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 MATRICES  

( )

( )

3 3

rectangular ' ' ' '

( ).

3 2 1

: 3 5 1

2 4 3

A arrangement of mn numbers with m horizontal lines rows and n vertical

lines columns is knownas matrixof order m nor mby n

Ex A





− 
 

=
 
    

( )

11 12 13

21 22 23 2 3

: ,

. .

:

2 3 .

ij

Note Anelement occuring in the ith rowand jthcolumnof a matrix Awill becalled i j th

element It is denoted by a

a a a
Ex A

a a a

It is a matrixof order with general elements

Rowmatrix

Amatrix having only one r



 
=  
 



 
1 3

4 1

.

: 2 1 3

.

1

2
:

8

4

.

ow is known as rowmatrix

Ex

Columnmatrix

Amatrix having only onecolumnis known as column matrix

Ex

Null matrixor Zero matrix

If all theelements of a matrix are zero thenit is called null matrix It is den





−

 
 
 
 −
 
 

2 3

.

0 0 0
:

0 0 0

m noted byO

Ex





 
 
 

 

.

.

Squarematrix

If thenumber of rows and columnof a matrix areequal thenit is called squarematrix

i em n=

 

3 3

1 2 2

: 3 4 1

3 6 1

Ex A



 
 

= − −
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2 3

Rectangular matrix

rectangular .

.

1 2 3
:

4 2 1

If thenumber of rows and columnof a matrix arenot equal thenit is called matrix

i em n

Ex A




− 
=  
 

 

3 3

.

1 0 0

: 0 4 0

0 0 1

Diagonal matrix

Asquarematrix is said tobea diagonal matrix if all thediagonal elements are present but

nondiagonal elements are zero

Ex A



 
 

=
 
  

 

3 3

.

2 0 0

: 0 2 0

0 0 2

Scalar matrix

Asquarematrix is said tobea scalar matrix if all thediagonal elements are samebut

nondiagonal elements are zero

Ex A



 
 

=
 
  

 

( )

3 2

3 3

1

. .

1 0 0
1 0

: 0 1 0
0 1

0 0 1

n

Identity matrixor unit matrix

Asquarematrix is said tobeanunit matrix if all thediagonal elements areunity but

nondiagonal elements are zero It is denoted by I or I

Ex I or I I or I



 
  

= =   
   

 

3 3

.

1 2 7

: 0 2 6

0 0 3

UpperTriangular matrix

Asquarematrix is said tobeanupper triangular matrix if all the elementsbelowthemain diagonal

are zero

Ex A



 
 

= −
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3 3

.

1 0 0

: 2 2 0

5 7 3

LowerTriangular matrix

Asquarematrix is said tobea lower triangular matrix if all the elements abovethemain diagonal

are zero

Ex A



 
 

= −
 
  

 

2 3 2 3

.

1 2 3 1
:

4 1 7 7

comparablematrix

Twomatrices Aand B are said tobecomparableif they have sameorder

a b
Ex A B

c d

Equal matrices

Twomatrices Aand B are said tobeequal if they have sameorder and their corresponding

elem

 

−   
= =   
   

1 1 3 3

2 2 4 42 2 2 2

1 3 1 3 2 4 2 4

.

, , ,

2 1 4
:

3 2 3 2

2 1 4
:

3 2 3 2

1 , 2 4 2

ents areequal

a b a b
A A

a b a b

A Biff a a b b a a b b

x y
Ex Find thevalueof x and y if

x y
Ans Given

x y y

 

   
= =   
   

= = = = =

   
=   

− −   

   
=   

− −   

= =  =

 

2 3 2 3

2 3

.

1 2 3 1 5 5
:

4 1 7 2 6 1

1 2 3 1 5 5
:

4 1 7

Matrix Addition

If Aand B aretwocomparablematrices eachof order m nthentheaddition A Bbea matrix

obtained by adding thecorresponding element of Aand B

Ex A B

Ans A B

 



 +

−   
= =   

−   

− 
+ = + 

  2 3 2 3

1 1 2 5 3 5 2 3 8

2 6 1 4 2 1 6 7 1 6 7 6
 

+ − + +     
= =     

− + + −     

 

. .

