Limits and continuity KIIT Polytechnic, BBSR

Some definitions Related to limit

Constant: A quantity which does not change its value under different mathematical operations of
a problem is called constant.
Ex:5, 7,e,+/3etc.areall constants.

Variable : A quantity which changes its value under different mathematical operations of a problem
iscalleda variable.

Ex:The equation of a straight line y = mx+ c.Here x&y are variables.

Indepedent variable ‘A variable(x), which can assumes any arbitrary value fromasetis called an

independent variable.
Dependent variable: A variable (y), whose value depends on the value of another independent

variable (x) is called dependent variable.

Ex:Area of a circle is A= zr®.Here A is the dependent variable & r is anindependent variable.
Function or Mapping : Let X and Y be any two non empty sets and there be a correspondence f

between the elements of X and Ysuch that for every element x € X, there exists a unique and
definite element y € Y, which is written as y = f (x), then we say that f is a function of X to Y
written as f 1 X — Y. X f Y

Note-1:Every element of X will be mapped by f.
2:The element of y €Y is called the image of x under f

Meaning of f(a):The value of the function y = f (x) at x = a denoted by f(a). It is obtained by

putting a in place of x in f(x).

Domainand range of a function : Let f : X — Y be a mapping from a set X to the set Y.

Domain: The domain of f = X
Range: The range of f = f (X) = { f(x): f(x)eY,xe X} = set of allimage points inY.
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Real valued function: If f : X =Y beafunctionfromaset X toasetY where X,Y < R, then
f isareal valued function.

Limits and continuity

Note:1.If x e X , then f (x) € f (X)
2f(X)cY ieRangeoff cy
3.Y iscalled the co-domain of f

X+1
X% +

Ex:y=f(x)= eR

Modulus function:The modulus of a real number x denoted by is |x| is its magnitude or numerical value

taken with a positive sign.
x if x>0

b =t
ie |x|= —X if x<0 */
0 ifx=0 -

Greatest integer functionThe greatest integer function of xisdenoted by|x]is the greatest integer

less than or equal to xi.e [x]< x. Yo
-1,-1<x<0 31
0,0<x<1 4
y=[x]=1, ;. 2 o
Jd<x<?2 1L
o
2,1<x<2........ and soon. < Lo R —
210 1 2 3
Ex: |3=3,]-3=3,|0|=0, -Gy
Ex: [2]=2[-3]=-3,[0]=0,[2.98] = 2,[-2.98] =-3,[0.5] =0, [-0.5] =1, v

[2-h]=1,[2+h] =2wherehisasmall +vequantity.
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Logarithm function:If a > 0and a = 1then y = log, xis called alogarithm function with base a, for

all x> 0.
Note:1. log,a=1, log,1=0 , log, x=Inx
—o0,if a>0
2. log,0= )
+o0,if 0<a<l

Ex:y=log, (x+1) , y=log,(x*+2)

Exponential function:The function y = a* or y = e*iscalled an exponential function, forall x € R.

EX: y:2x,y:Xsinx , y:ecosx
Note:1: e™ = x =e"%* a* =e*'*%* a"%* =x, (a>0,a%1)
2:log, mn=1log, m+log,n
e e e
m
3:log, —=log, m—log, n
n

4:log, m" =nlog, m
Signum function:Thesignum functionis defined as

T‘
X
—if x#0
f(x)=1 x
0,if x=0 T =
U I
w3 24°% 1 2 3
-

vy?
LIMIT OF A FUNCTION The limit of a function f(x) is defined as the value of a function at some
indicated points.

The limit or limiting value of a function is the fundamental concept of calculus.
Definition:If '1'be the limiting value of a function f (x)ata point x = athen which is written as

lim f (x)=IOR It

X—a X—a

whichisreadasthe valueof f (x)tendstolasxtendstoa
ief(x)>lasx—a

Note :x — ameans xclosetoabut x # a
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Limit or limiting value of a function:(Meaning of lim)
X—a

If y = f (x) beagivenfunction of x then for every value of x we obtain a definiteand unique
value of.But sometimes for a particular value of x, the value of f (x)is not determinate.

x? -9

atx=3

Forexample Lety = f (x) =

3 -9

f(3)= 3_‘3

In maximum case we obtain the limiting value of the function at a point where it is indeterminate.

= %Which isnot determinate.

