛+1

𝑛+1
+ 𝑐, 𝑛 ≠ −1 

Ex:∫(2𝑥 + 1)11𝑑𝑥 =
1

2

(2𝑥+1)12

12
+ 𝑐 

F-12. ∫
1

1+(𝑎𝑥+𝑏)2
𝑑𝑥 =

1

𝑎
𝑡𝑎𝑛−1(𝑎𝑥 + 𝑏) + 𝑐 

Ex:∫
1

1+(2𝑥+1)2
𝑑𝑥 =

1

2
𝑡𝑎𝑛−1(2𝑥 + 1) + 𝑐 

F-13. ∫
1

√1−(𝑎𝑥+𝑏)2
𝑑𝑥 =

1

𝑎
𝑠𝑖𝑛−1(𝑎𝑥 + 𝑏) + 𝑐 



                                                                         KIIT POLYTECHNIC  

    Engg. Math-I                                                         25                                                                                   Dr. Pravakar Jena 
 

Ex:∫
1

√1−(2𝑥+1)2
=

1

2
𝑠𝑖𝑛−1(2𝑥 + 1) + 𝑐 

F-14. ∫
1

(𝑎𝑥+𝑏)√(𝑎𝑥+𝑏)2−1
𝑑𝑥 =

1

𝑎
𝑠𝑒𝑐−1(𝑎𝑥 + 𝑏) + 𝑐 

F-15.∫ 𝑡𝑎𝑛𝑥 𝑑𝑥 = 𝑙𝑛|𝑠𝑒𝑐𝑥| + 𝑐 

F-16. ∫ 𝑐𝑜𝑡𝑥 𝑑𝑥 = 𝑙𝑛|𝑠𝑖𝑛𝑥| + 𝑐 

F-17. ∫ 𝑠𝑒𝑐𝑥 𝑑𝑥 = 𝑙𝑛|𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥| + 𝑐 

F-18. ∫ 𝑐𝑜𝑠𝑒𝑐𝑥 𝑑𝑥 = 𝑙𝑛|𝑐𝑜𝑠𝑒𝑐𝑥 − 𝑐𝑜𝑡𝑥| + 𝑐 

Ex: Evaluate ∫ 𝑡𝑎𝑛7𝑥 𝑑𝑥 

Ans: ∫ 𝑡𝑎𝑛7𝑥 𝑑𝑥 

 𝑙𝑒𝑡 7𝑥 = 𝑡 ⇒ 7 𝑑𝑥 = 𝑑𝑡 ⇒ 𝑑𝑥 =
𝑑𝑡

7
 

=∫ 𝑡𝑎𝑛𝑡 
𝑑𝑡

7
=

1

7
∫ 𝑡𝑎𝑛𝑡 𝑑𝑡 =

1

7
𝑙𝑛|𝑠𝑒𝑐𝑡| + 𝑐 =

1

7
𝑙𝑛|𝑠𝑒𝑐7𝑥| + 𝑐 

Ex: Evaluate ∫ 𝑐𝑜𝑡7𝑥 𝑑𝑥 

Ans: ∫ 𝑐𝑜𝑡7𝑥 𝑑𝑥 

 𝑙𝑒𝑡 7𝑥 = 𝑡 ⇒ 7 𝑑𝑥 = 𝑑𝑡 ⇒ 𝑑𝑥 =
𝑑𝑡

7
 

=∫ 𝑐𝑜𝑡𝑡 
𝑑𝑡

7
=

1

7
∫ 𝑐𝑜𝑡𝑡 𝑑𝑡 =

1

7
𝑙𝑛|𝑠𝑖𝑛𝑡| + 𝑐 =

1

7
𝑙𝑛|𝑠𝑖𝑛7𝑥| + 𝑐 

Ex: Evaluate ∫ sec (2𝑥 + 1) 𝑑𝑥 

Ans: ∫ sec (2𝑥 + 1) 𝑑𝑥 

 𝑙𝑒𝑡 2𝑥 + 1 = 𝑡 ⇒ 2 𝑑𝑥 = 𝑑𝑡 ⇒ 𝑑𝑥 =
𝑑𝑡

2
 

=∫ 𝑠𝑒𝑐𝑡 
𝑑𝑡

2
=

1

2
∫ 𝑠𝑒𝑐𝑡 𝑑𝑡 =

1

2
𝑙𝑛|𝑠𝑒𝑐𝑡 + 𝑡𝑎𝑛𝑡| + 𝑐 

 =
1

2
𝑙𝑛|sec(2𝑥 + 1) + tan (2𝑥 + 1)| + 𝑐 

Ex: Evaluate ∫ cosec (2𝑥 − 3) 𝑑𝑥 

Ans: ∫ cosec (2𝑥 − 3) 𝑑𝑥 

 𝑙𝑒𝑡 2𝑥 − 3 = 𝑡 ⇒ 2 𝑑𝑥 = 𝑑𝑡 ⇒ 𝑑𝑥 =
𝑑𝑡

2
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=∫ 𝑐𝑜𝑠𝑒𝑐𝑡 
𝑑𝑡

2
=

1

2
∫ 𝑐𝑜𝑠𝑒𝑐𝑡 𝑑𝑡 =

1

2
𝑙𝑛|𝑐𝑜𝑠𝑒𝑐𝑡 − 𝑐𝑜𝑡𝑡| + 𝑐 

=
1

2
𝑙𝑛|cosec(2𝑥 − 3) − cot (2𝑥 − 3)| + 𝑐 

 

IMP: 

Ex:∫
𝑠𝑖𝑛𝑥

sin (𝑥−𝛼)
𝑑𝑥 

Ans: ∫
𝑠𝑖𝑛𝑥

sin (𝑥−𝛼)
𝑑𝑥 

 𝑙𝑒𝑡  𝑥 − 𝛼 = 𝑡 ⇒ 𝑑𝑥 = 𝑑𝑡          (𝑥 = 𝑡 + 𝛼) 

=∫
sin (𝑡+𝛼)

sin 𝑡
𝑑𝑡 =∫

sint cosα+cost sinα

sin𝑡
𝑑𝑡 = ∫(

sint cosα

sin𝑡
+

cost sinα

𝑠𝑖𝑛𝑡
) 𝑑𝑡 

=∫ 𝑐𝑜𝑠𝛼 𝑑𝑡 + ∫ 𝑠𝑖𝑛𝛼 𝑐𝑜𝑡𝑡 𝑑𝑡 = 𝑐𝑜𝑠𝛼  𝑡 + 𝑠𝑖𝑛𝛼  𝑙𝑛|𝑠𝑖𝑛𝑡| + 𝑐 

=𝑐𝑜𝑠𝛼 (𝑥 − 𝛼) + 𝑠𝑖𝑛𝛼  𝑙𝑛|sin (𝑥 − 𝛼)| + 𝑐 

Assignment: 

Ex:∫
𝑠𝑖𝑛𝑥

sin (𝑥+𝛼)
𝑑𝑥 

Ex:∫
𝑐𝑜𝑠𝑥

sin (𝑥+𝛼)
𝑑𝑥 

Ex:∫
𝑐𝑜𝑠𝑥

cos (𝑥+𝛼)
𝑑𝑥 

Ex:∫
𝑠𝑖𝑛𝑥

cos (𝑥−𝛼)
𝑑𝑥 

Ex:∫ tan(𝑥 + 1) 𝑑𝑥 

Ex:∫ cot(2𝑥 − 11) 𝑑𝑥 

Ex:∫ sec(3𝑥)𝑑𝑥 

Ex:∫ cosec 7x𝑑𝑥 

Ex:∫ sec2(2𝑥 + 1)𝑑𝑥 

Ex:∫ sin(2𝑥 − 11) 𝑑𝑥 
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Ex:∫ sec(3𝑥)𝑡𝑎𝑛3𝑥 𝑑𝑥 

Ex:∫e2x−7𝑑𝑥 

Ex:∫
1

2−3𝑥
𝑑𝑥 

IMP: 

 𝐸𝑋: ∫
𝑒𝑥+𝑒−𝑥

𝑒𝑥−𝑒−𝑥
𝑑𝑥 

Ex:∫
𝑡𝑎𝑛𝑥+𝑡𝑎𝑛𝛼

𝑡𝑎𝑛𝑥−𝑡𝑎𝑛𝛼
𝑑𝑥 

Ex: ∫ 𝑐𝑜𝑡𝑥√ln 𝑠𝑖𝑛𝑥 𝑑𝑥 

Ex:∫
1

√𝑥(1+√𝑥)
𝑑𝑥 

Ex:∫
𝑒𝑡𝑎𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥 

Ex:∫
1

𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥
𝑑𝑥 

Ex:∫
1

1−𝑒−𝑥
𝑑𝑥  , ∫

1

1+𝑒−𝑥
𝑑𝑥 , ∫

1

1+𝑒𝑥
𝑑𝑥 

Ex:∫
𝑠𝑖𝑛2𝑥

𝑎𝑐𝑜𝑠2𝑥+𝑏𝑠𝑖𝑛2𝑥
𝑑𝑥                                                  Ex:∫

𝑐𝑜𝑠𝑒𝑐2𝑥

3−𝑐𝑜𝑡𝑥
𝑑𝑥 

Ex:∫
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠9𝑥
𝑑𝑥                                                   Ex:∫

𝑐𝑜𝑠𝑥

√1−𝑠𝑖𝑛𝑥
𝑑𝑥 

Ex:∫
𝑥

√𝑥2−𝑎2
𝑑𝑥                                                Ex:∫ 𝑠𝑖𝑛𝑥𝑒𝑐𝑜𝑠𝑥𝑑𝑥 

Ex:∫𝑥√𝑎2 + 𝑥2𝑑𝑥               Ex:∫ 𝑐𝑜𝑠𝑥 𝑐𝑜𝑠(𝑠𝑖𝑛𝑥)𝑑𝑥    𝑙𝑒𝑡 𝑠𝑖𝑛𝑥 = 𝑡 
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𝑠𝑖𝑛2𝑥 = 1 − 𝑐𝑜𝑠2𝑥 , 𝑐𝑜𝑠2𝑥 = 1 − 𝑠𝑖𝑛2𝑥 , 𝑠𝑒𝑐2𝑥 = 1 + 𝑡𝑎𝑛2𝑥 ,  

                     𝑐𝑜𝑠𝑒𝑐2𝑥 = 1 + 𝑐𝑜𝑡2𝑥 , 𝑐𝑜𝑠2𝑥 =
1+𝑐𝑜𝑠2𝑥

2
, 𝑠𝑖𝑛2𝑥 =

1−𝑐𝑜𝑠2𝑥

2
 

 

 

 

 

 

 

Ex:∫ 𝒔𝒊𝒏 𝟑𝒙 𝒄𝒐𝒔𝟐𝒙𝒅𝒙 

Ans: ∫ 𝑠𝑖𝑛 3𝑥 𝑐𝑜𝑠2𝑥𝑑𝑥 =
1

2
∫ 2 𝑠𝑖𝑛 3𝑥 𝑐𝑜𝑠2𝑥𝑑𝑥 

 =
1

2
∫(sin (3𝑥 + 2𝑥) +  sin (3𝑥 − 2𝑥))𝑑𝑥 

 =
1

2
∫ 𝑠𝑖𝑛5𝑥𝑑𝑥 + 

1

2
∫𝑠𝑖𝑛𝑥 𝑑𝑥 

 =
1

2
(
−𝑐𝑜𝑠5𝑥

5
) +

1

2
(−𝑐𝑜𝑠𝑥) + 𝑐 

 = −
𝑐𝑜𝑠5𝑥

10
−

𝑐𝑜𝑠𝑥

2
+ 𝑐 

Ex:∫ 𝒄𝒐𝒔𝟓𝒙 𝒄𝒐𝒔𝟐𝒙𝒅𝒙 

Ans: ∫ 𝑐𝑜𝑠 5𝑥 𝑐𝑜𝑠2𝑥𝑑𝑥 =
1

2
∫ 2 𝑐𝑜𝑠5𝑥 𝑐𝑜𝑠2𝑥𝑑𝑥 

 =
1

2
∫(cos (5𝑥 + 2𝑥) +  cos (5𝑥 − 2𝑥))𝑑𝑥 

 =
1

2
∫ 𝑐𝑜𝑠7𝑥𝑑𝑥 + 

1

2
∫ 𝑐𝑜𝑠3𝑥 𝑑𝑥 

 =
1

2
(
𝑠𝑖𝑛7𝑥

7
) +

1

2
(
𝑠𝑖𝑛3𝑥

3
) + 𝑐 

INTEGRATION OF SOME TRIGONOMETRIC  
FUNCTIONS  

 

𝑆𝑖𝑛(𝐴 + 𝐵) + 𝑠𝑖𝑛(𝐴 − 𝐵) = 2𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐵 

𝑆𝑖𝑛(𝐴 + 𝐵) − 𝑆𝑖𝑛(𝐴 − 𝐵) = 2𝑐𝑜𝑠𝐴𝑠𝑖𝑛𝐵 

𝑐𝑜𝑠(𝐴 + 𝐵) + 𝑐𝑜𝑠(𝐴 − 𝐵) = 2𝑐𝑜𝑠𝐴𝑐𝑜𝑠𝐵 

{
𝑐𝑜𝑠(𝐴 + 𝐵) − 𝑐𝑜𝑠(𝐴 − 𝐵) = −2𝑠𝑖𝑛𝐴𝑠𝑖𝑛𝐵
𝑜𝑟 𝑐𝑜𝑠(𝐴 − 𝐵) − 𝑐𝑜𝑠(𝐴 + 𝐵) = 2𝑠𝑖𝑛𝐴𝑠𝑖𝑛𝐵
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 =
𝑠𝑖𝑛7𝑥