Scalar multiplicationof a matrix

If Abea matrix and k bea scalar thenthe scalar multiplicationof a matrixobtained by multiplying

eachelement of Aby k It is denoted by kA

 



ENGG.MATH-III  
 

4 
 

1 4
:

3 2

1 4 2 8
2 2

3 2 6 4

Ex A

A

 
=  

− 

   
= =   

− −   

 

,

. .

1 4
:

3 2

1 4 1 3

3 2 4 2

T T

T

T

Transposeof a matrix

If Abea matrixof order m nthenthematrixobtained by changing the rows and columns then

it is called transposeof a matrix It is denoted by A or A and theorder of A is n m

Ex A

A





 
=  

− 

  
= = 

− −  


 



 

( )

( )

1

2 .

Matrix multiplication

Existenceof the product of twomatrices

The product of twomatricesAand B will beexist if thenumber of columns in the st matrix A

is equal to thenumber of rows in the nd matrix B

If Abea matrixof order m nand Bbea mat

     

.

m n n p m p

rix of order n p then ABbea matrixof order m p

Let A B AB
  

 

= = =

 

2

2

:Note AI A IA

AA A

II I I

= =

=

= =  

' ' singular det . 0.

2 3
: 12 12 0

4 6

' ' singular det . 0.

3 2
: 12 8 4 0

4 4

Singular matrix

Asquarematrix A is said tobea matrix if Aor A

Ex A

Non Singular matrix

Asquarematrix A is said tobea non matrix if Aor A

Ex A

=

= = − =

−



= = − = 
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largest minor .

maximum . ( ) .

Therank of a matrix is the order of any nonvanishing of thematrix

OR

Therank of a matrix is the numberL I Linear indepedent rows or columns of thematrix

OR

Thenumber of non zero rows or

Ra

co

nk of a matrix

lumns of a tr

( )

.

( )

iangular matrix is known as rank of a matrix

Rank of a matrix is denoted by A or r A

 

( )11

11

1.

2. ( 0) . 1

3. ( 0) interchange  .

4.

Howto find the rank of a matrix

Let the givenmatrix is A

Before finding rank check the pivot element a i e the st element in thematrix not zero

If the pivot element a then any two rows or columns

Transfer a



=

'0 '

.

5. ( )

: interchange

ll theelementsbelowthe pivot elements to and reducethematrix to anupper triangular

matrix form

After upper triangular matrix rank of matrix number of non zero rows or columns

Note If we any two rows or columnsof a

=

.

matrix thenthe rank of a matrix remains

unchanged

 

( )

:

1. minor 1 .

2. singular .

3. singular .

4. .

5. .

6.

Note

If all of a matrixof order r are zerothenits rank is r

Rank of nthorder non matrix is n

Rank of nthorder matrix is n

Rank of nthorder squarematrix is n

Rank of nthorder unit matrix is n

Rank

+ 





( )

( )

( )

7. .

of a matrix having order m n

a If m nthen rank is n

b If m nthen rank is m

c If m nthen rank is m n

Therank of null matrix is zero



 

 

=  =

2 3
:

4 6

2 3
:

4 6

2 3
0 , 2 minor . 1.

4 6

Ex Find the rank of thematrix

Ans A

A the nd order vanishes sothe rank of thematrix is

 
 
 

 
=  
 

= =

 



ENGG.MATH-III  
 

6 
 

2 2 1 3 3 1

3 3 2

1 2 3

: 1 4 2

2 6 5

1 2 3

: 1 4 2 ( 3 determinant .)

2 6 5

, 2

1 2 3

0 2 1

0 2 1

1 2 3

0 2 1

0 0 0

Ex Find the rank of thematrix

Ans Herethe rd order vanishes

R R R R R R

R R R

twonon zero rows and one zero row

 
 
 
  

 
 
 
  

→ − → −

 
 

 −
 
 − 

→ −

 
 

 −
 
  

( )

( )2 . 2.

are present after upper triangular matrix

Hencethe rank of thematrix is i e r A =  

2 2 1 3 3 1

4 2 3

: 8 4 6

2 1 1.5

4 2 3

: 8 4 6 ( 3 determinant .)

