ENGG.MATH-III

MATRICES

A rectangular arrangement of mn numbers with'm"horizontal Iines(rows)and 'n'vertical

lines (columns) is known as matrix of order mxnor (mby n).

3 2 -1
Ex:A={3 5 1
2 4 3

3x3

Note : Anelement occuring inthe ithrowand jth columnof amatrix Awill becalled (i, j)th
element.Itis denoted by a;.

a, a, am}
2x3

Ex:A= {
aZl a22 a23

Itisamatrixof order 2x3with general elements.
Row matrix

Amatrix having only one row is known as row matrix.

Ex:[2 -1 3],

Column matrix

Amatrix having only one columnis known as column matrix.
1

2
Ex:
-8
4

Null matrix or Zero matrix

4x1

If all theelementsof amatrixare zerothenitiscalled null matrix.Itis denoted by O
{O 0 O}

Ex:
0 0 0f,,

Square matrix

mxn*

If the number of rows and columnof amatrixareequal thenitiscalled square matrix.
iem=n

1 2 2
Ex:A=|-3 4 -1
3 6 1

3x3
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Rectangular matrix

If the number of rowsand columnof amatrixare not equal thenitis called rectangular matrix.
iem=n

1 2 -3
Ex: A=
4 2 1 oa

Diagonal matrix

Asquare matrixis said tobe a diagonal matrixif all the diagonal elements are present but
nondiagonal elements are zero.

100
Ex:A=10 4 O

0 0 1],

Scalar matrix
Asquarematrixis said tobe a scalar matrixif all the diagonal elements are same but
nondiagonal elements are zero.
2 00
Ex:A={0 2 O
0 0 2],

Identity matrix or unit matrix

Asquare matrixis said tobe anunit matrixif all the diagonal elements are unity(l)but
nondiagonal elements are zero.lt is denoted by | or I.
100
10
Ex:lorl=/0 1 0 l,orl=
01
0 0 1 3x3

Upper Triangular matrix

Asquare matrixis said tobe anupper triangular matrixif all the elements belowthe maindiagonal
are zero.

1 2 7
Ex:A=|0 -2 6
O O 3 3x3
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Lower Triangular matrix

Asquare matrixis said tobe alower triangular matrixif all the elements above the main diagonal
are zero.

1 0 O
Ex:A=|2 -2 0
5 7 3 s

comparable matrix

Two matrices Aand B are said tobe comparableif they have same order.

1 -2 3 1 a b
Ex: A= B =
4 1 7 s c d 7 s

Equal matrices

Two matrices Aand B are said tobeequal if they have same order and their corresponding

elements areequal.
b
A:[ai bl} A{as 3}
aZ bZ 2%2 a4 b4 2x2

A=Biff a, =a,,b =b,,a, =a,,b, =b,

2 1 4
Ex: Find thevalueof xand yif {g y}:{ }

-2 3 2
. X 2y 1 4
Ans : Given =
3 2 3 2

Matrix Addition

If Aand B aretwocomparable matrices eachof order mx nthenthe addition A+ B be a matrix
obtained by adding the corresponding element of Aand B.

1 -2 3 1 5 5
Ex: A= B =
4 1 72X3 2 6 -1 oea
1 -2 3 1 5 5 1+1 -2+5 3+5 2 3 8
Ans:A+B= + = -
4 1 72X3 2 6 —12X3 4+2 1+6 7-1 6 7 62X3

Scalar multiplicationof a matrix

If Abeamatrixand k be a scalar thenthe scalar multiplication of a matrix obtained by multiplying
eachelement of Abyk.Itisdenoted by kA.
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1 4
Ex: A=
i 5

s Sl 4

Transpose of a matrix

If Abeamatrixof order mxnthenthe matrix obtained by changing the rows and columnsthen

itiscalled transpose of a matrix.Itisdenoted by A'or A" and theorder of ATisnxm.

1 4
Ex: A=
5

AR

Matrix multiplication

Existence of the product of two matrices

The product of two matricesAand B will beexist if the number of columnsinthelst matrix( A)
isequal tothe number of rowsinthe 2nd matrix ( B).

If Abeamatrixof order mxnand Bbeamatrixof order nx pthen ABbeamatrixof order mx p.
et A=[].. B=[], AB=[ ]

mxp

Note: Al = A=A
AA= A
n=1°=1

Singular matrix

Asquarematrix' A'issaid tobe a singular matrixif det.Aor |A| =0.

2 3
Ex:A= =12-12=0
4 6

Non — Singular matrix

Asquare matrix' A'issaid tobe a nonsingular matrixif det.Aor|A| #0.

3 2
Ex: A= =12-8=4%0
4 4
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Rank of amatrix

Therank of amatrixisthe largestorder of any nonvanishing minor of the matrix.