Algebra of limits

1.Ixiﬂg(f(x)+g(x)):lxiﬂg f(x)+IXiLr;g(x)
Z.iiLT;(f(x)xg(x)):IXiLrg f(x)xlxig;g(x)
lim f
Jdim r(x) = Xl_m ) wherelimg(x) =0
cag(x)  limg) e

4.limkf (x) =k lim f (x) Where k is a constant.

5.limk =k Where k is a constant

X—a

LIMIT FORMULAS

F —1.For nbeany rational

x"—a"

lim na"*
X—a X_a_
Fo2lim&—1.1
x—0 X
.at-1
F—3.I|rrg =Inaorlog, a(a>0)
X— X
F—4.Iimwzlorlimw:1orlimL:1
x—0 X Xx—0 X x—0 |n(]_+ X)

1
F —5.Iin(1)(1+ X)* =e

F—6.Iim(1+ij =e

X—>00 X

1

F—7.lim(L+ AX)x =e’

4]
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. sinX . X
F-8.lim——=1lorlim——=1
x—0 X x—0 SN X
ia-1
. sinTXx .
F-9.lim =lorlim———=1
x—0 X x—0 S|n_ X
. tanx . X
F-10.lim——=1lorlim——=1
x=>0 X x=0 tan X
. tantx )
F-11.lim =lorlim—-—¢g —=1
x—0 X x=0tan " X

F-12.limsinx=0,limcosx =1
x—0 Xx—0

F —13.Iimwz n

x—0 X

Fo14.lim3=X0 =1

x—0 X

-N

Rules for finding lim f (x)

Rule—1.Putx=alf f (a) givesa finitevalue
Ex:Iim(x2+3x+1)

X—2
Ans:|irr21(x2+3x+1)=22+3x2+1=11

N 2 _
Ex.leLr;(x +3x)(x 2)

Ans :1im(x* +3x)(x—2) = lim (x> +3x) xlim (x—2) = (3° +3x 2) x(3-2) =15x1=15

X—3 x—3 X—3

X2 —2x+5 lIM(X*-2x+5) p_o.145 4
Ex:lim = X2l = _7_1

x>l X+3 Iln?(x+3) 1+3 4

Rule — 2(% formj

If f(x)bearational functionthen factorizeboth numerator(N") & denominator(D").cancel the common
factor and putx =a.

2
Ex:lim > —4
X—>2 X_2
2 _
Ans:Iimﬂzlimwzlim(x+2):2+2:4
x22 X —2 X—»2 X—2 X—»2
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3
Ex:lim> -1
x>l X -1
3_ X—1)(x*+x+1
Ans : lim > 1:Iim( )( ):Iim(x2+x+1)=1+1+1:3
x>l X =1 x—1 X—-1 x—1
2
Ex||mix+6
X—»2 X—2
2 2 _ _ _ _ _
Ans lim =0 X o3X=2x46_p X(x28)=2(x=8) _ p (x=2)(x=3)
X—»2 X—2 x—2 X—2 X—2 X—2 X—2 X—2

=lim(x—3)=2-3=-1

X—2

Rule-3.1f the given function containsasurd, then multiply a conjugatesurd in both N'& D’
,after simplification put x = a.

Ex:IxiLr(}—\/Fi_\/E
Ans:lim\/m_\/E = Iim(m_ﬁ)(erﬁ) —lim (x+2-2)

o X 0 x(Vxr2+42) =0 x(Vx+2+42)

. X . 1 1
=lim =lim = putx=0
H"x(\/x+2+\/§) X*O(\/x+2+\/§) \/§+\/§( )
_ 1
22
EX:“ng\/Z—x—\/Zer
X—> X
N N _(JZ—X—J2+X)(J2—X+J2+X)
Ans:lim =lim
x>0 X x>0 x(ﬂ%/ﬂ)
im (2220 2ex-2ex e —2X - 2
H‘)x(\/Z—x+\/2+x) HOx(\/Z—x+\/2+x) X"°X(x/2—X+\/2+X) (JZ—X+J2+X)
2 2 4
V2442 242 2
’ ’2 2
Ex—lim¥2 XL gy fim X .Ex—IimXJF—24_2.EX—Iim1+X;X_1
x—0 X x—0 ,X 4_2 x—0 X x—0 X
Ex—ljm YX=0=va-b

2

X—a X" — a2

6]



Limits and continuity KIIT Polytechnic, BBSR

X2 =[x
Ex: IX|Lr11 \/_ 1
Ans fim oYX i O X)X (¢ 4 4x)x (VX +1)
o1 [x -1 = (VX =) x (VX +1) x (X2 + /)
(x X)X+ _lim x(¢ ~1)(/x +1) _ i X = DX +x+1)(Vx +1)
- (X=D+x) =L (x=DE+x) =1 (x=1)(x* ++/X)
X(x? +x+1)(\/;+1)_1><3><2_