2 1 1.5

1
2 ,

2

4 2 3

0 0 0

0 0 0

Ex Find the rank of thematrix

Ans Herethe rd order vanishes

R R R R R R

two zero rows and onenon zero roware present after simp

 
 
 
 − − − 

 
 
 
 − − − 

→ − → +

 
 


 
  

( )

( )1 . 1.

lification

Hencethe rank of thematrix is i e r A =

 

3 1 2

: 6 2 4

3 1 2

Ex Find therank of thematrix

− 
 
−
 
 − 
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( )

2 2 1 3 3 1

3 3 1

3 1 2

: 6 2 4 ( 3 determinant .)

3 1 2

2 ,

3 1 2

0 0 8

0 0 4

1

2

3 1 2

0 0 8

0 0 0

2 . 2.

Ans Herethe rd order vanishes

R R R R R R

R R R

Hencethe rank of thematrix is i e r A

− 
 
−
 
 − 

→ + → +

− 
 


 
  

→ −

− 
 


 
  

=

 

1 5 9

: 4 8 12

7 11 15

Ex Find therank of thematrix

 
 
 
  

 

1 1 1

: 1 1 1

1 1 1

Ex Find therank of thematrix

 
 
 
  

 

( ) ( ) ( )

1 2 3 0 0 1 1 1 1

: 2 3 4 , 0 2 0 , 1 1 1

3 4 5 1 0 2 2 2 2

Ex Find therank of thematrix a b c

−     
     

− −
     
     −     

 

1 2 3 0

2 4 3 2
:

3 2 1 3

6 8 7 5

Ex Find the rank of thematrix

 
 
 
 
 
 

 

1 2 3 0

2 4 3 2
:

3 2 1 3

6 8 7 5

Ans

 
 
 
 
 
 

 

2 2 1 3 3 1 4 4 12 , 3 , 6R R R R R R R R R→ − → − → −  
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( )

4 4 3 2

1 2 3 0

0 0 3 2

0 4 8 3

0 4 11 5

1 2 3 0

0 0 3 2

0 4 8 3

0 0 0 0

3 . 3.

R R R R

Hencethe rank of thematrix is i e r A

 
 

−
 
 − −
 

− − 

→ − −

 
 

−
 
 − −
 
 

=
 

2 2 1 3 3 2 4 4 3

3 3 2 4 4 3

5 6 7 8

6 7 8 9
:

11 12 13 14

16 17 18 19

5 6 7 8

6 7 8 9
:

11 12 13 14

16 17 18 19

, ,

5 1 1 1

6 1 1 1

11 1 1 1

16 1 1 1

,

5 1 0 0

6 1 0 0

11 1 0 0

16 1 0 0

Ex Find the rank of thematrix

Ans

C C C C C C C C C

C C C C C C

 
 
 
 
 
 

 
 
 
 
 
 

→ − → − → −

 
 
 
 
 
 

→ − → −








( )2 . 2.Hencethe rank of thematrix is i e r A








=
 

 

2 3 4

: 4 3 1

1 2 4

Ex Find therank of thematrix
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( ) ( ) ( )

2 1 1 4 1 0 2 1 1 3 2 4

3 1 1 6 0 1 2 1 5 2 0 1
: , ,

4 1 2 7 1 1 4 0 3 4 4 7

1 1 1 9 2 2 8 0 7 5 6 10

Ex Find the rank of thematrix a b c

−     
     

− −
     
     − − − − −
     
− − − −     

 

( )

3 4

2 2 1 3 3 1

3 3 2

1 3 4 3

: 3 9 12 3

1 3 4 1

1 3 4 3

: 3 9 12 3 3 3

1 3 4 1

3 ,

1 3 4 3

0 0 0 6

0 0 0 2

1

3

1 3 4 3

0 0 0 6

0 0 0 0

Ex Find the rank of thematrix

Ans The rank is either or

R R R R R R

R R R

Hencethe rank of thematrix is



 
 