OR

Therank of amatrixisthe maximum numberL.l (Linear indepedent) rows or columns of the matrix.
OR

The number of non zero rows or columns of atriangular matrixis known as rank of a matrix.

Rank of amatrixis denoted by p(A)orr(A)

Howto find the rank of amatrix

1.Letthe given matrixis A

2.Before finding rank check the pivot element (a,, # 0) (i.e thelst element inthe matrix not zero)

3.1f the pivot element (a,, = 0)theninterchange any two rows or columns.

4 Transfer all the elements belowthe pivot elementsto'0'and reduce the matrixto anupper triangular
matrix form.

5.After upper triangular matrix( rank of matrix =number of non zero rows or columns)

Note : If weinterchange anytwo rowsor columns of a matrixthenthe rank of a matrix remains
unchanged.

Note :

1.1f all minor of amatrix of order (r +1) are zerothenitsrank is<r.
2.Rank of nthorder nonsingular matrixisn.
3.Rank of nthorder singular matrixis<n.
4.Rank of nthorder square matrixis<n.
5.Rank of nthorder unit matrixis n.

6.Rank of a matrix having order mxn
(a)If m>nthen rankis<n

(b) If m<nthen rankis<m

(c)If m=nthenrankis <m=n

7.The rank of null matrixis zero.

2
Ex: Find the rank of the matrix{4 2}

2 3
Ans: A=
N

2 3
|A| = ‘4 6‘ =0 ,the2nd order minor vanishes.sothe rank of thematrixisl.

5
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1 2 3
Ex: Find therank of thematrix| 1 4 2
2 6 5
1 2 3
Ans:|1 4 2 (Herethe3rd order determinant vanishes.)
2 6 5
R, >R,-R,R, > R;,-2R,
1 2 3
~[0 2 -1
0 2 -1
R, >R,—R,
1 2 3
~|0 2 -1| (twononzerorowsand one zeroroware present after upper triangular matrix)
0 0 O

Hencethe rank of thematrixis2 i.e r(A)=2.

4 2 3
Ex: Find therank of thematrix| 8 4 6
-2 -1 -15
4 2 3
Ans:| 8 4 6 (Herethe3rd order determinant vanishes.)
-2 -1 -15
R, >R,-2R, R, —> R3+%R1
4 2 3
~0 0 O (two zerorows and one non zero roware present after simplification)
0 00O

Hencethe rank of the matrixisl i.e r(A):l.

3 -1 2
Ex: Find therank of thematrix| -6 2 4
-3 1 2
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3 -1 2
Ans:|-6 2 4 (Herethe 3rd order determinant vanishes.)
-3 1 2
R, >R,+2R,R, >R, +R,
3 -1 2
~0 0 8
0 0 4

R, — Rs—%Rl

3 -1 2
~0 0 8
0 0 O

Hencetherank of thematrixis2 ie r(A)=2.

1 5 9
Ex: Find therank of thematrix|4 8 12
|7 11 15
111
Ex: Find therank of thematrix|1 1 1
111
3 0 01 1 -1 1
Ex:Find therank of thematrix(a)|2 3 4|,(b)|0 2 O[(c)|-1 1 -1
3 5 1 0 2 2 -2 2
1 2 30
Ex : Find the rank of the matrix 2432
3 21 3
6 8 7 5
1 2 30
Ans: 2 4 3 2
3 21 3
6 8 7 5

R, >R,-2R,R,>R,-3R,R, > R, —6R,



1 2 3 0
o 0o -3 2
“lo -4 -8 3
0 -4 -11 5
R, >R, —R,—R,
1 2 3 0
|0 0o 32
o -4 -8 3
00 0 O

Hencethe rank of the matrixis3 i.e

Ex: Find the rank of the matrix
11 12 13 14

16 17 18 19

5 6 7 8
6 7 8 9
ns:
11 12 13 14
16 17 18 19
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r(A)=3.

6 7 8
7 8 9

c,—>C,-C,C,—>C,-C,,C, >C,-C,

5 111
6 111
11 111
16 1 11

Q

C,—>C,-C,.C,»C,-C,

(5 100
6 100
1 10 0
16 1 0 0

Hencethe rank of the matrixis2 i.e

r(A)=2.