(double conjugate multiplication)

=[im

x—>1 (x* +/X) 2
2
Ex_ \/x+ \/_ _lim X +1-1

n n

. x"—a _
Formula: lim n-1

=na
X—a X_a
9 9
Ex:limX 2
x2>2 X—2
9 _H9
Ans :lim —9x 28
X—2 X—2
5_
Ex:limx 32
x>2 X —2
5 5 5
Ans : lim 2 32:Iimx 2 =5x2*=32
X2 X —2 x>2 X—2
5_
EXZ|ImX3 32
x—2 X _8
X =25
i X =32 M= 5 5x2* 32 8
AN 8~ %_2° 3x22 12 3
lim
x>2 X—2
Ex:lim Xm 1
Xalx —
lim XL
o XTS5 x—1 . nx1™
Ans.lxlm xm—1: —n :meHZE
lim
x->1 x—=1
1
4_ n_ 8_ 8
Ex:lim JEx:lim2 1,Ex:|imxl—l,Ex:Iim%
x>5  X—§ x>3 X—3 X—3 x—>b X° —p
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X

. e
Formula:lim

=1
x—0 X
ax_
Ex:lim
Xx—0 X
eax_ eax_
Ans:lim =lim xa=1lxa=a
x—0 X x—0 ax
-3x
. e -1
Ex:lim
x—0 5X
—3x —3x —-3x
e -1 1. e7-1 1, e7-1 1 -3
Ans:lim ==lim ==lim x—3==x1x(-3)=—
x—>0 By 5 x>0 X 5 x>0 _3x
-3x
e 1
Ex:lim c
x=0 @ X -1
T T e SO
Ans - i 1_x—>0 X x>0  —3X 1)((—3)_—3
BN 1 e 1, e 1. 15) 5
lim lim x5
x=>0 X x—0 By
ax ax
Ex:lim
x—0 X
¥ e e 141 . (e¥*-D-(e¥-1
Ans:lim =lim :Ilm( )~ ( )
x—0 X x—0 X x—0 X
Loe¥*-1 . e®™-1 . e¥™-— . e ™1
=lim —lim =lim xa—Ilim x(—a)=1xa—-1x(-a)=2a
x—0 x—0 x—0 x—=0
X X ax ax
-3x 4x
e —e
Ex:lim c >
x—>0ex_e7X
] e—Sx _ e4x ] e—Sx _1+1_ e4x ] (e—Sx _1) _ (e4X _1)
3 _ gt ImgT Img < Img ”
. - X _ X X
AnS.le_r;T(]] eSx_e—Zx - ] e5x_e—2x - ] eSx_l_'_l_e—Zx - ] (e5x _1)_(e—2x _1)
Iim———— lim lim
x—0 X x—0 X x—0 X
e—3X _1 ] (e4>( _1) ] e—3X _1 ] (e4X _l)
lim —lim lim——=x(-3)-lim x4
x>0 X x—0 X x>0 —3x x—=0 4% . -3-4 _—7_
- 5x —2X - 5X —2X - -5 T
. @@= .. (=) ,. (-1 . (e =1 5-(-2) 7
Ilm( )—Ilmg |Imux5—|lmgx(—2) (=2)
x—0 x—0 x—0 x—0 —
X X 5x 2X
3x 3x 3x 5x ax cX
. et -1 . e’ -1 . —e . e¥—e
Ex:lim ,Ex:lim——— Ex:lim EXClim ———
x>0 X x—0 @% _1 x—0 X x—0 @™ _ g™
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X

.a
Formula:lim

=Inaorlog, a(a > 0)