 
  

 
 


 
  

→ − → −

 
 

 −
 
 − 

→ −

 
 

 −
 
  

( )2 . 2.i e r A =  

( ) ( ) ( )

1 2 3
1 2 1 4 8 1 3 6

9 5 6
: 2 4 3 5 , 0 3 2 2

7 8 9
1 2 6 7 8 1 3 4

0 2 1

Ex Find the rank of thematrix a b c

 
− −     

     
     
   − − − − − −     
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.

consistent and inconsistent

If the solutionof the systemof linear equationexist thenit is called consitent otherwiseit is called

inconsistent

 

Consistency for system of linear equations
 

11 1 12 2 1 1

21 1 22 2 2 2

' ' ' '

...............

...............

......................................................

..................

n n

n n

Let us consider the systemof m linear equation with n unknowns

a x a x a x d

a x a x a x d

+ + + =

+ + + =

( )

( )

1 1 2 2

11 12 1

21 22 2

.................... 1

....................................

...............

1

..........

...........

.... ...... ...

m m mn n m

n

n

a x a x a x d

Nowequation canbe writtenin the formof AX B

a a a

a a a
Where A









+ + + = 

=

=

1 1

2 2

1 2

11 12 1

21 22 2

. .
, ,

........ ...... . .

........... . .

.

..........

...........

.... ...... .....

m m mn

n m

n

n

x d

x d

X B

a a a

x d

Here Ais called coefficient matrix

a a a

a a a
Let K

   
   

     
     
  = =   
     
      

   
      

=

1

2

1 2

...... ...... .

...........m m mn m

d

d
whichis called augmented matrix

a a a d

 
 
 
 
 
  

. 

'

.

Rouche sTheorem

The systemof equationis consistent iff the rank of Aand K areequal otherwisethe systemof

equationis inconsistent

 

( )

( )

:

1 infinite .

. .

2 .

Note

If systemof equationis consistent thenit gives either unique solutionor solution

i eit has at least one solution

If systemof equationis inconsistent thenit gives no solution
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( ) ( )

( )

,

,

,

variables

.

2

procedure for thetest of consistency

Let the rank of coefficient matrix A r and the rank of augmented matrix K r

Number of n

No solution

If r r thenequations areinconsistent and gives no solution

Unique solution

Ifr r n

= =

=



= =

( ) ,

.

3 infinite .

thenequations areconsistent and givesunique solution

Infinite solution

If r r nthenequations areconsistent and gives solution= 

 

1 2

:

4 2 6 8

3 1

15 3 9 21

:

4 2 6 8

1 1 3 1

15 3 9 21

( interchanged)

1 1 3 1

4 2 6 8

15

4 2

3 9 2

6

1 1 3

15 3 9

1

Ex

Test theconsistency x y z

x y z

x y z

Ans

Theaugmented matrix is

Here AK

R R Two rows are

− + =

+ − = −

− + =

 − 
 

= − − 


 −  
  

= −  
  −−    



 − − 


 −
 − 

2 2 1 3 34 , 15R R R R R R





→ − → −

 

3 3 2

1 1 3 1

0 6 18 12

0 18 54 36

3

1 1 3 1

0 6 18 12 2 2, 3

0 0 0 0

R R R

here rank of A and rank of K n

 − − 
 

 − 
 − 

→ −

 − − 
 

 − = = = 
 
 

 

infinite .Soit is consistent and gives solution  
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( )6 18 12 3 2 3 2........ 1

3 1 2 1 1 .