14
+

𝑠𝑖𝑛3𝑥

6
+ 𝑐 

Ex:∫ 𝒄𝒐𝒔𝟑𝒙 𝒔𝒊𝒏𝒙 𝒔𝒊𝒏𝟓𝒙 𝒅𝒙 

Ans: ∫ 𝑐𝑜𝑠3𝑥 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛5𝑥𝑑𝑥 

 =
1

2
∫(2𝑠𝑖𝑛5𝑥𝑐𝑜𝑠3𝑥)𝑠𝑖𝑛𝑥 𝑑𝑥 

  =
1

2
∫(𝑠𝑖𝑛8𝑥 + 𝑠𝑖𝑛2𝑥)𝑠𝑖𝑛𝑥𝑑𝑥 

 =
1

2
∫ 𝑠𝑖𝑛8𝑥𝑠𝑖𝑛𝑥 𝑑𝑥 +

1

2
∫ 𝑠𝑖𝑛2𝑥𝑠𝑖𝑛𝑥 𝑑𝑥 

 =
1

4
∫ 2𝑠𝑖𝑛8𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 +

1

4
∫ 2𝑠𝑖𝑛2𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 

=
1

4
∫(cos(8𝑥 − 𝑥) − cos(8𝑥 + 𝑥)) 𝑑𝑥 +

1

4
∫(cos(2𝑥 − 𝑥) − cos(2𝑥 + 𝑥)) 𝑑𝑥 

 =
1

4
∫ cos 7𝑥 𝑑𝑥 −

1

4
∫ cos 9𝑥 𝑑𝑥 +

1

4
∫ cos 𝑥 𝑑𝑥 −

1

4
∫ 𝑐𝑜𝑠3𝑥𝑑𝑥 

=
1

4

𝑠𝑖𝑛7𝑥

7
−

1

4

𝑠𝑖𝑛9𝑥

9
+

1

4
𝑠𝑖𝑛𝑥 −

1

4

𝑠𝑖𝑛3𝑥

3
+ 𝑐 

Here the power of sinx and cosx are odd  

Ex:∫ 𝒔𝒊𝒏𝟑𝒙𝒅𝒙  

Ans: ∫ 𝑠𝑖𝑛3𝑥 𝑑𝑥 = ∫ 𝑠𝑖𝑛2𝑥 𝑠𝑖𝑛𝑥𝑑𝑥 = ∫(1 − 𝑐𝑜𝑠2𝑥)𝑠𝑖𝑛𝑥𝑑𝑥 

Let  𝑐𝑜𝑠𝑥 = 𝑡 ⇒ −𝑠𝑖𝑛𝑥𝑑𝑥 = 𝑑𝑡 

=∫(1 − 𝑡2)(−𝑑𝑡) = ∫(𝑡2 − 1)𝑑𝑡 = ∫ 𝑡2𝑑𝑡 − ∫𝑑𝑡 =
𝑡3

3
− 𝑡 + 𝑐  

= 
𝑐𝑜𝑠3𝑥

3
− 𝑐𝑜𝑠𝑥 + 𝑐 

Ex:∫ 𝒔𝒊𝒏𝟓𝒙𝒅𝒙  

Ans: ∫ 𝑠𝑖𝑛5𝑥 𝑑𝑥 = ∫ 𝑠𝑖𝑛4𝑥 𝑠𝑖𝑛𝑥𝑑𝑥 = ∫(𝑠𝑖𝑛2𝑥)2𝑠𝑖𝑛𝑥𝑑𝑥 =∫(1 − 𝑐𝑜𝑠2𝑥)2𝑠𝑖𝑛𝑥𝑑𝑥 

Let  𝑐𝑜𝑠𝑥 = 𝑡 ⇒ −𝑠𝑖𝑛𝑥𝑑𝑥 = 𝑑𝑡 

=∫(1 − 𝑡2)2(−𝑑𝑡) = ∫(1 + 𝑡4 − 2𝑡2)(−𝑑𝑡) = ∫(2𝑡2 − 𝑡4 − 1)𝑑𝑡 

=∫ 2𝑡2𝑑𝑡 − ∫ 𝑡4𝑑𝑡 − ∫𝑑𝑡 =
2𝑡3

3
−

𝑡5

5
− 𝑡 + 𝑐 
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=
2𝑐𝑜𝑠3𝑥

3
−

𝑐𝑜𝑠5𝑥

5
− 𝑐𝑜𝑠𝑥 + 𝑐 

Ex:∫ 𝒔𝒊𝒏𝟕𝒙𝒅𝒙  

Ans: ∫ 𝑠𝑖𝑛7𝑥 𝑑𝑥 = ∫ 𝑠𝑖𝑛6𝑥 𝑠𝑖𝑛𝑥𝑑𝑥 = ∫(𝑠𝑖𝑛2𝑥)3𝑠𝑖𝑛𝑥𝑑𝑥 =∫(1 − 𝑐𝑜𝑠2𝑥)3𝑠𝑖𝑛𝑥𝑑𝑥 

Let  𝑐𝑜𝑠𝑥 = 𝑡 ⇒ −𝑠𝑖𝑛𝑥𝑑𝑥 = 𝑑𝑡 

=∫(1 − 𝑡2)3(−𝑑𝑡) = ∫(1 − 𝑡6 − 3𝑡2 + 3𝑡4)(−𝑑𝑡) = ∫(𝑡6 − 3𝑡4 + 3𝑡2 − 1)𝑑𝑡 

=∫ 𝑡6𝑑𝑡 − ∫3𝑡4𝑑𝑡 + ∫3𝑡2𝑑𝑡 − ∫𝑑𝑡 =
𝑡6

6
− 3

𝑡5

5
+ 3

𝑡3

3
− 𝑡 + 𝑐 

=
𝑐𝑜𝑠6𝑥

6
− 3

𝑐𝑜𝑠5𝑥

5
+ 3

𝑐𝑜𝑠3𝑥

3
− 𝑐𝑜𝑠𝑥 + 𝑐      USE:(𝑎 − 𝑏)3 = 𝑎3 − 𝑏3 − 3𝑎2𝑏 + 3𝑎𝑏2 

Ex:∫ 𝑠𝑖𝑛5𝑥 𝑐𝑜𝑠3𝑥dx 

Ans: ∫ 𝑠𝑖𝑛5𝑥 𝑐𝑜𝑠3𝑥𝑑𝑥 = ∫ 𝑠𝑖𝑛5𝑥 𝑐𝑜𝑠2𝑥 𝑐𝑜𝑠𝑥𝑑𝑥 

 = ∫ 𝑠𝑖𝑛5𝑥 (1 − 𝑠𝑖𝑛2𝑥) 𝑐𝑜𝑠𝑥𝑑𝑥 

Let 𝑠𝑖𝑛𝑥 = 𝑡 ⇒ 𝑐𝑜𝑠𝑥𝑑𝑥 = 𝑑𝑡 

=∫ 𝑡5 (1 − 𝑡2)𝑑𝑡 = ∫ 𝑡5𝑑𝑡 − ∫ 𝑡7𝑑𝑡 =
𝑡6

6
−

𝑡8

8
+ 𝑐 =

𝑠𝑖𝑛6𝑥

6
−

𝑠𝑖𝑛8𝑥

8
+ 𝑐 

Ex:∫ 𝑠𝑖𝑛3𝑥 𝑐𝑜𝑠8𝑥dx 

Ans: ∫ 𝑠𝑖𝑛3𝑥 𝑐𝑜𝑠8𝑥𝑑𝑥 = ∫ 𝑐𝑜𝑠8𝑥 𝑠𝑖𝑛3𝑥𝑑𝑥 = ∫ 𝑐𝑜𝑠8𝑥 𝑠𝑖𝑛2𝑥 𝑠𝑖𝑛𝑥𝑑𝑥 

 = ∫ 𝑐𝑜𝑠8𝑥 (1 − 𝑐𝑜𝑠2𝑥) 𝑠𝑖𝑛𝑥𝑑𝑥 

Let 𝑐𝑜𝑠𝑥 = 𝑡 ⇒ −𝑠𝑖𝑛𝑥𝑑𝑥 = 𝑑𝑡 

=∫ 𝑡8 (1 − 𝑡2)(−𝑑𝑡) = ∫(𝑡8 − 𝑡10)(−𝑑𝑡) 

 = ∫−𝑡8𝑑𝑡 + ∫ 𝑡10𝑑𝑡 = −
𝑡9

9
+

𝑡11

11
+ 𝑐 = −

𝑐𝑜𝑠9𝑥

9
+

𝑐𝑜𝑠11𝑥

11
+ 𝑐 

Ex:∫
𝑠𝑖𝑛3𝑥

𝑐𝑜𝑠9𝑥
𝑑𝑥 

Ans: ∫
𝑠𝑖𝑛3𝑥

𝑐𝑜𝑠9𝑥
𝑑𝑥 = ∫

𝑠𝑖𝑛2𝑥𝑠𝑖𝑛𝑥 

𝑐𝑜𝑠9𝑥
𝑑𝑥 = ∫

(1−𝑐𝑜𝑠2𝑥)𝑠𝑖𝑛𝑥 

𝑐𝑜𝑠9𝑥
𝑑𝑥 

Let 𝑐𝑜𝑠𝑥 = 𝑡 ⇒ −𝑠𝑖𝑛𝑥𝑑𝑥 = 𝑑𝑡 

=∫
(1−𝑡2)

𝑡9
(−𝑑𝑡) = ∫

(𝑡2−1)

𝑡9
𝑑𝑡=∫

𝑡2

𝑡9
𝑑𝑡 −∫

1

𝑡9
𝑑𝑡 = ∫ 𝑡−7𝑑𝑡 − ∫ 𝑡−9𝑑𝑡 
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= 
𝑡−6

−6
−

𝑡−8

−8
+ 𝑐 = −

(𝑐𝑜𝑠𝑥)−6

6
+

(𝑐𝑜𝑠𝑥)−9

9
+ 𝑐 

Ex:∫ 𝑡𝑎𝑛2𝑥𝑑𝑥 

Ans:∫ 𝑡𝑎𝑛2𝑥𝑑𝑥 = ∫(𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥 = ∫ 𝑠𝑒𝑐2𝑥𝑑𝑥 − ∫1 𝑑𝑥 = 𝑡𝑎𝑛𝑥 − 𝑥 + 𝑐 

Ex:∫ 𝑡𝑎𝑛4𝑥𝑑𝑥 

Ans: ∫ 𝑡𝑎𝑛4𝑥𝑑𝑥 = ∫ 𝑡𝑎𝑛2𝑥 𝑡𝑎𝑛2𝑥𝑑𝑥 = ∫ 𝑡𝑎𝑛2𝑥(𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥 

 = ∫ 𝑡𝑎𝑛2𝑥 𝑠𝑒𝑐2𝑥𝑑𝑥 −∫ 𝑡𝑎𝑛2𝑥𝑑𝑥 

Let 𝑡𝑎𝑛𝑥 = 𝑡 ⇒ 𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑑𝑡 

=∫ 𝑡2𝑑𝑡 −∫(𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥 = ∫ 𝑡2𝑑𝑡 − ∫𝑠𝑒𝑐2𝑥𝑑𝑥 + ∫1 𝑑𝑥 =
𝑡3

3
− 𝑡𝑎𝑛𝑥 + 𝑥 + 𝑐 

= 
𝑡𝑎𝑛3𝑥

3
− 𝑡𝑎𝑛𝑥 + 𝑥 + 𝑐 

Ex:∫ 𝑡𝑎𝑛6𝑥𝑑𝑥 

Ans: ∫ 𝑡𝑎𝑛6𝑥𝑑𝑥 = ∫ 𝑡𝑎𝑛4𝑥𝑡𝑎𝑛2𝑥𝑑𝑥 = ∫ 𝑡𝑎𝑛4𝑥(𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥 

 = ∫ 𝑡𝑎𝑛4𝑥𝑠𝑒𝑐2𝑥𝑑𝑥 −∫ 𝑡𝑎𝑛4𝑥𝑑𝑥 

Let 𝑡𝑎𝑛𝑥 = 𝑡 ⇒ 𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑑𝑡 

=∫ 𝑡4𝑑𝑡 −∫ 𝑡𝑎𝑛2𝑥(𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥 

 = ∫ 𝑡4𝑑𝑡 −∫ 𝑡𝑎𝑛2𝑥𝑠𝑒𝑐2𝑥𝑑𝑥 + ∫ 𝑡𝑎𝑛2𝑥 𝑑𝑥  

=∫ 𝑡4𝑑𝑡 −∫ 𝑡2𝑑𝑡 + ∫(𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥 

 = ∫ 𝑡4𝑑𝑡 − ∫ 𝑡2𝑑𝑡 + ∫ 𝑠𝑒𝑐2𝑥𝑑𝑥 − ∫1 𝑑𝑥 

= 
𝑡5

5
−

𝑡

3

3
+ 𝑡𝑎𝑛𝑥 − 𝑥 + 𝑐 =

𝑡𝑎𝑛5𝑥

5
−

𝑡𝑎𝑛3𝑥

3
+ 𝑡𝑎𝑛𝑥 − 𝑥 + 𝑐 

Ex:∫ 𝑐𝑜𝑡3𝑥𝑑𝑥 

Ans: ∫ 𝑐𝑜𝑡3𝑥𝑑𝑥 = ∫ 𝑐𝑜𝑡𝑥 𝑐𝑜𝑡2𝑥𝑑𝑥 = ∫ 𝑐𝑜𝑡𝑥(𝑐𝑜𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥 