x—0 X
Ex:Iim3 -1
x—0 X
Ans:lim=—==1In3orlog, 3
X—0 X
2x_
Ex:Iima 1
x—0 X
2X 2X
Ans:lim 1:Iima 1><2:Ina><2:2Ina:Ina2
x>0 X x>0 2X
3x
Ex:Iimb 1
x—0 5)(
3x 3x 3x
Ans:limb 1:llimb 1:llimb 1><3=1><Inb><3=§><lnb
x—0 5X 5 x>0 X 5 x>0 3)( 5 5
Ex: lim 2 -1
x=0 ph* —1
lim& 1
Ans:lim&—2_ 250 x :Inazlogba
x>0p*—-1 . b*=1 Inb
lim
x=>0 X
Ex:lim 2 —b
Xx—0 X
Ans: lim& 2 _jjm @110 @D -(07-1)
x—0 X x—0 X x—0 X
im® T im 2 o jna mb=mn?2
x—=0 X x=>0 X b
Ex: lim 2 —b
anCX_dX
B 1 e e
Ans: lim = dX:HO XXdX:HO _ 1X1 dX:HO — de :
¢ -d" i cdt e oiHlmdt (=)~ (dT =)
x—0 X x—0 X X0 X
im® 1 jimP -t In 2
x—0 X x—0 X _ In a—lnb _ h
X X _ 1 _ - C
lim S 1—Iimd 1 Inc—Ind ,C
x—0 X x—0 X
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Ex:Iim3—_1,Ex:Iim3 =5 ,Ex:lim3 —4
x—0 5X -1 x—0 X x—0 5X _7’(
Formula: Iimwzl
x—0 X
Ex:“mM
x—0 X
Ans:lim log, (1+2x) =lim log, (L+2x) x2=1x2=2
x—0 X x—0 2X
Ex:”mM
x—0 5x
Ans - lim log, (1+2x) :llim log, (1+2x) :llim log, (1+2x) w0 1
x—0 5x 5 x-0 X 5 x-0 2X
Ex:“mM
x—0 X
Ans - lim 129 =3%) _ |imMX(_3) —1x(-3)=-3
x—0 X x—0 (_3))(
X
Ioge(1+)
Ex:Iim—Z, Ex:IimM
x—0 X x—0 5x
1
Formula: Iirrg(l+ X)X =e
1
Ex:Iirrg(1+3x)X
1 1, 1)
Ans: Iirrg(1+3x)X = Iirr(](1+3x)3X =[Iing(1+3x)3XJ =g’
2
Ex:Iirrg(1+3x)5X
i lxg i><3><g —x—
Ans: Iirr(}(1+3x)5X = Iirr(1)(1+3x)X 5= Iing(1+3x)SX 5= Iing(1+3x)3X 5

1\s 6
:[Iirrg(1+3x)3X} =e®

1 1
Ex: Iirrg(1+ 2x)*, Ex: Iirr(}(1—2x)5X

—><1><2:g
5 5

10
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. sinx
Formula:lim——=1
x—0 X
. Sin3x
Ex:lim
x—0 X
. Sin3x .. sin3x
Ans:lim =lim x3=1x3=3
x>0 X x>0 3X
. sin3x
Ex:lim
x—>0 By
..sin3x 1,. sin3x 1. sin3x 1 3
Ans:lim ==lim ==[im x3=="x3=—
x>0 By 5 x>0 X 5 x->0 3)( 5 5
. X
sin=
Ex:Iim—2
x—0 X
. X . X
sin = sin = 1
Ans:lim—Z:Iim—Zx—:lx—
x—0 X x—>0 X 2
2
=2
. sin“x
Ex:lim >
x—0 X
sin? x sinx )’
Ans : lim —; :Iim(—] =1"=1
X—0 X x—0 X
sin? =
Ex:lim—s;
x—0 X
2 2 2
., . X X
sin® = sin = sin — sin =
. 2 , 1 1
Ans.llm—2 lim = X =lim| —& | x==1"x===
x-0 X x—0 X x—0 x—0 X 4 4
2 2
. 1-cosx
Ex:lim >
x—0 X
2 2 2
2sin? sin > sin sin
. 1-cosx . 9 . 9 . 9 . 9 1
Ans:lim > =lim 22:2I|m 2 =2lim —2><— =2lim _2 X =
x—0 X Xx—0 X x—=0 X x—=0 2 x—=0 X 4
2 2
1 1
=2x1’x=—==

11
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OR
. 1-cosx . (l—cosx)x(l+cosx) ., (l—-cos’x) .. sin® x
lim — =lim > =lim =5 = -
x>0 X x>0 X“(1+cosx) x>0 X“(1+cosx) x>0 x“(1+cos x)
_sin?x . 1 _(sinx)® 1 1 1
=lim——xlim =lim| — | x==1lx===
x>0 X x>0 (1+C0SX) x>0\ X 2 2 2
. tanax
Ex:lim
x—0 X
. _tanax . tanax . tanx
Ans:lim =lim xazlxaza(-.-llm—:lj
Xx—0 X x—0 ax x—0 X
-
. SinT4x
Ex:lim
x—0 X
- 71 - 71 - 71
. sinT4x .. sinT4x . SInTXx
Ans :=1lim =lim x4=1x4=4]"--lim =1
x—0 X x—0 4X x—0 X
. tan"'bx
Ex:lim
x—0 X
__tan'bx . tan‘bx . tan'x
Ans:lim =lim xbzlxb=b('.‘|lm =1
x—0 X x=0  bx x>0 X
) X
Ex:lim—
x-0 8N 2X