2 3 4

Ex: Find therank of thematrix|4 3 1

1 2 4
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-1 1 4 1 0 2 1 1 3 2 4
Ex: Find the rank of the matrix(a) 1 6,(b) 0 1 = 1,(0) > 2 01
-1 2 7 1 -1 4 0 3 4 -4 7
-1 1 -1 9 -2 2 8 0 -7 5 6 10
1 3 4 3
Ex: Find therank of thematrix| 3 9 12 3
13 4 1),
1 3 4 3
Ans:[3 9 12 3 (Therank iseither 3or < 3)
1 3 4 1
R, >R, -3R,R, >R, —R
1 3 4 3
~0 0 0 -6
0 00 -2
R3—>R3—%R2
1 3 4 3
~0 0 0 -6
0 00 O
Hencetherank of thematrixis2 ie r(A)=2.
1 2 -1 -4 8 1 3 6 23
Ex: Find therank of thematrix(a)l 2 4 3 5 |(b)| 0 3 2 2|(c) ZS
-1 -2 6 -7 -8 -1 -3 4
2 1
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consistent and inconsistent

If the solution of the systemof linear equation exist thenitis called consitent otherwiseit is called
inconsistent.

Consistency for system of linear equations

Let us consider the systemof 'm'linear equation with'n'unknowns

A X+ A%y e +a,X, =d,

Ay X + 8 Xy F o, +a,,X, =d,
.......................................................................... (1)
Ay X A%, F e, +a,,X, =d,

X d,
T & X d,
- SO - VO a .
WhereA=| 2 % o X=|" | B=
- R VA a, .
_Xﬂ _ _dm .
Here Aiscalled coefficient matrix.
R ay, |d,
21 Ay e a,, |4, s -
LetK = whichis called augmented matrix -
- R VA a,, (d,

Rouche'sTheorem

The systemof equationis consistent iff therank of Aand K areequal otherwise the system of
equationisinconsistent.

Note:

(1) If systemof equationis consistent thenit gives either unique solution or infinite solution.
i.eit hasat least one solution.

(2) If systemof equationisinconsistent theniit gives no solution.

10
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procedure for thetest of consistency

Let the rank of coefficient matrix(A)=r and the rank of augmented matrix(K)=r
Number of variables =n
No solution

If r = r thenequations are inconsistent and gives no solution.
Unique solution

(2) Ifr = r = nthenequations are consistent and gives unique solution.
Infinite solution

(3) If r =r < nthenequations are consistent and gives infinite solution.

Ex:
Testtheconsistency 4x—2y+6z=8
X+y—-3z=-1
15x-3y+9z=21
Ans:
The augmented matrixis
4 -2 6|8 4 -2 6
K={1 1 -=3-1 HereA=|1 1 -3
15 -3 921 15 -3 9
R, <> R, (Two rows are interchanged)
1 1 -3-1
~ 4 -2 6|8
15 -3 921

R, >R,—4R, R, —>R,—15R

1 1 -3
~|0 -6 1812
0 -18 5436
R, > R;-3R,
1 1 -3]-1
~0 -6 18[12 hererank of A=2and rankof K=2,n=3
0 0 0]0

Soitisconsistent and gives infinite solution.

11
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Now—-6y+18z=12=y-3z=-2=y=3z-2......(1)
Again X+y—-3z=-1=x-2=-1= x=1 wherezisa parameter.

Ex:

Testtheconsistency 2x—-3y+7z=5

Ans:
The augmented matrixis
2 -3 7|5
K=/3 1 -3[13
2 19 -47|32
R, >2R,-3R,,R, > R,—R,
2 3 7|5
~0 11 -27|11
0 22 -54{27
R, - R, — 2R,
2 3 75
~0 11 -2711
0 0 015

3X+y-3z=13
2X+19y—-47z2 =32

2 -3 7
HereA=|3 1 =3
2 19 47

hererank of A=2and rankof K=3,n=3

Soitisinconsistent and gives no solution.

Ex:

Testtheconsistency 2x—3y+z=1
X+2y-3z2=4
4Xx—-y—-22=8

Ans:

The augmented matrixis

2 -3 111

K=|1 2
4 -1

3|4
2|8
R, »2R,—-R,R, > R,— 2R

2 -3 1
HereA=|1 2 -3
4 -1 2

12
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2 3 1)1
~0 7 77
0 5 -4i6
R, = 7R, -5R,
(2 -3 1]1]
~|0 7 =77 hererank of A=3and rankof K =3,n=3
o0 7y

Soitisconsistent and givesunique solution.