 = ∫ 𝑐𝑜𝑡𝑥 𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 −∫ 𝑐𝑜𝑡𝑥𝑑𝑥 

Let 𝑐𝑜𝑡𝑥 = 𝑡 ⇒ −𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑑𝑡 

=∫ 𝑡(−𝑑𝑡) −∫ 𝑐𝑜𝑡𝑥 𝑑𝑥 = −
𝑡2

2
− 𝑙𝑛|𝑠𝑖𝑛𝑥| + 𝑐 
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=−
𝑐𝑜𝑡2𝑥

2
− 𝑙𝑛|𝑠𝑖𝑛𝑥| + 𝑐 

Note: The power of tan is either even or odd but the power of sec is even 

Ex:∫ 𝑡𝑎𝑛5𝑥 𝑠𝑒𝑐2𝑥 𝑑𝑥 

Ans: ∫ 𝑡𝑎𝑛5𝑥 𝑠𝑒𝑐2𝑥 𝑑𝑥 

Let 𝑡𝑎𝑛𝑥 = 𝑡 ⇒  𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑑𝑡 

=∫ 𝑡5𝑑𝑡 =
𝑡6

6
+ 𝑐 =

𝑡𝑎𝑛6𝑥

6
+ 𝑐 

Ex:∫ 𝑡𝑎𝑛10𝑥 𝑠𝑒𝑐4𝑥 𝑑𝑥 

Ans: ∫ 𝑡𝑎𝑛10𝑥 𝑠𝑒𝑐4𝑥 𝑑𝑥 = ∫ 𝑡𝑎𝑛10𝑥 𝑠𝑒𝑐2𝑥  𝑠𝑒𝑐2𝑥𝑑𝑥 

=∫ 𝑡𝑎𝑛10𝑥  (1 + 𝑡𝑎𝑛2𝑥)𝑠𝑒𝑐2𝑥𝑑𝑥 

Let 𝑡𝑎𝑛𝑥 = 𝑡 ⇒  𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑑𝑡 

=∫ 𝑡10(1 + 𝑡2)𝑑𝑡 = ∫ 𝑡10𝑑𝑡 + ∫ 𝑡12𝑑𝑡 =
𝑡11

11
+

𝑡13

13
+ 𝑐 

 =
𝑡𝑎𝑛11𝑥

11
+

𝑡𝑎𝑛13𝑥

13
+ 𝑐 

Note: The power of sec is either odd or even but the power of tan is odd 

Ex: ∫ 𝑠𝑒𝑐11𝑥 𝑡𝑎𝑛𝑥 𝑑𝑥 

Ans: ∫ 𝑠𝑒𝑐11𝑥 𝑡𝑎𝑛𝑥 𝑑𝑥 = ∫ 𝑠𝑒𝑐10𝑥 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 𝑑𝑥 

Let 𝑠𝑒𝑐𝑥 = 𝑡 ⇒ 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 𝑑𝑥 = 𝑑𝑡 

 = ∫ 𝑡10𝑑𝑡 =
𝑡11

11
+ 𝑐 =

𝑠𝑒𝑐11𝑥

11
+ 𝑐 

Ex: ∫ 𝑠𝑒𝑐12𝑥 𝑡𝑎𝑛3𝑥 𝑑𝑥 

Ans: ∫ 𝑠𝑒𝑐12𝑥 𝑡𝑎𝑛3𝑥 𝑑𝑥 = ∫ 𝑠𝑒𝑐11𝑥 𝑡𝑎𝑛2𝑥 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 𝑑𝑥 

=∫ 𝑠𝑒𝑐11𝑥 (𝑠𝑒𝑐2𝑥 − 1) 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 𝑑𝑥 

Let 𝑠𝑒𝑐𝑥 = 𝑡 ⇒ 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 𝑑𝑥 = 𝑑𝑡 
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 = ∫ 𝑡11(𝑡2 − 1)𝑑𝑡 = ∫ 𝑡13𝑑𝑡 − ∫ 𝑡11𝑑𝑡 =
𝑡14

14
−

𝑡12

12
+ 𝑐 

 =
𝑠𝑒𝑐14𝑥

14
−

𝑠𝑒𝑐12𝑥

12
+ 𝑐 

Ex:∫ 𝑠𝑖𝑛2𝑥 𝑑𝑥 

Ans: ∫ 𝑠𝑖𝑛2𝑥 𝑑𝑥 = ∫
1−𝑐𝑜𝑠2𝑥

2
𝑑𝑥 = ∫

1

2
𝑑𝑥 − ∫

𝑐𝑜𝑠2𝑥

2
𝑑𝑥 

=
1

2
∫𝑑𝑥 −

1

2
∫ 𝑐𝑜𝑠2𝑥 𝑑𝑥 =

1

2
𝑥 −

1

2

𝑠𝑖𝑛2𝑥

2
+ 𝑐 

 

Ex:∫ 𝑐𝑜𝑠2𝑥 𝑑𝑥 

Ans: ∫ 𝑐𝑜𝑠2𝑥 𝑑𝑥 = ∫
1+ 𝑐𝑜𝑠2𝑥

2
𝑑𝑥 = ∫

1

2
𝑑𝑥 + ∫

𝑐𝑜𝑠2𝑥

2
𝑑𝑥 

=
1

2
∫𝑑𝑥 +

1

2
∫ 𝑐𝑜𝑠2𝑥 𝑑𝑥 =

1

2
𝑥 +

1

2

𝑠𝑖𝑛2𝑥

2
+ 𝑐 

Ex:∫ 𝑠𝑖𝑛22𝑥 𝑑𝑥 = ∫
1−𝑐𝑜𝑠4𝑥

2
𝑑𝑥 = ∫

1

2
𝑑𝑥 − ∫

𝑐𝑜𝑠4𝑥

2
𝑑𝑥     (Hints) 

Ex:∫ 𝑐𝑜𝑠22𝑥 𝑑𝑥 = ∫
1+𝑐𝑜𝑠4𝑥

2
𝑑𝑥 = ∫

1

2
𝑑𝑥 + ∫

𝑐𝑜𝑠4𝑥

2
𝑑𝑥     (Hints) 

Ex:∫ 𝑠𝑖𝑛4𝑥 𝑑𝑥 

Ans: ∫ 𝑠𝑖𝑛4𝑥 𝑑𝑥 = ∫(𝑠𝑖𝑛2𝑥)2 𝑑𝑥 = ∫(
1−𝑐𝑜𝑠2𝑥

2
)
2
𝑑𝑥 

=
1

4
∫(1 + 𝑐𝑜𝑠22𝑥 − 2𝑐𝑜𝑠2𝑥)𝑑𝑥 =

1

4
∫ (1 +

1+𝑐𝑜𝑠4𝑥

2
− 2𝑐𝑜𝑠2𝑥)𝑑𝑥 

 =
1

4
∫(

2+1+𝑐𝑜𝑠4𝑥−4𝑐𝑜𝑠2𝑥

2
) 𝑑𝑥 =

1

8
∫(3 + 𝑐𝑜𝑠4𝑥 − 4𝑐𝑜𝑠2𝑥)𝑑𝑥 

=
1

8
∫3𝑑𝑥 +

1

8
∫ 𝑐𝑜𝑠4𝑥𝑑𝑥 −

1

8
∫4𝑐𝑜𝑠2𝑥 𝑑𝑥 =

3

8
𝑥 +

1

8

𝑠𝑖𝑛4𝑥

4
−

1

2

𝑠𝑖𝑛2𝑥

2
+ 𝑐 
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Assignment: 

Ex.∫𝑠𝑖𝑛3𝑥 𝑐𝑜𝑠2𝑥 𝑑𝑥                               Ex.∫𝑐𝑜𝑠5𝑥 𝑠𝑖𝑛3𝑥 𝑑𝑥 

Ex.∫𝑐𝑜𝑠4𝑥 𝑐𝑜𝑠2𝑥 𝑑𝑥                              Ex.∫ 𝑠𝑖𝑛3𝑥 𝑠𝑖𝑛4𝑥 𝑑𝑥 

Ex.∫𝑐𝑜𝑠2𝑥 𝑐𝑜𝑠4𝑥 𝑑𝑥                              Ex.∫ 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛2𝑥 𝑠𝑖𝑛3𝑥 𝑑𝑥 

Ex.∫ 𝑐𝑜𝑠3𝑥 𝑑𝑥                                 Ex.∫ 𝑐𝑜𝑠5𝑥 𝑑𝑥 

Ex.∫ 𝑐𝑜𝑠7𝑥 𝑑𝑥                                Ex.∫ 𝑠𝑖𝑛5𝑥𝑐𝑜𝑠2𝑥 𝑑𝑥 

Ex.∫𝑠𝑖𝑛4𝑥𝑐𝑜𝑠𝑥 𝑑𝑥                                Ex.∫ 𝑠𝑖𝑛3𝑥𝑐𝑜𝑠2𝑥 𝑑𝑥 

Ex.∫
𝑠𝑖𝑛3𝑥

𝑐𝑜𝑠𝑥
𝑑𝑥                                           Ex.∫ 𝑐𝑜𝑠𝑚𝑥 𝑐𝑜𝑠𝑛𝑥 𝑑𝑥 

Ex.∫
𝑐𝑜𝑠4𝑥−𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛4𝑥−𝑠𝑖𝑛2𝑥
𝑑𝑥 

 Ex.∫ 𝑠𝑒𝑐𝑛𝑥 𝑡𝑎𝑛𝑥 𝑑𝑥 

Ex:∫ 𝑠𝑖𝑛5𝑥𝑐𝑜𝑠2𝑥 𝑑𝑥 

Ex:∫ 𝑠𝑖𝑛4𝑥𝑐𝑜𝑠𝑥 𝑑𝑥 

Ex:∫ 𝑠𝑖𝑛3𝑥𝑐𝑜𝑠2𝑥 𝑑𝑥 

Ex:∫ 𝑠𝑖𝑛3𝑥𝑐𝑜𝑠3𝑥 𝑑𝑥 

Ex:∫ 𝑐𝑜𝑡2𝑥 𝑑𝑥 

Ex:∫ 𝑐𝑜𝑡4𝑥 𝑑𝑥 

Ex: ∫ 𝑐𝑜𝑡7𝑥 𝑑𝑥 

Ex: ∫ 𝑡𝑎𝑛3𝑥 𝑑𝑥 

Ex: ∫ 𝑡𝑎𝑛5𝑥 𝑑𝑥 

Ex:∫ 𝑐𝑜𝑡11𝑥 𝑐𝑜𝑠𝑒𝑐2𝑥 𝑑𝑥 

Ex:∫ 𝑐𝑜𝑡14𝑥 𝑐𝑜𝑠𝑒𝑐4𝑥 𝑑𝑥 

Ex: ∫ 𝑠𝑒𝑐12𝑥 𝑡𝑎𝑛3𝑥 𝑑𝑥 

Ex: ∫ 𝑐𝑜𝑠𝑒𝑐14𝑥 𝑐𝑜𝑡3𝑥 𝑑𝑥 

Ex: ∫ 𝑐𝑜𝑠𝑒𝑐12𝑥 𝑐𝑜𝑡3𝑥 𝑑𝑥 
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F-1:If the integral in the form of ∫
dx

√a2−x2
 then substitute x = asinθ , sinθ = x/a 

Proof: ∫
dx

√a2−x2
           put x = asinθ ⟹ dx = a cosθ dθ  

= ∫
a cosθ dθ

√a2 − a2sin2θ
=∫

a cosθ dθ

a√1 − sin2θ
= ∫dθ = θ + c = sin−1

x

a
+ c 

 

 

 

 

 

Ex:∫
𝑑𝑥

√9−𝑥2
 

Ans: ∫
𝑑𝑥

√9−𝑥2
= ∫

𝑑𝑥

√32−𝑥2
= 𝑠𝑖𝑛−1 𝑥

3
+ 𝑐 

Ex:∫
𝑑𝑥

√7−9𝑥2
 

Ans: ∫
𝑑𝑥

√7−9𝑥2
= ∫

𝑑𝑥

√(√7)
2
−(3𝑥)2

 

Let 3𝑥 = 𝑡 ⟹ 3dx = dt ⟹ dx = dt/3 

 = ∫
𝑑𝑡/3

√(√7)
2
−𝑡2

=
1

3
∫

𝑑𝑡

√(√7)
2
−𝑡2

=
1

3
𝑠𝑖𝑛−1 𝑡

√7
+ 𝑐 =

1

3
𝑠𝑖𝑛−1 3𝑥

√7
+𝑐 

Ex:∫
𝑥𝑑𝑥

√9−𝑥4
 

Ans: ∫
𝑥𝑑𝑥

√9−𝑥4
= ∫

𝑥𝑑𝑥

√32−(𝑥2)2
 

Let 𝑥2 = 𝑡 ⟹ 2xdx = dt ⟹ xdx = dt/2 

=∫
𝑑𝑡/2

√32−𝑡2
=

1

2
∫

𝑑𝑡

√32−𝑡2
=

1

2
𝑠𝑖𝑛−1 𝑡

3
+ 𝑐 =

1

2
𝑠𝑖𝑛−1 𝑥2

3
+ 𝑐 

INTEGRATION BY TRIGONOMETRIC 

SUBSTITUTION 

 

Formula: ∫
𝑑𝑥

√𝑎2−𝑥2
=𝑠𝑖𝑛−1 𝑥

𝑎
+ 𝑐 
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Ex:∫
𝑒𝑥𝑑𝑥

√9−𝑒2𝑥
 

Ans: ∫
𝑒𝑥𝑑𝑥

√9−𝑒2𝑥
= ∫

𝑒𝑥𝑑𝑥

√32−(𝑒𝑥)2
 

Let 𝑒𝑥 = 𝑡 ⟹ exdx = dt 

=∫
𝑑𝑡

√32−𝑡2
= 𝑠𝑖𝑛−1 𝑡

3
+ 𝑐 = 𝑠𝑖𝑛−1 𝑒𝑥

3
+ 𝑐 

Ex:∫
𝑐𝑜𝑠𝑥 𝑑𝑥

√16−𝑠𝑖𝑛2𝑥
 

Ans: ∫
𝑐𝑜𝑠𝑥 𝑑𝑥

√16−𝑠𝑖𝑛2𝑥
= ∫

𝑐𝑜𝑠𝑥 𝑑𝑥

√42−𝑠𝑖𝑛2𝑥
 

Let 𝑠𝑖𝑛𝑥 = 𝑡 ⟹ cosx dx = dt 

=∫
𝑑𝑡

√42−𝑡2
= 𝑠𝑖𝑛−1 𝑡

4
+ 𝑐 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛𝑥

4
+ 𝑐 

Ex:∫
 𝑑𝑥

𝑥√25−(𝑙𝑛𝑥)2
 

Ans: ∫
 𝑑𝑥

𝑥√25−(𝑙𝑛𝑥)2
 

 = ∫
 𝑑𝑥

𝑥√52−(𝑙𝑛𝑥)2
 

Let 𝑙𝑛𝑥 = 𝑡 ⟹
1

x
 dx = dt 

=∫
𝑑𝑡

√52−𝑡2
= 𝑠𝑖𝑛−1 𝑡

5
+ 𝑐 = 𝑠𝑖𝑛−1 𝑙𝑛𝑥

5
+ 𝑐 

 