Ans:lim—% —im—2X ot oo im X o1
x=>08jN2X *x>0sin2X 2 2 2 x=0 SN X

. sinmx
Ex:lim=
x=0 sin nx
sin mx Iimsinmx><m
. sinmx 0 0 Ixm m
Ans: lim = =X sinxnx - Smﬁx SR
x—0 . .
SINNX fim lim xpn XN
x—0 X x—0 nx
. sinax . tan3x . tan3x . sin2x
Ex:lim—— Ex:lim JExEx:lim JEx:lim
x-0 sin bx x-0 tan 5x x>0 By x>0 7X

Some problems by using substitution:

5 5
ExL”‘gM

12
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. (x+h)5—x5 Letx+h=y=h=y-x
Ans:lim——
h—0 Ash—>0=y—>x
5 5
—lim X — 5yt 5y
y—X y_X
Ex:IimIn—X
x—=1 X =1
Letx—1= =1
Ans:lim—lnx eLx y=x=1+y
-1l X—=1|Asx—>1=y—>0
_lim InQ+y) 1
y—0 y
Ex:limM
x—1 Xx—1
— Letx—-1= x=1
Ans:lim—ln(zx Y y= 1
-1 x=1 [|Asx—>1=y—>0
In(2(1 -1 In(2+2y-1
:||mM:||mw=“mMX2:1x2:2
y—0 y y—0 y y—0 2y
. In x
Ex—:lim
xal\/;_l

. Inx . In x . Inx . Letx—-1=y=x=1+y
Ans: lim——=1im X \/§+1 =lim x lim \/§+1
oL fx =1 xot (\/;_1)(\/;4_1) ( ) X1 (x —1) x—>1( ){Asx—>1:>y—>0

Ctim QY ity 1k 22
y

y—0

EXI"mIn(X_l),Ex;"mM Ex:lim In(x—1)

o2 X—2 o0 fx+1-1" 2 (x=2)(x-3)

- (x+9)2-27
Ex:lim
x—0 X
x-1
Ex:Iim3 1
x>l x—1
*“1_1|Letx-1= Xx=1+
Ans:lim3 1 y= y
ol x-1 |Asx—>1=y—>0
y _
=lim =In3
y—0 y

13|
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Ex:Iim3 —3

x>l X —1
F-3|Letx-1=y=>x=1+y
Asx >1=y—>0

Ans:lim
x>l x—1

. 3 3x3¥-3 . -1
=lim =lim =3lim

y—0 y y—0 y y—0 y

x-1
Ex:lim § 1

x—1 \/_ 1

-1 3 - Gl Letx—1=y=x=1+Yy
Ans: I|m \/;+ —I|m ><|Im J_ 1
x—>1 J_ 1 Hl (J_ 1)(\/_ +1) x( b -1 (X — ( ){ASX—>1:> y—0