Now 7z=7=12z=1
Ty-T2=T=>y-72=1=y=1+72=1+1=2
2X-3y+2=1=2Xx-6+1=1=2Xx=6=>Xx=3

Ex:
Test the consistency and if possiblethen find solution
(a) X+2y-2=6
3X-y-2z=3
4x+3y+z=9
(b) AX+3y+272=-7
2X+y—-4z=-1
X+2y+z=1
(c) 2x—-3y+72=5
5x—-2y+4z=18

2X+19y—-47z =32

Ex:

Test the consistency and if possiblethen find solution
X+2y+2=3
2X+3y+2z=5
3Xx—-5y+52=2
3X+9y-z=4

13
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Ans:
The augmented matrixis
1 2 13 1 2 1
2 3 2 2 3 2
K= Here A=
3 5 5|2 3 -5 5
3 9 -14 3 9 -1

R, >R,-2R,R, > R,-3R,R, > R, -3R,
1 2 113
0 -1 01
0 -11 2|7
0 3 -4-5
R, > R,-11R,,R, > R, +3R,
1 2 113
0 -1 01
0 0 2|4
0 0 -—4|-8
R, &> R, +2R,
1 2 13
~ 0 -1 041 hererank of A=3and rankof K=3,n=3
0 0 2|4
0 0 0j0
Soitisconsistent and givesunique solution.
Now 2z=4=17=2
—y=-1=y=1
X+2y+72=3=>X+2+2=3=>Xx=-1

Q

Q

Ex:

Test the consistency and if possiblethen find solution
X+5y+7z2=15
2x+3y+4z=11
X—2y-3z=-4

3X+11y+13z =25

14
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Ex: Investigate for what value of Aand wthe simultaneousequation
X+y+2=6
X+2y+3z2=10
x+2y+Az=p  has(a)nosolution,(b)aunique,(c)aninfinitenumber of solution
111 X 6
Ans:HereA=|1 2 3| ,X=|y ,B=110
12 2 z U
1 1 1|6
Now K=(1 2 3|10
1 2 Au
R, >R,-R ,R;, > R, —R,
11 1 6
~[0 1 2 4
0 0 A-3ux-10
No solution
If A=3and g =10thenrankof A=2,rankof K =3
Unique solution

If 2= 3and xbeanyvaluethenrank of A=rankof K =3
Infinite solution

If A=3and g =10thenrankof A=rankof K=2< n(n =3)

Ex: Showthat the equations

3Xx+4y+5z=a
4X+5y+6z=Db
5Xx+6Yy+ 7z =c donot haveasolutionunlessa+c = 2b.
3 4 5 X a
Ans:HereA=|4 5 6| ,X=|y ,B=|b
5 6 7 z c
3 4 5|a
Now K={4 5 6|b
5 6 7|cC

R, 3R, —4R ,R, >3R,-5R,

15



3 4 5
~|0 -1 -2
0 -2 4
R, - R, — 2R,
'3 4 5
~|0 -1 -2
00 0
Rank of A=2
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3b-4a
3c-5a

a
3b-4a
3c-6b+3a

The system of equationis consistent if the rank of augmented matrixK =2
whichisobtained if 3c—6b+3a=0

=3c+3a=6b=a+c=2b

Hencethe equation have no solutionunlessa + ¢ = 2b.

PREVIOUS YEAR QUESTIONS

1 01
Ex—1: Find therank of thematrix|0 2 2 (2006)
2 3 4
Ex—2:Test the constiency and hence solve
X+Yy+2=6
X—y+2z=5
3X+y+z=8
2x—2y+3z2=7 (2006)

Ex —3:Write downthe proceduretotest the consistency of a systemof equationsin’n'unknowns.(2007)

Ex —4 : Determinethe rank of the matrix

Ex —5: Definethe rank of amatrix.

3 -1 2
6 2 4 (2007,2004,2003)
3 1 2

(2005)

Ex—6: Ex: Investigate for what valueof Aand uthe simultaneousequation

X+y+z2=6
X+2y+3z=10
X+2y+Az=p  has(a)nosolution,(b)aunique,(c)aninfinitenumber of solution(2005)

16
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Ex — 7 :Write what you mean null matrix. (2004)
1 2 3
Ex—8:Findtherankof amatrix| 2 3 5 1 (2002)
1 3 4
1 00
Ex—9: Find therank of thematrix|0 1 0 (2008)
0 01
Ex—10: Investigate for what values of Aand wthe simultaneousequations
X+y+2=6
X+2y+3z2=10
Xx+2y+Az=p have(a)nosolution(b)auniquesolution(c)aninfinitenumber of solution
(2008)
1 20
Ex—11: Find the rank of thematrix| 2 4 0 (2009)
4 8 0
Ex —13: State Rouche'stheorem. (2010)
Ex—14:Test the constiency and solve
5x+3y+7z=4
3X+26y+2z2=9
7x+2y+102=5 (2010)
1 20
Ex—15:Find therank of thematrix| 2 4 0 (2011)
4 8 2
5 6 7 8
Ex—16: Find therank of thematrix| © © (2011)
11 12 13 14
16 17 18 19
0 0 -1
Ex—17: Findtherank of thematrix|1 0 0 (2010 old)
01 O

17