F-2: If the integral in the form of ∫
dx

a2+x2  then substitute x = a tanθ, tanθ = x/a 

 Proof: ∫
dx

a2+x2 

 Put x = a tanθ ⟹ dx = a sec2θ dθ 

= ∫
a sec2θ dθ

a2 + a2tan2θ
= ∫

a sec2θ dθ

a2(1 + tan2θ)
=

1

a
∫dθ =

1

a
θ + c =

1

a
tan−1

x

a
+ c 



                                                                         KIIT POLYTECHNIC  

    Engg. Math-I                                                         37                                                                                   Dr. Pravakar Jena 
 

 

 

 

Ex:∫
𝑑𝑥

9+𝑥2 

Ans: ∫
𝑑𝑥

9+𝑥2 = ∫
𝑑𝑥

32+𝑥2 =
1

3
𝑡𝑎𝑛

−1 𝑥

3
+ 𝑐 

Ex:∫
𝑑𝑥

11+16𝑥2
 

Ans: ∫
𝑑𝑥

11+16𝑥2
= ∫

𝑑𝑥

(√11)
2
+(4𝑥)2

 

Let 4𝑥 = 𝑡 ⟹ 4 dx = dt ⟹ dx = dt/4 

 = ∫
𝑑𝑡/4

(√11)
2
+(𝑡)2

=
1

4
∫

𝑑𝑡

(√11)
2
+(𝑡)2

=
1

4

1

√11
𝑡𝑎𝑛

−1 𝑡

√11
+ 𝑐 =

1

4√11
𝑡𝑎𝑛

−1 4𝑥

√11
+ 𝑐 

Ex:∫
𝑥2

16+𝑥6
𝑑𝑥 

Ans: ∫
𝑥2

16+𝑥6 𝑑𝑥 = ∫
𝑥2

42+(𝑥3)2
𝑑𝑥 

Let 𝑥3 = 𝑡 ⟹ 3𝑥2dx = dt ⟹ 𝑥2dx = dt/3 

=∫
𝑑𝑡/3

42+(𝑡)2
=

1

3
∫

𝑑𝑡

42+(𝑡)2
=

1

3

1

4
𝑡𝑎𝑛−1 𝑡

4
+ 𝑐 =

1

12
𝑡𝑎𝑛−1 𝑥3

4
+ 𝑐 

 

Ex:∫
𝑒2𝑥𝑑𝑥

9+𝑒4𝑥 

Ans: ∫
𝑒2𝑥𝑑𝑥

9+𝑒4𝑥 = ∫
𝑒2𝑥𝑑𝑥

32+(𝑒2𝑥)2
 

Let 𝑒2𝑥 = 𝑡 ⟹ e
2x

 2dx = dt ⟹ e
2x

 dx = dt/2 

=∫
𝑑𝑡/2

32+𝑡2 =
1

2
∫

𝑑𝑡

32+𝑡2 =
1

2
 
1

3
𝑡𝑎𝑛−1 𝑡

3
+ 𝑐 =

1

6
𝑡𝑎𝑛−1 𝑒2𝑥

3
+ 𝑐 

Ex:∫
 𝑠𝑒𝑐2𝑥 𝑑𝑥

16+𝑡𝑎𝑛2𝑥
 

Formula: ∫
𝑑𝑥

𝑎2+𝑥2 =
1

𝑎
𝑡𝑎𝑛−1 𝑥

𝑎
+ 𝑐 
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Ans: ∫
 𝑠𝑒𝑐2𝑥𝑑𝑥

16+𝑡𝑎𝑛2𝑥
= ∫

 𝑠𝑒𝑐2𝑥𝑑𝑥

42+𝑡𝑎𝑛2𝑥
 

Let 𝑡𝑎𝑛𝑥 = 𝑡 ⟹ sec2x dx = dt 

=∫
𝑑𝑡

42+𝑡2 =
1

4
𝑡𝑎𝑛

−1 𝑡𝑎𝑛𝑥

4
+ 𝑐 

Ex:∫
 𝑑𝑥

𝑥(25+(𝑙𝑛𝑥)2)
 

Ans: ∫
 𝑑𝑥

𝑥(25+(𝑙𝑛𝑥)2)
= ∫

 𝑑𝑥

𝑥(52+(𝑙𝑛𝑥)2)
 

 Let 𝑙𝑛𝑥 = 𝑡 ⟹
1

x
 dx = dt 

=∫
𝑑𝑡

52+𝑡2
=

1

5
𝑡𝑎𝑛

−1 𝑡

5
+ 𝑐 =

1

5
𝑡𝑎𝑛

−1 𝑙𝑛𝑥

5
+ 𝑐 

F-3: If the integral in the form of ∫
dx

√a2+x2
 then substitute x = a tanθ 

 Proof: ∫
dx

√x2+a2
 

Put x = atanθ ⇒ dx = asec2θdθ 

= ∫
asec2θdθ

√a2tan2θ + a2
= ∫

asec2θdθ

a√tan2θ + 1
= ∫secθdθ = ln|secθ + tanθ| + c1 

= ln |
x

a
+ √tan2θ + 1| + c1 = ln |

x

a
+ √(

x

a
)
2

+ 1| + c1 = ln |
x

a
+

√x2 + a2

a
| + c1 

= ln |
x+√x2+a2

a
| + c1 = ln|x + √x2 + a2| − lna + c1 = ln|x + √x2 + a2| + c 

 

 

 

  Ex:∫
𝑑𝑥

√9+𝑥2
 

Ans: ∫
𝑑𝑥

√9+𝑥2
= ∫

𝑑𝑥

√32+𝑥2
= 𝑙𝑛|𝑥 + √32 + 𝑥2| + 𝑐 = 𝑙𝑛|𝑥 + √9 + 𝑥2| + 𝑐 

Ex:∫
𝑑𝑥

√7+9𝑥2
 

∫
𝒅𝒙

√𝒙𝟐 + 𝒂𝟐
=  𝒍𝒏 |𝒙 + √𝒙𝟐 + 𝒂𝟐| + 𝒄 
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Ans: ∫
𝑑𝑥

√7+9𝑥2
= ∫

𝑑𝑥

√(√7)
2
+(3𝑥)2

 

Let 3𝑥 = 𝑡 ⟹ 3dx = dt ⟹ dx = dt/3 

 = ∫
𝑑𝑡/3

√(√7)
2
+𝑡2

=
1

3
∫

𝑑𝑡

√(√7)
2
+𝑡2

=
1

3
𝑙𝑛 |𝑡 + √(√7)

2
+ 𝑡2| + 𝑐 

 =
1

3
𝑙𝑛|3𝑥 + √7 + 9𝑥2| + 𝑐 

Ex:∫
𝑥4𝑑𝑥

√9+𝑥10
 

Ans: ∫
𝑥4𝑑𝑥

√9+𝑥10
= ∫

𝑥4𝑑𝑥

√32+(𝑥5)2
 

Let 𝑥5 = 𝑡 ⟹ 5𝑥4dx = dt ⟹ 𝑥4dx = dt/5 

=∫
𝑑𝑡/5

√32+𝑡2
=

1

5
∫

𝑑𝑡

√32+𝑡2
=

1

5
𝑙𝑛 |𝑡 + √(3)2 + 𝑡2| + 𝑐 =

1

5
𝑙𝑛|𝑥5 + √9 + 𝑥10| + 𝑐 

 

Ex:∫
𝑎𝑥𝑑𝑥

√9+𝑎2𝑥
 

Ans: ∫
𝑎𝑥𝑑𝑥

√9+𝑎2𝑥
= ∫

𝑎𝑥𝑑𝑥

√32+(𝑎𝑥)2
 

Let 𝑎𝑥 = 𝑡 ⟹ ax lna dx = dt ⟹ ax  dx = dt/lna 

=∫
𝑑𝑡

𝑙𝑛𝑎

√32+𝑡2
=

1

𝑙𝑛𝑎
∫

𝑑𝑡

√32+𝑡2
=

1

𝑙𝑛𝑎
𝑙𝑛 |𝑡 + √(3)2 + 𝑡2| + 𝑐 

 =
1

𝑙𝑛𝑎
𝑙𝑛|𝑎𝑥 + √9 + 𝑎2𝑥| + 𝑐 

Ex:∫
𝑐𝑜𝑠𝑒𝑐2𝑥 𝑑𝑥

√16+𝑐𝑜𝑡2𝑥
 

Ans: ∫
𝑐𝑜𝑠𝑒𝑐2𝑥 𝑑𝑥

√16+𝑐𝑜𝑡2𝑥
= ∫

𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥

√42+𝑐𝑜𝑡2𝑥
 

Let 𝑐𝑜𝑡𝑥 = 𝑡 ⟹ −𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 = dt ⟹ 𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 = −dt 

=∫
−𝑑𝑡

√42+𝑡2
= − 𝑙𝑛 |𝑡 + √(4)2 + 𝑡2| + 𝑐 = −𝑙𝑛|𝑐𝑜𝑡𝑥 + √16 + 𝑐𝑜𝑡2𝑥| + 𝑐 

Ex:∫
 𝑑𝑥

𝑥√25+(𝑙𝑛𝑥)2
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Ans: ∫
 𝑑𝑥

𝑥√25+(𝑙𝑛𝑥)2
 

 = ∫
 𝑑𝑥

𝑥√52+(𝑙𝑛𝑥)2
 

Let 𝑙𝑛𝑥 = 𝑡 ⟹
1

x
 dx = dt 

=∫
𝑑𝑡

√52+𝑡2
= 𝑙𝑛 |𝑡 + √(5)2 + 𝑡2| + 𝑐 = 𝑙𝑛 |𝑙𝑛𝑥 + √25 + (𝑙𝑛𝑥)2| + 𝑐 

 

F-4: If an integral in the form of ∫
dx

√x2−a2
 then substitute x = a secθ 

 Proof: ∫
dx

√x2−a2
 

Put x = asecθ ⇒ dx = asecθtanθdθ 

= ∫
asecθtanθdθ

√a2sec2θ − a2
= ∫

asecθtanθdθ

a√sec2θ − 1
= ∫secθdθ = ln|secθ + tanθ| + c1 

= ln |
x

a
+ √sec2θ − 1| + c1 = ln |

x

a
+ √(

x

a
)
2

− 1| + c1 = ln |
x

a
+

√x2 − a2

a
| + c1 

= ln |
x+√x2−a2

a
| + c1 = ln|x + √x2 − a2| − lna + c1 = ln|x + √x2 − a2| + c 

 

 

 

 

Ex:∫
𝑑𝑥

√𝑥2−9
 

Ans: ∫
𝑑𝑥

√𝑥2−9
= ∫

𝑑𝑥

√𝑥2−32
= 𝑙𝑛|𝑥 + √𝑥2 − 32| + 𝑐 = 𝑙𝑛|𝑥 + √𝑥2 − 9| + 𝑐 

Ex:∫
𝑑𝑥

√9𝑥2−7
 

Ans: ∫
𝑑𝑥

√9𝑥2−7
= ∫

𝑑𝑥

√(3𝑥)2−(√7)
2
 

Let 3𝑥 = 𝑡 ⟹ 3dx = dt ⟹ dx = dt/3 

∫
𝒅𝒙

√𝒙𝟐 − 𝒂𝟐
=  𝒍𝒏 |𝒙 + √𝒙𝟐 − 𝒂𝟐| + 𝒄 
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 = ∫
𝑑𝑡/3

√𝑡2−(√7)
2
=

1

3
∫

𝑑𝑡

√𝑡2−(√7)
2
=

1

3
𝑙𝑛 |𝑡 + √𝑡2 − (√7)

2
| + 𝑐 

 =
1

3
𝑙𝑛|3𝑥 + √9𝑥2 − 7| + 𝑐 

 

Ex:∫
𝑥3𝑑𝑥

√𝑥8−9
 

Ans: ∫
𝑥3𝑑𝑥

√𝑥8−9
= ∫

𝑥3𝑑𝑥

√(𝑥4)2−32
 

Let 𝑥4 = 𝑡 ⟹ 4𝑥3dx = dt ⟹ 𝑥3dx = dt/4 

=∫
𝑑𝑡/4

√𝑡2−32
=

1

4
∫

𝑑𝑡

√𝑡2−32
=

1

4
𝑙𝑛|𝑡 + √𝑡2 − 32| + 𝑐 =

1

4
𝑙𝑛|𝑥4 + √𝑥8 − 9| + 𝑐 

Ex:∫
𝑒𝑥𝑑𝑥

√𝑒2𝑥−11
 

Ans: ∫
𝑒𝑥𝑑𝑥

√𝑒2𝑥−11
= ∫

𝑒𝑥𝑑𝑥

√(𝑒𝑥)2−(√11)
2
 

Let 𝑒𝑥 = 𝑡 ⟹ ex   dx = dt 

=∫
𝑑𝑡

√𝑡2−(√11)
2
= 𝑙𝑛 |𝑡 + √𝑡2 − (√11)

2
| + 𝑐 

 = 𝑙𝑛|𝑒𝑥 + √𝑒2𝑥 − 11| + 𝑐 

Ex:∫
 𝑑𝑥

𝑠𝑖𝑛2𝑥√𝑐𝑜𝑡2𝑥−16
 

Ans: ∫
 𝑑𝑥

𝑠𝑖𝑛2𝑥√𝑐𝑜𝑡2𝑥−16
= ∫

𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥

√𝑐𝑜𝑡2𝑥−42
 

Let 𝑐𝑜𝑡𝑥 = 𝑡 ⟹ −𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 = dt ⟹ 𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 = −dt 

=∫
−𝑑𝑡

√𝑡2−42
= −𝑙𝑛|𝑡 + √𝑡2 − 42| + 𝑐 = −𝑙𝑛|𝑐𝑜𝑡𝑥 + √𝑐𝑜𝑡2𝑥 − 16| + 𝑐 

Ex:∫
 𝑑𝑥

𝑥√(𝑙𝑛𝑥)2−25
 

Ans: ∫
 𝑑𝑥

𝑥√(𝑙𝑛𝑥)2−25
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 = ∫
 𝑑𝑥

𝑥√(𝑙𝑛𝑥)2−52
 

Let 𝑙𝑛𝑥 = 𝑡 ⟹
1

x
 dx = dt 

=∫
𝑑𝑡

√𝑡2−52
= 𝑙𝑛|𝑡 + √𝑡2 − 52| + 𝑐 = 𝑙𝑛 |𝑙𝑛𝑥 + √(𝑙𝑛𝑥)2 − 25| + 𝑐 

IMPORTANT FORMS: 

If the integral in the form ∫
ax ± b

√a2 − x2
dx  or ∫

ax ± b

√a2 + x2
dx  or ∫

ax ± b

√x2 − a2
dx or ∫

ax ± b

a2 + x2
dx  

then express  ∫
ax ± b

√a2 − x2
dx = ∫

ax

√a2 − x2
dx ± ∫

b

√a2 − x2
dx 

    

Let I1 = ∫
ax

√a2 − x2
dx   and I2 = ∫

b

√a2 − x2
 

Integrate I1 by putting a2 − x2 = t2 or a2 − x2 = t 

Integrate I2 by using the above formula . 