Now y z y z y z

Again x y z x x where z is a parameter

− + =  − = −  = −

+ − = −  − = −  =
 

2 2 1 3 3 1

:

2 3 7 5

3 3 13

2 19 47 32

:

2 3 7 5 2 3 7

3 1 3 13 3 1 3

2 19 47 32 2 19 47

2 3 ,

2 3 7 5

0 11 27 11

0 22 54 27

Ex

Test theconsistency x y z

x y z

x y z

Ans

Theaugmented matrix is

K Here A

R R R R R R

− + =

+ − =

+ − =

 −  −
 

= − − 
 − −

  
  

=  
   

→ − → −

 − 
 

 − 
 −



 





3 3 22

2 3 7 5

0 11 27 11 2 3, 3

0 0 0 5

.

R R R

here rank of A and rank of K n

Soit is inconsistent and gives no solution

→ −

 − 
 

 − = = = 
 
 

 

2 2 1 3 3 1

:

2 3 1

2 3 4

4 2 8

:

2 3 1 1 2 3 1

1 2 3 4 1 2 3

4 1 2 8 4 1 2

2 , 2

Ex

Test theconsistency x y z

x y z

x y z

Ans

Theaugmented matrix is

K

R R R R R R

Here A

− + =

+ − =

− − =

 −  −


  
  

=  
 


= − − 
 − − − − 

→ − →

 

−
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3 3 2

2 3 1 1

0 7 7 7

0 5 4 6

7 5

2 3 1 1

0 7 7 7 3 3, 3

0 0 7 7

.

7 7 1

7 7 7 1 1 1 1 2

2 3 1 2 6 1 1 2 6 3

R R R

here rank of A and rank of K n

Soit is consistent and givesunique solution

Now z z

y z y z y z

x y z x x x

 − 
 

 − 
 − 

→ −

 − 
 

 − = = = 
 
 

=  =

− =  − =  = + = + =

− + =  − + =  =  =

 

( )

( )

( )

:

2 6

3 2 3

4 3 9

4 3 2 7

2 4 1

2 1

2 3 7 5

5 2 4 18

2 19 47 32

Ex

Test theconsistency and if possible then find solution

a x y z

x y z

x y z

b x y z

x y z

x y z

c x y z

x y z

x y z

+ − =

− − =

+ + =

+ + = −

+ − = −

+ + =

− + =

− + =

+ − =

 

:

2 3

2 3 2 5

3 5 5 2

3 9 4

Ex

Test theconsistency and if possible then find solution

x y z

x y z

x y z

x y z

+ + =

+ + =

− + =

+ − =
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:

1 2 1 3 1 2 1

2 3 2 5 2 3 2

3 5 5 2 3 5 5

3 9 1 4 3 9 1

Ans

Theaugmented matrix is

K Here A

 
 
 =
 − −
 

− −  

  
  
  = 

  
    

 

2 2 1 3 3 1 4 4 1

3 3 2 4 4 2

4 4 3

2 , 3 , 3

1 2 1 3

0 1 0 1

0 11 2 7

0 3 4 5

11 , 3

1 2 1 3

0 1 0 1

0 0 2 4

0 0 4 8

2

1 2 1 3

0 1 0 1
3 3, 3

0 0 2 4

0 0 0 0

R R R R R R R R R

R R R R R R

R R R

here rank of A and rank of K n

Soit is c

→ − → − → −

 
 

− − 
 − −
 

− −  

→ − → +

 
 

− − 
 
 

− −  

→ +

 
 

− −  = = =
 
 
  

.

2 4 2

1 1

2 3 2 2 3 1

onsistent and givesunique solution

Now z z

y y

x y z x x

=  =

− = −  =

+ + =  + + =  = −

 

:

5 7 15

2 3 4 11

2 3 4

3 11 13 25

Ex

Test theconsistency and if possible then find solution

x y z

x y z

x y z

x y z

+ + =

+ + =

− − = −

+ + =
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( ) ( ) ( )

:

6

2 3 10

2 , , infinite

1 1 1 6

: 1 2 3 , , 10

1 2

Ex Investigate for what valueof and the simultaneous equation

x y z

x y z

x y z has a no solution b aunique c an number of solution

x

Ans Here A X y B

z

Now K

 

 

 

+ + =

+ + =

+ + =

     
     

= = =
     
          

=

2 2 1 3 3 2

1 1 1 6

1 2 3 10

1 2

,

1 1 1 6

0 1 2 4

0 0 3 10

3 10 2, 3

3 3

Infinite

3 10

R R R R R R

No solution

If and then rank of A rank of K

Unique solution

If and beany valuethen rank of A rank of K

solution

If and then r

 

 

 

 

 

 
 
 
 
 

→ − → −

 
 

  
 − − 

=  = =

 = =

= = ( )2 3ank of A rank of K n n= =  =

 

:

3 4 5

4 5 6

5 6 7 2 .