Similarly we can integrate other forms. 

Ex:∫
3𝑥−2

√9−𝑥2
𝑑𝑥 

Ans: ∫
3𝑥−2

√9−𝑥2
𝑑𝑥 = ∫

3𝑥

√9−𝑥2
𝑑𝑥 − ∫

2

√9−𝑥2
𝑑𝑥 

 = 3∫
𝑥

√9−𝑥2
𝑑𝑥 − 2∫

𝑑𝑥

√32−𝑥2
 

In the 1st term let 9 − 𝑥2 = 𝑡2 ⟹ −2xdx = 2tdt ⟹ xdx = −tdt 

 = 3∫
−𝑡𝑑𝑡

𝑡
− 2∫

𝑑𝑥

√32−𝑥2
= −3𝑡 − 2𝑠𝑖𝑛−1 𝑥

3
+ 𝑐 = −3√9 − 𝑥2 − 2𝑠𝑖𝑛−1 𝑥

3
+ 𝑐 

Ex:∫
𝑥+2

√16+𝑥2
𝑑𝑥 

Ans: ∫
𝑥+2

√16+𝑥2
𝑑𝑥 = ∫

𝑥

√16+𝑥2
𝑑𝑥 + ∫

2

√16+𝑥2
𝑑𝑥 

 In the 1st term let 16 + 𝑥2 = 𝑡2 ⟹ 2xdx = 2tdt ⟹ xdx = tdt 

 = ∫
𝑡𝑑𝑡

𝑡
+ 2∫

𝑑𝑥

√42+𝑥2
= 𝑡 + 2 𝑙𝑛|𝑥 + √16 + 𝑥2| + 𝑐 

=√16 + 𝑥2 + 2 𝑙𝑛|𝑥 + √16 + 𝑥2| + 𝑐 
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Ex:∫
2𝑥+5

7+𝑥2
𝑑𝑥 

Ans: ∫
2𝑥+5

7+𝑥2
𝑑𝑥 = ∫

2𝑥

7+𝑥2
𝑑𝑥 + ∫

5

7+𝑥2
𝑑𝑥 

Let 7 + 𝑥2 = 𝑡 ⟹ 2xdx = dt 

 = ∫
𝑑𝑡

𝑡
+ 5∫

𝑑𝑥

(√7)
2
+𝑥2

= 𝑙𝑛|𝑡| + 5
1

√7
𝑡𝑎𝑛−1 𝑥

√7
+ 𝑐 

= 𝑙𝑛|7 + 𝑥2| + 5
1

√7
𝑡𝑎𝑛−1 𝑥

√7
+ 𝑐 

Ex:∫
3𝑥+1

√𝑥2−25
𝑑𝑥 

Ans: ∫
3𝑥+1

√𝑥2−25
𝑑𝑥 = ∫

3𝑥

√𝑥2−25
𝑑𝑥 + ∫

1

√𝑥2−25
𝑑𝑥 

 = 3∫
𝑥

√𝑥2−25
𝑑𝑥 + ∫

1

√𝑥2−52
𝑑𝑥 

In the 1st term  let 𝑥2 − 25 = 𝑡2 ⟹ 2xdx = 2tdt ⟹ xdx = tdt 

 = 3∫
𝑡𝑑𝑡

𝑡
+ ∫

1

√𝑥2−52
𝑑𝑥 = 3 𝑡 + 𝑙𝑛|𝑥 + √𝑥2 − 52| + 𝑐 

 = 3√𝑥2 − 25 + 𝑙𝑛|𝑥 + √𝑥2 − 25| + 𝑐 

IMP: 

 If the integral in the form ∫
dx

ax2+bx+c
 or  ∫

dx

√ax2+bx+c
  

 then express   ax2 + bx + c = a{(x − α)2 ± β2}  (In a perfect suare )  

 put x − α = t ⇒ dx = dt 

 

Ex:∫
𝑑𝑥

𝑥2+4𝑥+9
 

Ans: ∫
𝑑𝑥

𝑥2+4𝑥+9
 

Make the denominator 𝑥2 + 4𝑥 + 9 in a perfect square 

Now 𝑥2 + 4𝑥 + 9 = 𝑥2 + 2. 𝑥. 2 + 22 − 22 + 9 = (𝑥 + 2)2 + 5 

:𝑆𝑜 ∫
𝑑𝑥

𝑥2+4𝑥+9
= ∫

𝑑𝑥

(𝑥+2)2+5
= ∫

𝑑𝑥

(𝑥+2)2+(√5)
2 

Let 𝑥 + 2 = 𝑡 ⟹ dx = dt 



                                                                         KIIT POLYTECHNIC  

    Engg. Math-I                                                         44                                                                                   Dr. Pravakar Jena 
 

 = ∫
𝑑𝑡

𝑡2+(√5)
2 =

1

√5
𝑡𝑎𝑛−1 𝑡

√5
+ 𝑐 =

1

√5
𝑡𝑎𝑛−1 𝑥+2

√5
+ 𝑐 

 

Ex:∫
𝑑𝑥

√𝑥2−4𝑥+13
 

Ans: ∫
𝑑𝑥

√𝑥2−4𝑥+13
 

Make the denominator 𝑥2 − 4𝑥 + 13 in a perfect square 

Now 𝑥2 − 4𝑥 + 13 = 𝑥2 − 2. 𝑥. 2 + 22 − 22 + 13 = (𝑥 − 2)2 + 9 

:𝑆𝑜 ∫
𝑑𝑥

√𝑥2−4𝑥+13
=∫

𝑑𝑥

√(𝑥−2)2+9
= ∫

𝑑𝑥

√(𝑥−2)2+32
 

Let 𝑥 − 2 = 𝑡 ⟹ dx = dt 

 = ∫
𝑑𝑡

√𝑡2+32
= 𝑙𝑛|𝑡 + √𝑡2 + 32| + 𝑐 = 𝑙𝑛 |(𝑥 − 2) + √(𝑥 − 2)2 + 32|+c 

Ex:∫
𝑑𝑥

√𝑥2−4𝑥−13
 

Ans: ∫
𝑑𝑥

√𝑥2−4𝑥−13
 

Now 𝑥2 − 4𝑥 − 13 = 𝑥2 − 2. 𝑥. 2 + 22 − 22 − 13 = (𝑥 − 2)2 − 17 

:𝑆𝑜 ∫
𝑑𝑥

√𝑥2−4𝑥−13
=∫

𝑑𝑥

√(𝑥−2)2−17
= ∫

𝑑𝑥

√(𝑥−2)2−(√17)
2
 

Let 𝑥 − 2 = 𝑡 ⟹ dx = dt 

 = ∫
𝑑𝑡

√𝑡2−(√17)
2
= 𝑙𝑛 |𝑡 + √𝑡2 − (√17)

2
| + 𝑐 

= 𝑙𝑛 |(𝑥 − 2) + √(𝑥 − 2)2 − (√17)
2
|+c 

Ex:∫
𝑑𝑥

√5−4𝑥−𝑥2
 

Ans: ∫
𝑑𝑥

√5−4𝑥−𝑥2
 

Make the denominator 5 − 4𝑥 − 𝑥2 in a perfect square 
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Now 5 − 4𝑥 − 𝑥2 = −(𝑥2 + 4𝑥 − 5) = −(𝑥2 + 2. 𝑥. 2 + 22 − 22 − 5) 

= −((𝑥 + 2)2 − 9) = 9 − (𝑥 + 2)2 

:𝑆𝑜 ∫
𝑑𝑥

√5−4𝑥−𝑥2
=∫

𝑑𝑥

√9−(𝑥+2)2
= ∫

𝑑𝑥

√32−(𝑥+2)2
 

Let 𝑥 + 2 = 𝑡 ⟹ dx = dt 

=∫
𝑑𝑡

√32−𝑡2
= 𝑠𝑖𝑛−1 𝑡

3
+ 𝑐 = 𝑠𝑖𝑛−1 𝑥+2

3
+ 𝑐 

If the integral in the form ∫
  (px + q) dx

ax2 + bx + c
 or  ∫

(px + q)dx

√ax2 + bx + c
 

then express px + q = l
d

dx
(ax2 + bx + c) + m  

,compare the  coefficient of x and constant term , find the value of l and m. 

Now the given integration can be written in the form of ∫
  (px + q) dx

ax2 + bx + c

= ∫
l

d

dx
(ax2 + bx + c) + m

ax2 + bx + c
dx = ∫

l
d

dx
(ax2 + bx + c)

ax2 + bx + c
+ ∫

m

ax2 + bx + c
dx 

Solve it by using the formula. 

 

 

Ex:∫
(3𝑥+2)𝑑𝑥

𝑥2+4𝑥+9
 

Ans: ∫
(3𝑥+2)𝑑𝑥

𝑥2+4𝑥+9
 

Let 3𝑥 + 2 = 𝑙
𝑑

𝑑𝑥
(𝑥2 + 4𝑥 + 9) + 𝑚 

                     = 𝑙(2𝑥 + 4) + 𝑚 

                     = 2𝑙𝑥 + 4𝑙 + 𝑚 

Compare the coefficient of x and constant term in both the sides 

2𝑙 = 3 ⇒ 𝑙 =
3

2
       𝑎𝑛𝑑  4𝑙 + 𝑚 = 2 ⇒ 𝑚 = 2 − 4𝑙 = 2 − 4 .

3

2
= −4 

 𝑆𝑜  ∫
(3𝑥+2)𝑑𝑥

𝑥2+4𝑥+9
= ∫

𝑙(2𝑥+4)+𝑚

𝑥2+4𝑥+9
𝑑𝑥 = ∫

𝑙(2𝑥+4)

𝑥2+4𝑥+9
𝑑𝑥 + ∫

𝑚

𝑥2+4𝑥+9
𝑑𝑥 
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 = 𝑙 ∫
(2𝑥+4)

𝑥2+4𝑥+9
𝑑𝑥 + 𝑚 ∫

𝑑𝑥

𝑥2+4𝑥+9
 

Let 𝑥2 + 4𝑥 + 9 = 𝑡 ⇒ (2𝑥 + 4)𝑑𝑥 = 𝑑𝑡  

 = 𝑙 ∫
𝑑𝑡

𝑡
+ 𝑚∫

𝑑𝑥

𝑥2+2.𝑥.2+22−22+9
= 𝑙 𝑙𝑛|𝑡| + 𝑚∫

𝑑𝑥

(𝑥+2)2+5
 

Let 𝑥 + 2 = 𝑧 ⇒ 𝑑𝑥 = 𝑑𝑧 

 = 𝑙 𝑙𝑛|𝑡| + 𝑚∫
𝑑𝑧

(𝑧)2+(√5)
2 =

3

2
𝑙𝑛|𝑥2 + 4𝑥 + 9| − 4𝑡𝑎𝑛−1 𝑧

√5
+ 𝑐 

 =
3

2
𝑙𝑛|𝑥2 + 4𝑥 + 9| − 4𝑡𝑎𝑛−1 𝑥+2

√5
+ 𝑐 

Assignment: 

Ex:∫
dx

4+9x2
                                                                                                                                                       

Ex:∫
3x

1+2x4
                                                    Ex:∫

sinx

√4cos2x−1
dx 

 Ex:∫
sec2x

√16+tan2x
dx                                      Ex:∫

2x

√9+4x
dx                                                                               

Ex:∫
dx

√16x2+25
                                                                                                                                                           

Ex:∫
1

√a2+b2x2
dx                                          Ex:∫

x2

√x6−1
dx 

Ex:∫
e−x

16+9e−2x
dx                                                 Ex: ∫

1

ex+e−x
dx 

Ex:∫
exdx

√1−e2x
 

Ex:∫
5𝑥−2

√11−𝑥2
𝑑𝑥 

Ex:∫
3𝑥+5

√𝑥2−9
𝑑𝑥 

Ex:∫
3𝑥−2

16+𝑥2
𝑑𝑥                                                                 Ex:∫

𝑥−2

√4+𝑥2
𝑑𝑥 

Ex:∫
dx

9x2−12x+8
                                                                         Ex:∫

dx

√2−4x+x2
 

Ex:∫
dx

2x2+x+3
                                                                             Ex:∫

1

√7−6x−x2
dx 

Ex:∫
2𝑥+3

√5−4𝑥−𝑥2
𝑑𝑥 
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         If u and v are two functions then integration of the product of u and v is defined as 

 

 

 

 

 

Here the 1st function can be choosed by using a form ILATE. 

 

 

 

 

 

 

 

 

 

Ex:∫ 𝑥 𝑒𝑥 𝑑𝑥                        here u = x and v=𝑒𝑥  

Ans: ∫ 𝑥 𝑒𝑥  𝑑𝑥 = 𝑥 ∫ 𝑒𝑥 𝑑𝑥 − ∫ {
𝑑(𝑥)

𝑑𝑥
∫ 𝑒𝑥𝑑𝑥} 𝑑𝑥 

 = 𝑥 𝑒𝑥 − ∫1 𝑒𝑥𝑑𝑥 = 𝑥𝑒𝑥 − 𝑒𝑥 + 𝑐 

Ex:∫ 𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥               

Ans: ∫ 𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 = 𝑥 ∫ 𝑠𝑖𝑛𝑥 𝑑𝑥 − ∫ {
𝑑(𝑥)

𝑑𝑥
∫ 𝑠𝑖𝑛𝑥 𝑑𝑥} 𝑑𝑥 

 = 𝑥 (−𝑐𝑜𝑠𝑥)  − ∫ 1 (– 𝑐𝑜𝑠𝑥) 𝑑𝑥 = −𝑥 𝑐𝑜𝑠𝑥 + 𝑠𝑖𝑛𝑥 + 𝑐 

 Ex:∫𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥= 𝑥 ∫ 𝑐𝑜𝑠𝑥 𝑑𝑥 − ∫ {
𝑑(𝑥)

𝑑𝑥
∫ 𝑐𝑜𝑠𝑥 𝑑𝑥} 𝑑𝑥 

 = 𝑥 (𝑠𝑖𝑛𝑥)  − ∫ 1 (𝑠𝑖𝑛𝑥) 𝑑𝑥 = 𝑥 𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥 + 𝑐 

INTEGRATION BY PARTS 

∫𝑢𝑣 𝑑𝑥 = 𝑢 ∫𝑣 𝑑𝑥 − ∫(
𝑑𝑢

𝑑𝑥
∫𝑣𝑑𝑥 ) 𝑑𝑥  

 

    I-Inverse function (𝒔𝒊𝒏−𝟏𝒙, 𝒄𝒐𝒔−𝟏𝒙, 𝒕𝒂𝒏−𝟏𝒙…………………… . ) 

   L-Logarithm function (𝒍𝒐𝒈𝒙, 𝐥𝐨𝐠(𝒙 + 𝟏)………………………… ) 

A-algebraic function(𝒙, 𝒙𝟐, (𝒙 + 𝟏)𝟐 …………………………… . ) 

T-Trigonometric function(𝒔𝒊𝒏𝒙, 𝒄𝒐𝒔𝒙, 𝒕𝒂𝒏𝒙…………………… ) 

E-Exponential function (𝒆𝒙, 𝒂𝒙, 𝒆𝒙+𝟏 …………………………… . ) 
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Ex:∫ 𝑥 𝑒2𝑥 𝑑𝑥 

Ans: ∫ 𝑥 𝑒2𝑥  𝑑𝑥 = 𝑥 ∫ 𝑒2𝑥 𝑑𝑥 − ∫ {
𝑑(𝑥)

𝑑𝑥
∫ 𝑒2𝑥𝑑𝑥} 𝑑𝑥 

 = 𝑥 
𝑒2𝑥

2
− ∫1 

𝑒2𝑥

2
 𝑑𝑥 = 𝑥 

𝑒2𝑥

2
−

1

2
∫ 𝑒2𝑥𝑑𝑥 + 𝑐 = 𝑥 

𝑒2𝑥

2
−

1

2
 
𝑒2𝑥

2
+ 𝑐 

Ex:∫ 𝑥 𝑠𝑖𝑛3𝑥 𝑑𝑥 

Ans: ∫ 𝑥 𝑠𝑖𝑛3𝑥 𝑑𝑥 = 𝑥 ∫ 𝑠𝑖𝑛3𝑥 𝑑𝑥 − ∫ {
𝑑(𝑥)

𝑑𝑥
∫ 𝑠𝑖𝑛3𝑥 𝑑𝑥} 𝑑𝑥 

 = 𝑥 (
–𝑐𝑜𝑠3𝑥

3
) − ∫ 1 (

–𝑐𝑜𝑠3𝑥

3
)  𝑑𝑥 = −𝑥

𝑐𝑜𝑠3𝑥

3
+

1

3
∫ 𝑐𝑜𝑠3𝑥 𝑑𝑥 + 𝑐 

= −𝑥
𝑐𝑜𝑠3𝑥

3
+

1

3
 
𝑠𝑖𝑛3𝑥

3
+ 𝑐 

Ex:∫ 𝑥 𝑠𝑒𝑐2𝑥 𝑑𝑥 

Ans: ∫ 𝑥 𝑠𝑒𝑐2𝑥  𝑑𝑥 = 𝑥 ∫ 𝑠𝑒𝑐2𝑥 𝑑𝑥 − ∫ {
𝑑(𝑥)

𝑑𝑥
∫ 𝑠𝑒𝑐2𝑥 𝑑𝑥} 𝑑𝑥 

 = 𝑥 𝑡𝑎𝑛𝑥 − ∫ 1 𝑡𝑎𝑛𝑥 𝑑𝑥 = 𝑥 𝑡𝑎𝑛𝑥 − 𝑙𝑛|𝑠𝑒𝑐𝑥| + 𝑐 

Ex: ∫(𝑥 + 1) 𝑒𝑥  𝑑𝑥 

Ans: ∫(𝑥 + 1) 𝑒𝑥 𝑑𝑥 = (𝑥 + 1) ∫𝑒𝑥 𝑑𝑥 − ∫ {
𝑑(𝑥+1)

𝑑𝑥
∫ 𝑒𝑥𝑑𝑥} 𝑑𝑥 

 = (𝑥 + 1)𝑒𝑥 − ∫1 𝑒𝑥𝑑𝑥 = (𝑥 + 1)𝑒𝑥 − 𝑒𝑥 + 𝑐 

 OR 

 ∫(𝑥 + 1) 𝑒𝑥  𝑑𝑥 = ∫ 𝑥 𝑒𝑥𝑑𝑥 + ∫𝑒𝑥𝑑𝑥 

Ex:∫ 𝑥 𝑡𝑎𝑛2𝑥 𝑑𝑥 

Ans: ∫ 𝑥 𝑡𝑎𝑛2𝑥  𝑑𝑥 = ∫ 𝑥 ( 𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥 

 = ∫𝑥 𝑠𝑒𝑐2𝑥  𝑑𝑥 − ∫  𝑥 𝑑𝑥 

 = 𝑥 ∫𝑠𝑒𝑐2𝑥 𝑑𝑥 − ∫ {
𝑑(𝑥)

𝑑𝑥
∫ 𝑠𝑒𝑐2𝑥 𝑑𝑥} 𝑑𝑥 −

𝑥2

2
 

 = 𝑥 𝑡𝑎𝑛𝑥 − ∫ 1 𝑡𝑎𝑛𝑥 𝑑𝑥 −
𝑥2

2
= 𝑥 𝑡𝑎𝑛𝑥 − 𝑙𝑛|𝑠𝑒𝑐𝑥| −

𝑥2

2
+ 𝑐 

Ex:∫ 𝑥 𝑐𝑜𝑠2𝑥 𝑑𝑥 

Ans: ∫ 𝑥 𝑐𝑜𝑠2𝑥  𝑑𝑥 = ∫𝑥 (
1+𝑐𝑜𝑠2𝑥

2
) 𝑑𝑥 = ∫

𝑥

2
𝑑𝑥 + ∫

𝑥 𝑐𝑜𝑠2𝑥

2
 𝑑𝑥 
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 =
1

2
∫ 𝑥 𝑑𝑥 +

1

2
∫ 𝑥 𝑐𝑜𝑠2𝑥 𝑑𝑥 

 =
1

2
 
𝑥2

2
+

1

2
{𝑥 ∫ 𝑐𝑜𝑠2𝑥 𝑑𝑥 − ∫ {∫

𝑑(𝑥)

𝑑𝑥
∫ 𝑐𝑜𝑠2𝑥 𝑑𝑥}𝑑𝑥} 

 =
𝑥2

4
+

1

2
{𝑥 (

𝑠𝑖𝑛2𝑥

2
)  − ∫ 1 (

𝑠𝑖𝑛2𝑥

2
)  𝑑𝑥} 

 =
𝑥2

4
+

1

2
{𝑥 (

𝑠𝑖𝑛2𝑥

2
)  −

1

2
∫  𝑠𝑖𝑛2𝑥 𝑑𝑥} 

 =
𝑥2

4
+

1

2
{𝑥 (

𝑠𝑖𝑛2𝑥

2
)  −

1

2
(
−𝑐𝑜𝑠2𝑥

2
)} + 𝑐 

Ex:∫ 𝑥 𝑠𝑖𝑛3𝑥 𝑐𝑜𝑠2𝑥 𝑑𝑥 

Ans: ∫ 𝑥 𝑠𝑖𝑛3𝑥 𝑐𝑜𝑠2𝑥 𝑑𝑥 =
1

2
∫ 𝑥 (2𝑠𝑖𝑛3𝑥 𝑐𝑜𝑠2𝑥) 𝑑𝑥 

 =
1

2
∫ 𝑥 (sin(3𝑥 + 2𝑥) + sin (3𝑥 − 2𝑥)) 𝑑𝑥 

 =
1

2
∫ 𝑥 (sin 5𝑥 + sin 𝑥)𝑑𝑥 =

1

2
∫ 𝑥  𝑠𝑖𝑛5𝑥 𝑑𝑥 +

1

2
∫𝑥 sin 𝑥 𝑑𝑥 

 

 

Ex:∫ 𝑙𝑛𝑥 𝑑𝑥 

Ans: ∫ 𝑙𝑛𝑥 𝑑𝑥 = 𝑙𝑛𝑥 ∫ 1 𝑑𝑥 − ∫ {
𝑑(𝑙𝑛𝑥)

𝑑𝑥
∫ 1 𝑑𝑥} 𝑑𝑥 

 = 𝑙𝑛𝑥 𝑥 − ∫
1

𝑥
 𝑥 𝑑𝑥 = 𝑥 𝑙𝑛𝑥 − ∫𝑑𝑥 = 𝑥 𝑙𝑛𝑥 − 𝑥 + 𝑐 

Ex:∫ 𝑥5 𝑙𝑛𝑥 𝑑𝑥 

Ans: ∫ 𝑥5 𝑙𝑛𝑥 𝑑𝑥 = 𝑙𝑛𝑥 ∫ 𝑥5 𝑑𝑥 − ∫ {
𝑑(𝑙𝑛𝑥)

𝑑𝑥
∫ 𝑥5 𝑑𝑥} 𝑑𝑥 

 = 𝑙𝑛𝑥 
𝑥6

6
− ∫

1

𝑥
 
𝑥6

6
 𝑑𝑥 =

𝑥6

6
𝑙𝑛𝑥 −

1

6
∫  𝑥5𝑑𝑥 =

𝑥6

6
𝑙𝑛𝑥 −

1

6

𝑥6

6
+ 𝑐 

 =
𝑥6

6
𝑙𝑛𝑥 −

𝑥6

36
+ 𝑐 

Ex:∫ 𝑥 ln(1 + 𝑥) 𝑑𝑥 

Ans: ∫ 𝑥 ln(1 + 𝑥)𝑑𝑥 =  ln (𝑥 + 1) ∫ 𝑥 𝑑𝑥 − {
𝑑(ln (𝑥+1))

𝑑𝑥
∫ 𝑥 𝑑𝑥} 𝑑𝑥 
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 = ln (𝑥 + 1) 
𝑥2

2
− ∫

1

𝑥+1
 
𝑥2

2
𝑑𝑥 = 𝑥 ln (𝑥 + 1) −

1

2
∫

𝑥2

𝑥+1
𝑑𝑥 

 = 𝑥 ln (𝑥 + 1) −
1

2
∫

𝑥2−1+1

𝑥+1
𝑑𝑥 

 = 𝑥 ln(𝑥 + 1) −
1

2
{∫

𝑥2−1

𝑥+1
𝑑𝑥 + ∫

1

𝑥+1
𝑑𝑥} 

 = 𝑥 ln(𝑥 + 1) −
1

2
{∫

(𝑥+1)(𝑥−1)

𝑥+1
𝑑𝑥 + ∫

1

𝑥+1
𝑑𝑥} 

 = 𝑥 ln(𝑥 + 1) −
1

2
∫(𝑥 − 1)𝑑𝑥 −

1

2
∫

1

𝑥+1
𝑑𝑥 

 = 𝑥 ln(𝑥 + 1) −
1

2
∫ 𝑥 𝑑𝑥 +

1

2
∫𝑑𝑥 −

1

2
∫

1

𝑥+1
𝑑𝑥 

 = 𝑥 ln(𝑥 + 1) −
1

2
 
𝑥2

2
+

1

2
 𝑥 −

1

2
𝑙𝑛|𝑥 + 1| + 𝑐 

 

 

 

IMP 

Ex:∫ ln(1 + 𝑥2) 𝑑𝑥 

Ans: ∫ ln(1 + 𝑥2) 𝑑𝑥 = ln(1 + 𝑥2) ∫ 1 𝑑𝑥 − ∫ {
𝑑 

𝑑𝑥
𝑙𝑛(1 + 𝑥2) ∫ 1 𝑑𝑥} 𝑑𝑥 

 = ln(1 + 𝑥2) 𝑥 − ∫
1

1+𝑥2
 2𝑥 𝑥 𝑑𝑥 = 𝑥 𝑙𝑛(1 + 𝑥2) − 2∫

𝑥2

1+𝑥2
𝑑𝑥 

 = 𝑥 𝑙𝑛(1 + 𝑥2) − 2∫
𝑥2+1−1

1+𝑥2
𝑑𝑥 = 𝑥 𝑙𝑛(1 + 𝑥2) − 2∫ (

𝑥2+1

1+𝑥2
−

1

1+𝑥2
) 𝑑𝑥 

 = 𝑥 𝑙𝑛(1 + 𝑥2) − 2∫𝑑𝑥 + 2∫
1

1+𝑥2
𝑑𝑥 = 𝑥 𝑙𝑛(1 + 𝑥2) − 2𝑥 + 2 𝑡𝑎𝑛−1𝑥 + 𝑐 

 