3 4 5

: 4 5 6 , ,

5 6 7

3 4 5

4 5 6

5 6 7

Ex Showthat the equations

x y z a

x y z b

x y z c donot havea solutionunless a c b

x a

Ans Here A X y B b

z c

a

Now K b

c

+ + =

+ + =

+ + = + =

     
     

= = =
     
          

 
 

=  
 
 

 

2 2 1 3 3 13 4 , 3 5R R R R R R→ − → −  
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3 3 2

3 4 5

0 1 2 3 4

0 2 4 3 5

2

3 4 5

0 1 2 3 4

0 0 0 3 6 3

2

2

3 6 3 0

3 3 6 2

a

b a

c a

R R R

a

b a

c b a

Rank of A

The systemof equationis consistent if the rank of augmented matrix K

whichis obtained if c b a

c a b a c b

Hencethe

 
 

 − − − 
 − − − 

→ −

 
 

 − − − 
 − + 

=

=

− + =

 + =  + =

2 .equation haveno solutionunless a c b+ =

 

( )

( )

1 0 1

1: 0 2 2 2006

2 3 4

2 :

6

2 5

3 8

2 2 3 7 2006

3:

PREVIOUS YEARQUESTIONS

Ex Find the rank of thematrix

Ex Test theconstiency and hence solve

x y z

x y z

x y z

x y z

Ex Writedownthe procedureto test theconsistency of a systemof

 
 

−
 
  

−

+ + =

− + =

+ + =

− + =

− ( )

( )

' ' . 2007

4 : Determine

3 1 2

6 2 4 2007,2004,2003

3 1 2

equations in n unknowns

Ex the rank of thematrix−

− 
 
−
 
 −   

( )

( ) ( ) ( ) ( )

5 : . 2005

6 : :

6

2 3 10

2 , , infinite 2005

Ex Definethe rank of a matrix

Ex Ex Investigate for what valueof and the simultaneous equation

x y z

x y z

x y z has a no solution b aunique c an number of solution

 

 

−

−

+ + =

+ + =

+ + =
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( )

( )

7 : . 2004

1 2 3 2

8 : 2 3 5 1 2002

1 3 4 5

Ex Write what you meannull matrix

Ex Find the rank of a matrix

−

 
 

−
 
    

( )

( ) ( ) ( )

( )

1 0 0

9 : 0 1 0 2008

0 0 1

10 : simultaneousequations

6

2 3 10

2 infinite

2008

Ex Find the rank of thematrix

Ex Investigate for what values of and the

x y z

x y z

x y z have a no solution b aunique solution c an number of solution

E

 

 

 
 

−
 
  

−

+ + =

+ + =

+ + =

( )

( )

( )

( )

1 2 0

11: 2 4 0 2009

4 8 0

13: ' . 2010

14 :

5 3 7 4

3 26 2 9

7 2 10 5 2010

1 2 0

15 : 2 4 0 2011

4 8 2

x Find the rank of thematrix

Ex State Rouche s theorem

Ex Test theconstiency and solve

x y z

x y z

x y z

Ex Find the rank of thematrix

E

 
 

−
 
  

−

−

+ + =

+ + =

+ + =

 
 

−
 
  

( )

( )

5 6 7 8

6 7 8 9
16 : 2011

11 12 13 14

16 17 18 19

0 0 1

17 : 1 0 0 2010

0 1 0

x Find the rank of thematrix

Ex Find the rank of thematrix old

 
 
 −
 
 
 

− 
 

−
 
  

 