Ex:∫ 𝑠𝑖𝑛−1𝑥 𝑑𝑥 

Ans: ∫ 𝑠𝑖𝑛−1𝑥 𝑑𝑥 = 𝑠𝑖𝑛−1𝑥 ∫ 1 𝑑𝑥 − ∫ {
𝑑 

𝑑𝑥
𝑠𝑖𝑛−1𝑥 ∫ 1 𝑑𝑥} 𝑑𝑥 

 = 𝑠𝑖𝑛−1𝑥  . 𝑥 − ∫
1

√1−𝑥2
 𝑥 𝑑𝑥 = 𝑥. 𝑠𝑖𝑛−1𝑥 − ∫

𝑥 𝑑𝑥

√1−𝑥2
  

For 2nd term let 1 − 𝑥2 = 𝑡2  ⇒  −2𝑥 𝑑𝑥 = 2𝑡 𝑑𝑡 ⇒ 𝑥 𝑑𝑥 = −𝑡 𝑑𝑡  
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 = 𝑥. 𝑠𝑖𝑛−1𝑥 − ∫
−𝑡 𝑑𝑡

𝑡
 = 𝑥. 𝑠𝑖𝑛−1𝑥 + 𝑡 + 𝑐 = 𝑥. 𝑠𝑖𝑛−1𝑥 + √1 − 𝑥2 + 𝑐 

Ex:∫ 𝑡𝑎𝑛−1𝑥 𝑑𝑥 

Ans: ∫ 𝑡𝑎𝑛−1𝑥 𝑑𝑥 = 𝑡𝑎𝑛−1𝑥 ∫ 1 𝑑𝑥 − ∫ {
𝑑 

𝑑𝑥
𝑡𝑎𝑛−1𝑥 ∫ 1 𝑑𝑥} 𝑑𝑥 

 = 𝑡𝑎𝑛−1𝑥  . 𝑥 − ∫
1

1+𝑥2
 𝑥 𝑑𝑥 = 𝑥. 𝑡𝑎𝑛−1𝑥 − ∫

𝑥 𝑑𝑥

1+𝑥2
  

For 2nd term let 1 + 𝑥2 = 𝑡 ⇒  2𝑥 𝑑𝑥 =  𝑑𝑡 ⇒ 𝑥 𝑑𝑥 = 𝑑𝑡/2  

 = 𝑥. 𝑡𝑎𝑛−1𝑥 − ∫
𝑑𝑡/2

𝑡
 = 𝑥. 𝑡𝑎𝑛−1𝑥 +

1

2
𝑙𝑛|𝑡| + 𝑐 

 = 𝑥. 𝑡𝑎𝑛−1𝑥 +
1

2
𝑙𝑛|1 + 𝑥2| + 𝑐 

Ex:∫  𝑥 𝑡𝑎𝑛−1𝑥 𝑑𝑥 

Ans: ∫ 𝑥 𝑡𝑎𝑛−1𝑥 𝑑𝑥 = 𝑡𝑎𝑛−1𝑥 ∫ 𝑥 𝑑𝑥 − ∫ {
𝑑 

𝑑𝑥
𝑡𝑎𝑛−1𝑥 ∫  𝑥 𝑑𝑥} 𝑑𝑥 

 = 𝑡𝑎𝑛−1𝑥  .
𝑥2

2
− ∫

1

1+𝑥2
 .

𝑥2

2
 𝑑𝑥 =

𝑥2

2
 𝑡𝑎𝑛−1𝑥 −

1

2
∫

𝑥2 𝑑𝑥

1+𝑥2
  

 =
𝑥2

2
 𝑡𝑎𝑛−1𝑥 −

1

2
∫

𝑥2+1−1

1+𝑥2
𝑑𝑥 =

𝑥2

2
 𝑡𝑎𝑛−1𝑥 −

1

2
{∫

𝑥2+1

1+𝑥2
−

1

1+𝑥2
}𝑑𝑥 

 =
𝑥2

2
 𝑡𝑎𝑛−1𝑥 −

1

2
∫𝑑𝑥 +

1

2
∫

1

1+𝑥2
𝑑𝑥 =

𝑥2

2
 𝑡𝑎𝑛−1𝑥 −

1

2
 𝑥 +

1

2
𝑡𝑎𝑛−1𝑥 + 𝑐 

Assignment: 

Ex:∫ 𝑥 𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥 

Ex:∫ 𝑥 𝑠𝑖𝑛5𝑥 𝑑𝑥 

Ex:∫ 𝑥𝑒𝑏𝑥𝑑𝑥 

Ex: ∫ 𝑥𝑐𝑜𝑠2𝑥 𝑑𝑥 

Ex:∫ 𝑥𝑐𝑜𝑠𝑛𝑥 𝑑𝑥                      Ex:∫ 𝑥 𝑙𝑛𝑥 𝑑𝑥 

Ex:∫
𝑙𝑛𝑥

𝑥5
 𝑑𝑥 = ∫ 𝑥−5𝑙𝑛𝑥 𝑑𝑥 

Ex: ∫ 𝑥𝑛 𝑙𝑛𝑥 𝑑𝑥                   Ex:∫ 𝑐𝑜𝑠−1𝑥 𝑑𝑥 

Ex:∫(𝑙𝑛𝑥)2𝑑𝑥 
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Formula: 

 

 

 
1.∫ 𝑒𝑥(𝑡𝑎𝑛𝑥 + 𝑙𝑛𝑠𝑒𝑐𝑥)𝑑𝑥                                              2.∫

𝑥𝑒𝑥

(1+𝑥)2
𝑑𝑥 

3.∫ 𝑒𝑥 1−𝑠𝑖𝑛𝑥

1−𝑐𝑜𝑠𝑥
𝑑𝑥                                                                4.∫ 𝑒𝑥 2+𝑠𝑖𝑛2𝑥

1+𝑐𝑜𝑠2𝑥
 𝑑𝑥 

Formulas:1 

                                                                

 

Proof:𝐿𝑒𝑡 𝐼 = ∫√𝑎2 − 𝑥2𝑑𝑥 = √𝑎2 − 𝑥2 ∫𝑑𝑥 − ∫ (
𝑑√𝑎2−𝑥2

𝑑𝑥
∫𝑑𝑥)𝑑𝑥 

= 𝑥√𝑎2 − 𝑥2 − ∫
1

2√𝑎2 − 𝑥2
(−2𝑥)𝑥 𝑑𝑥 = 𝑥√𝑎2 − 𝑥2 − ∫

−𝑥2

√𝑎2 − 𝑥2
 𝑑𝑥 

= 𝑥√𝑎2 − 𝑥2 − ∫
(𝑎2 − 𝑥2) − 𝑎2

√𝑎2 − 𝑥2
 𝑑𝑥 = 𝑥√𝑎2 − 𝑥2 − ∫

𝑎2 − 𝑥2

√𝑎2 − 𝑥2
 𝑑𝑥 + ∫

𝑎2

√𝑎2 − 𝑥2
𝑑𝑥 

 = 𝑥√𝑎2 − 𝑥2 − ∫√𝑎2 − 𝑥2 𝑑𝑥 + 𝑎2 ∫
1

√𝑎2−𝑥2
𝑑𝑥 

⇒ 𝐼 + 𝐼 = 𝑥√𝑎2 − 𝑥2 + 𝑎2𝑠𝑖𝑛−1 𝑥

𝑎
+ 𝑐1                              [∵ ∫√𝑎2 − 𝑥2 𝑑𝑥 = 𝐼] 

 ⇒ 2𝐼 = 𝑥√𝑎2 − 𝑥2 + 𝑎2𝑠𝑖𝑛−1 𝑥

𝑎
+ 𝑐1 ⇒ 𝐼 =

𝑥

2
√𝑎2 − 𝑥2 +

𝑎2

2
𝑠𝑖𝑛−1 𝑥

𝑎
+ 𝑐  

 ∫√𝑎2 − 𝑥2𝑑𝑥 = 𝑥

2
√𝑎2 − 𝑥2 +

𝑎2

2
𝑠𝑖𝑛−1 𝑥

𝑎
+ 𝑐  

2. 

 

 

 

Proof: 𝐿𝑒𝑡 𝐼 = ∫√𝑎2 + 𝑥2𝑑𝑥 = √𝑎2 + 𝑥2 ∫𝑑𝑥 − ∫ (
𝑑√𝑎2+𝑥2

𝑑𝑥
∫𝑑𝑥)𝑑𝑥 

∫𝑒𝑥(𝑓(𝑥) + 𝑓′(𝑥)) = 𝑒𝑥𝑓(𝑥) + 𝑐 

∫√𝑎2 − 𝑥2𝑑𝑥 =
𝑥

2
√𝑎2 − 𝑥2 +

𝑎2

2
𝑠𝑖𝑛−1

𝑥

𝑎
+ 𝑐 

∫√𝑎2 + 𝑥2𝑑𝑥 =
𝑥

2
√𝑎2 + 𝑥2 +

𝑎2

2
𝑙𝑛 |𝑥 + √𝑎2 + 𝑥2| + 𝑐 
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= 𝑥√𝑎2 + 𝑥2 − ∫
1

2√𝑎2 + 𝑥2
(2𝑥)𝑥 𝑑𝑥 = 𝑥√𝑎2 + 𝑥2 − ∫

𝑥2

√𝑎2 + 𝑥2
 𝑑𝑥 

= 𝑥√𝑎2 + 𝑥2 − ∫
(𝑎2 + 𝑥2) − 𝑎2

√𝑎2 + 𝑥2
 𝑑𝑥 = 𝑥√𝑎2 + 𝑥2 − ∫

𝑎2 + 𝑥2

√𝑎2 + 𝑥2
 𝑑𝑥 + ∫

𝑎2

√𝑎2 + 𝑥2
𝑑𝑥 

 = 𝑥√𝑎2 + 𝑥2 − ∫√𝑎2 − 𝑥2 𝑑𝑥 + 𝑎2 ∫
1

√𝑎2+𝑥2
𝑑𝑥 

⇒ 𝐼 + 𝐼 = 𝑥√𝑎2 + 𝑥2 + 𝑎2𝑙𝑛|𝑥 + √𝑎2 + 𝑥2| + 𝑐1                              [∵ ∫√𝑎2 + 𝑥2 𝑑𝑥 = 𝐼] 

 ⇒ 2𝐼 = 𝑥√𝑎2 + 𝑥2 + 𝑎2𝑙𝑛|𝑥 + √𝑎2 + 𝑥2| + 𝑐1 ⇒ 𝐼 =
𝑥

2
√𝑎2 + 𝑥2 +

𝑎2

2
𝑙𝑛|𝑥 + √𝑎2 + 𝑥2| + 𝑐  

 ∫√𝑎2 + 𝑥2𝑑𝑥 =
𝑥

2
√𝑎2 + 𝑥2 +

𝑎2

2
𝑙𝑛|𝑥 + √𝑎2 + 𝑥2| + 𝑐  

3. 

 

 

 

Proof: 𝐿𝑒𝑡 𝐼 = ∫√𝑥2 − 𝑎2𝑑𝑥 = √𝑥2 − 𝑎2 ∫𝑑𝑥 − ∫ (
𝑑√𝑥2−𝑎2

𝑑𝑥
∫𝑑𝑥)𝑑𝑥 

 = 𝑥√𝑥2 − 𝑎2 − ∫
1

2√𝑥2−𝑎2
(2𝑥)𝑥 𝑑𝑥 = 𝑥√𝑥2 − 𝑎2 − ∫

𝑥2

√𝑥2−𝑎2
 𝑑𝑥 

= 𝑥√𝑥2 − 𝑎2 − ∫
(𝑥2 − 𝑎2) + 𝑎2

√𝑥2 − 𝑎2
 𝑑𝑥 = 𝑥√𝑥2 − 𝑎2 − ∫

𝑥2 − 𝑎2

√𝑥2 − 𝑎2
 𝑑𝑥 − ∫

𝑎2

√𝑥2 − 𝑎2
𝑑𝑥 

 = 𝑥√𝑥2 − 𝑎2 − ∫√𝑥2 − 𝑎2 𝑑𝑥 − 𝑎2 ∫
1

√𝑥2−𝑎2
𝑑𝑥 

⇒ 𝐼 + 𝐼 = 𝑥√𝑥2 − 𝑎2 − 𝑎2𝑙𝑛|𝑥 + √𝑥2 − 𝑎2| + 𝑐1                              [∵ ∫√𝑥2 − 𝑎2 𝑑𝑥 = 𝐼] 

 ⇒ 2𝐼 = 𝑥√𝑥2 − 𝑎2 − 𝑎2𝑙𝑛 |𝑥 + √𝑥2 − 𝑎2| + 𝑐1 ⇒ 𝐼 =
𝑥

2
√𝑥2 − 𝑎2 −

𝑎2

2
𝑙𝑛 |𝑥 + √𝑥2 − 𝑎2| + 𝑐  

 ∫√𝑥2 − 𝑎2𝑑𝑥 =
𝑥

2
√𝑥2 − 𝑎2 −

𝑎2

2
𝑙𝑛|𝑥 + √𝑥2 − 𝑎2| + 𝑐  

4. 

 

 

 

∫√𝑥2 − 𝑎2𝑑𝑥 =
𝑥

2
√𝑥2 − 𝑎2 −

𝑎2

2
𝑙𝑛 |𝑥 + √𝑥2 − 𝑎2| + 𝑐 

∫𝑒𝑎𝑥𝑐𝑜𝑠𝑏𝑥 𝑑𝑥 =
𝑒𝑎𝑥

𝑎2 + 𝑏2
[𝑎𝑐𝑜𝑠𝑏𝑥 + 𝑏𝑠𝑖𝑛𝑏𝑥] + 𝑐 
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Proof:Let I=∫ 𝑒𝑎𝑥𝑐𝑜𝑠𝑏𝑥𝑑𝑥 = 𝑐𝑜𝑠𝑏𝑥 ∫ 𝑒𝑎𝑥𝑑𝑥 − (∫(
𝑑𝑐𝑜𝑠𝑏𝑥

𝑑𝑥
∫ 𝑒𝑎𝑥𝑑𝑥)𝑑𝑥) 

 = 𝑐𝑜𝑠𝑏𝑥
𝑒𝑎𝑥

𝑎
+ ∫ 𝑠𝑖𝑛𝑏𝑥. 𝑏

𝑒𝑎𝑥

𝑎
𝑑𝑥 =

𝑒𝑎𝑥

𝑎
𝑐𝑜𝑠𝑏𝑥 +

𝑏

𝑎
∫ 𝑒𝑎𝑥𝑠𝑖𝑛𝑏𝑥 𝑑𝑥 

 =
𝑒𝑎𝑥

𝑎
𝑐𝑜𝑠𝑏𝑥 +

𝑏

𝑎
[
𝑒𝑎𝑥

𝑎
𝑠𝑖𝑛𝑏𝑥 − (∫(

𝑑𝑠𝑖𝑛𝑏𝑥

𝑑𝑥
∫ 𝑒𝑎𝑥𝑑𝑥)𝑑𝑥)] 

 =
𝑒𝑎𝑥

𝑎
𝑐𝑜𝑠𝑏𝑥 +

𝑏

𝑎2
𝑒𝑎𝑥𝑠𝑖𝑛𝑏𝑥 −

𝑏2

𝑎2 ∫ 𝑒𝑎𝑥𝑐𝑜𝑠𝑏𝑥𝑑𝑥 =
𝑒𝑎𝑥

𝑎
𝑐𝑜𝑠𝑏𝑥 +

𝑏

𝑎2
𝑒𝑎𝑥𝑠𝑖𝑛𝑏𝑥 −

𝑏2

𝑎2
𝐼 

 𝐼 +
𝑏2

𝑎2
𝐼 =

𝑒𝑎𝑥

𝑎
𝑐𝑜𝑠𝑏𝑥 +

𝑏

𝑎2
𝑒𝑎𝑥𝑠𝑖𝑛𝑏𝑥 

⇒
𝑎2+𝑏2

𝑎2
𝐼 =

𝑎𝑒𝑎𝑥𝑐𝑜𝑠𝑏𝑥+𝑏𝑒𝑎𝑥𝑠𝑖𝑛𝑏𝑥

𝑎2
+ 𝑐 

⇒𝐼 =
𝑒𝑎𝑥

𝑎2+𝑏2
(𝑎𝑐𝑜𝑠𝑏𝑥 + 𝑏𝑠𝑖𝑛𝑏𝑥)+c 

 ∫ 𝑒𝑎𝑥𝑐𝑜𝑠𝑏𝑥 𝑑𝑥 =
𝑒𝑎𝑥

𝑎2+𝑏2
[𝑎𝑐𝑜𝑠𝑏𝑥 + 𝑏𝑠𝑖𝑛𝑏𝑥] + 𝑐 

5. 

 

 

Proof:Let I=∫ 𝑒𝑎𝑥𝑠𝑖𝑛𝑏𝑥𝑑𝑥 = 𝑠𝑖𝑛𝑏𝑥 ∫ 𝑒𝑎𝑥𝑑𝑥 − (∫(
𝑑𝑠𝑖𝑛𝑏𝑥

𝑑𝑥
∫ 𝑒𝑎𝑥𝑑𝑥)𝑑𝑥) 

 = 𝑠𝑖𝑛𝑏𝑥
𝑒𝑎𝑥

𝑎
− ∫ 𝑐𝑜𝑠𝑏𝑥. 𝑏

𝑒𝑎𝑥

𝑎
𝑑𝑥 =

𝑒𝑎𝑥

𝑎
𝑠𝑖𝑛𝑏𝑥 −

𝑏

𝑎
∫ 𝑒𝑎𝑥𝑐𝑜𝑠𝑏𝑥 𝑑𝑥 

 =
𝑒𝑎𝑥

𝑎
𝑠𝑖𝑛𝑏𝑥 −

𝑏

𝑎
[
𝑒𝑎𝑥

𝑎
𝑐𝑜𝑠𝑏𝑥 − (∫(

𝑑𝑐𝑜𝑠𝑏𝑥

𝑑𝑥
∫ 𝑒𝑎𝑥𝑑𝑥)𝑑𝑥)] 

 =
𝑒𝑎𝑥

𝑎
𝑠𝑖𝑛𝑏𝑥 −

𝑏

𝑎2
𝑒𝑎𝑥𝑐𝑜𝑠𝑏𝑥 −

𝑏2

𝑎2 ∫ 𝑒𝑎𝑥𝑠𝑖𝑛𝑏𝑥𝑑𝑥 =
𝑒𝑎𝑥

𝑎
𝑠𝑖𝑛𝑏𝑥 −

𝑏

𝑎2
𝑒𝑎𝑥𝑐𝑜𝑠𝑏𝑥 −

𝑏2

𝑎2
𝐼 

 𝐼 +
𝑏2

𝑎2
𝐼 =

𝑒𝑎𝑥

𝑎
𝑠𝑖𝑛𝑏𝑥 −

𝑏

𝑎2
𝑒𝑎𝑥𝑐𝑜𝑠𝑏𝑥 

⇒
𝑎2+𝑏2

𝑎2
𝐼 =

𝑎𝑒𝑎𝑥𝑠𝑖𝑛𝑏𝑥−𝑏𝑒𝑎𝑥𝑐𝑜𝑠𝑏𝑥

𝑎2
+ 𝑐 

⇒𝐼 =
𝑒𝑎𝑥

𝑎2+𝑏2
(𝑎𝑠𝑖𝑛𝑏𝑥 − 𝑏𝑐𝑜𝑠𝑏𝑥)+c 

 ∫ 𝑒𝑎𝑥𝑠𝑖𝑛𝑏𝑥 𝑑𝑥 =
𝑒𝑎𝑥

𝑎2+𝑏2
[𝑎𝑠𝑖𝑛𝑏𝑥 − 𝑏𝑐𝑜𝑠𝑏𝑥] + 𝑐 

∫𝑒𝑎𝑥𝑠𝑖𝑛𝑏𝑥 𝑑𝑥 =
𝑒𝑎𝑥

𝑎2 + 𝑏2
[𝑎𝑠𝑖𝑛𝑏𝑥 − 𝑏𝑐𝑜𝑠𝑏𝑥] + 𝑐 
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Assignment: 

1.∫
𝑥2

1−𝑥6
𝑑𝑥                                                                                          2.∫

𝑑𝑥

9𝑥2−7
 

3.∫
𝑑𝑥

𝑥2+2𝑥+6
                                                                                         4.∫

𝑑𝑥

9𝑥2−12𝑥+8
 

5.∫
𝑑𝑥

1+𝑥−𝑥2
                                                                                           6.∫

𝑥

𝑥4+𝑥2+1
𝑑𝑥 

7.∫
𝑥

𝑥2+𝑥+1
𝑑𝑥                                                                                     8.∫

2𝑥−3

𝑥2+3𝑥−18
𝑑𝑥 

9.∫
𝑑𝑥

√2−4𝑥+𝑥2
                                                                                   10.∫

𝑑𝑥

√8+3𝑥−𝑥2
 

11.∫
2𝑥+1

√𝑥2+2𝑥−1
𝑑𝑥                                                                             12.∫

𝑥+1

√4+5𝑥−𝑥2
𝑑𝑥 

13.∫ 𝑒3𝑥𝑠𝑖𝑛4𝑥 𝑑𝑥  

14. ∫ 𝑒−3𝑥𝑠𝑖𝑛2𝑥 𝑑𝑥                                                            15.∫𝑒−𝑥𝑐𝑜𝑠4𝑥 𝑑𝑥  

16. ∫ 𝑒−𝑥𝑐𝑜𝑠𝑥 𝑑𝑥                                                                17.∫ 𝑒𝑎𝑥sin (𝑏𝑥 + 𝑐)𝑑𝑥  

 

 

 

 

DEFINITE INTEGRATION 

Let f(x) be a continued function defined in an interval [a,b],so definite integral of f(x) 

over [a,b] is defined as ∫ 𝑓(𝑥)𝑑𝑥 = [𝐹(𝑥) + 𝑐] 𝑏
𝑎

= 𝐹(𝑎) − 𝐹(𝑏)
𝑏

𝑎
 

𝐻𝑒𝑟𝑒 𝑥 = 𝑎 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑜𝑤𝑒𝑟 𝑙𝑖𝑚𝑖𝑡 𝑎𝑛𝑑 𝑥 = 𝑏 𝑖𝑠 𝑡ℎ𝑒 𝑢𝑝𝑝𝑒𝑟 𝑙𝑖𝑚𝑖𝑡  

In definite integration constant c is deleted. 

Ex:𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ 𝑥2 𝑑𝑥 
3

2
 

Ans:  ∫ 𝑥2 𝑑𝑥 = [
𝑥3

3
]
2

3

=
27

3
−

8

3
=

19

3
 

3

2
 

Ex:𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫
1

1+𝑥2 𝑑𝑥
𝜋

4
0

 

Ans:∫
1

1+𝑥2 𝑑𝑥
𝜋

4
0

= [𝑡𝑎𝑛−1𝑥]
0

𝜋

4 = 𝑡𝑎𝑛−1 𝜋

4
− 𝑡𝑎𝑛−10 = 1 − 0 = 1 
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Ex:𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ 𝑥𝑠𝑖𝑛𝑥 𝑑𝑥
𝜋

2
0

 

Ans:∫ 𝑥𝑠𝑖𝑛𝑥 𝑑𝑥 = 𝑥 ∫ 𝑠𝑖𝑛𝑥 𝑑𝑥 − ∫(
𝑑(𝑥)

𝑑𝑥
∫𝑠𝑖𝑛𝑥𝑑𝑥)𝑑𝑥 = −𝑥𝑐𝑜𝑠𝑥 − ∫1(−𝑐𝑜𝑠𝑥)𝑑𝑥 

 = −𝑥𝑐𝑜𝑠𝑥 + 𝑠𝑖𝑛𝑥 

Now ∫ 𝑥𝑠𝑖𝑛𝑥 𝑑𝑥 = [−𝑥𝑐𝑜𝑠𝑥 + 𝑠𝑖𝑛𝑥]
0

𝜋

2 = (−
𝜋

2
𝑐𝑜𝑠

𝜋

2
+ 𝑠𝑖𝑛

𝜋

2
)

𝜋

2
0

− (0 + 𝑠𝑖𝑛0) = 1 

Ex:𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ 𝑡𝑎𝑛2𝑥
𝜋

0
𝑑𝑥 

Ans:∫ 𝑡𝑎𝑛2𝑥
𝜋

0
𝑑𝑥 = ∫ (𝑠𝑒𝑐2𝑥

𝜋

0
− 1)𝑑𝑥 = ∫ 𝑠𝑒𝑐2𝑥𝑑𝑥 − ∫ 𝑑𝑥

𝜋

0
= [𝑡𝑎𝑛𝑥]0

𝜋 −
𝜋

0
[𝑥]0

𝜋 = −𝜋 

Definite integration by substitution: 

Ex:𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ 𝑥𝑒𝑥2
𝑑𝑥

2

1
 

Ans: ∫ 𝑥𝑒𝑥2
𝑑𝑥

2

1
                       𝑙𝑒𝑡 𝑥2 = 𝑡 ⇒ 2𝑥𝑑𝑥 = 𝑑𝑡 ⇒ 𝑥𝑑𝑥 =

𝑑𝑡

2
 

𝑙𝑖𝑚𝑖𝑡 𝑐ℎ𝑎𝑛𝑔𝑒 {
𝑥 = 1, 𝑡 = 1
𝑥 = 2, 𝑡 = 4

     𝑓𝑜𝑟 𝑓𝑖𝑛𝑑𝑖𝑛𝑔 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡 𝑝𝑢𝑡 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑥 𝑖𝑛 𝑥2 = 𝑡.  

=∫ 𝑒𝑡 𝑑𝑡

2
=

1

2
[𝑒𝑡]1

4 =
4

1

1

2
(𝑒4 − 𝑒1) 

Ex:𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ 𝑠𝑖𝑛3𝑥 cos𝑑𝑥 
𝜋

2
0

 

Ans:∫ 𝑠𝑖𝑛3𝑥 cos𝑑𝑥 
𝜋

2
0

                                      𝑙𝑒𝑡 𝑠𝑖𝑛𝑥 = 𝑡 ⇒ 𝑐𝑜𝑠𝑥 𝑑𝑥 = 𝑑𝑡 

 {
𝑥 = 0, 𝑡 = 0

𝑥 =
𝜋

2
, 𝑡 = 1

     . 

=∫ 𝑡3𝑑𝑡
1

0
= [

𝑡4

4
]
0

1

=
1

4
− 0 =

1

4
 

Properties: 

1.∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑓(𝑦)𝑑𝑦
𝑏

𝑎

𝑏

𝑎
 

2.∫ 𝑓(𝑥)𝑑𝑥 = −∫ 𝑓(𝑥)𝑑𝑥
𝑎

𝑏

𝑏

𝑎
 

3.∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑓(𝑥)𝑑𝑥 + ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑐

𝑐

𝑎
, 𝑎 < 𝑐 < 𝑏

𝑏

𝑎
 

4.∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑓(𝑎 − 𝑥)𝑑𝑥
𝑎

0

𝑎

0
 

5.∫ 𝑓(𝑥)𝑑𝑥 = {
2∫ 𝑓(𝑥)𝑑𝑥, 𝑖𝑓 𝑓(𝑥)𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

𝑎

0

0, 𝐼𝑓 𝑓(𝑥)𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑎

−𝑎
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6. ∫ 𝑓(𝑥)𝑑𝑥 = {
2∫ 𝑓(𝑥)𝑑𝑥, 𝑖𝑓 𝑓(2𝑎 − 𝑥) = 𝑓(𝑥) 

𝑎

0

0, 𝑖𝑓 𝑓(2𝑎 − 𝑥) = −𝑓(𝑥)

2𝑎

0
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