y _
_limS 10— 2In3=n3? =In9

y—0 y

=3In3=In3*=1n27

Ans:lim

smx Letx—r=y=>X=x+Yy
X=>m 77— X

AsX>r7=Yy—>0

_lim sin(z +y) _lim —siny _ lim siny 1
y—0 _y y—0 _y y—0 y

Ex:Iimﬂ

Letx—z— :>x—£+
1-sinx 2—y 2 y

p 2
2 ”—x) Asx—>%:>y—>0

1—Sin(ﬂ+y 2sin? Y sin Y
_imi=%SY im— 2 _ojim| 2
y

y—0 (_ y)2 y—0 y2 y—0 y2 y—0

2 2
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Ex: Iim(%—xjtanx

X—>—
2
.o x-1
Ex:lim——=
x-1 |n X
. 2sinx—sin2x
Ex:lim————
x—0 X
. 2sinx—sin2x . 2sinx—2sinxcosx ,. 2sinX(1—cosx)
Ans:llm—3:I|m 3 =lim 5
X0 X X0 X x>0 X
2 2
2sin2 X sin > sin X
. sinx .. (L-cosx . P ) 5 . 9
=2lim ><|Im( > ):2><1><|Im—22:2><2llm—2 =4lim _2,=
x>0 X X—0 X X—0 X X—0 X x—0 X 2
2
2
. X
sin—= 1
=4lim _ 2 x—=4xIx==1
x—0 X 4 4
2
. tanx—sinx
Ex:Ilm—3
x—0 X
sin x sin x sin X —sin X cos x
. _tanx—sinx . - . . sinx(1-cos X
Ans: lim - = lim L9 X =lim LOS X =lim g )
x—0 X x—0 X x—0 X x—0 X” COS X
2 2
2sin? X sin > sin >
. sinx . l-cosx .. 1 . 9 . 9 . 9
=lim x lim————xlim——=1xlim 2 x1=2lim| —2 | =2lim x=
x-0 X x—0 X x—0 COS X x>0 X x—0 X x—0 X 2
2
2
sinx
) 9 1 1
=2lim _2 X—=2xIx—==
x—=0 X 4 4 2
2
. 1-cos®x . 1—cos x)? _ JJl+sinx —/1—sinx
Ex:Ilm_—,Ex:Ilm%,Ex:llm\/ .
x=0  Xsin 2x x-0 tan® X —sin® x x—0 tan x

Ex : Find thevalueof a If IimM = E
e X—a 3

15
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_ Letx—a = X=
Ans:lim—tana(x a)zg a=y=x=a+y
oo X—a 3|ASX>a=y—>0

jlimtanayzg
y=>0 oy 3
tan ay 2 2 2

= lim xa=—=lxa=—=—a=—
y=0 - ay 3 3 3

Ex : Find thevalueof a If Iimi =5
-1 (x-1)Ina

X _ Letx-1= x=1+
Ans:limL:S y= y
1 (x=1)Ina
1ty y _ y _
o lim2 2 5 im 220 5 S im2 s L5
y-o ylna y>o ylna Inay-o y Ina

=In5=lha=a=5

Asx—>1=y—0

Ex: Ex —46: Find thevalueof a If Iimm: 2
X—2 a(X_Z)
_ Letx—2= X=2
Ans:limwzz y= oy
-2 a(x-2) Asx—>2=y—>0

. lim In{2(1+y)-1} o~ lim In{2+2y-1} 9 :>l|im InQ+2y) 9

y—0 ay y—0 ay a y—o0 y
zllimMXZ:Z:EMXZ:Z:g:2:>a:1

ay>0 2y a a
Find thevalueof a

. sin3x 1 . e g™
Ex:lim ==, Ex:lim——=3,
-otanax 3 X0 X

Limits at infinity or infinite limit

Meaning of X —:The symbol X — ocowill be used to mean that x takes very large values.

Ex: Showthat lim E =0

X—0 X

1 .
Ans : As x takes very large value ,— becomes very small value ,(i.e close to zero)
X

1
Thus ,when X —>o0,then ——0
X

16
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1
Hence lim==0

X—>00 X
Note:
.3
1.lim—==0
X—00 X

.3
2.lim— =0 and soon————
X—o ¥

. T . 1
Working rule for finding lim f (x) Replace x by = in the given function and take the limit as
X—>00 y

y—>0 OR

In case of a rational function divide the numerator(N" Jand the denominator(D" )by the highest power of

X.

.. 5x*+3x-6
EX.|Im2—
x>0 2x° —5x+1

5XZ+3X 6
2 _ o to o2
Ans:lim 2 X208 2xt X X' (pjyigetheN” and D'by x?)
x>0 2X° —BX 41 x>o X x 1
3 6
Sto—3 _
_fim—x_x* _5+0 0(putx=oo)
e, 5172040
X X
_2
2
Ex:IlmZX_3
x>0 4X +
s X_3
Ans : lim = lim —X X(DividexinbothN'&Dr)
x—0o 4 X 4 X—>oo4§ §
X X
3
2_2
=lim X=ﬁ—z=l
4 2

17
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Lo2n=3 _ 3 -4xP+2 3n°-4n+1 2n

Ex:lim ,EX.|Im—, Am—- .
e 4n+5 x>» 4x° +5x -1 x>» 4n” +5n -2 > 4n+5
34X+ 2

Ex:lim————

x>0 4x° +5X—3

X X

3 _ 2 373—4734'
Ans:limsx2 2 im XX
xo0 4X°45X—=3 o X X
aTO 3
X X* X
4 2
3=t 3-040 3
>4 5 3 0+0-0 O
x X
2
Ex:Iim—?’X3 4X2+2
x> 4X° +5X° -3
X X 2
o 3P —AX+2 SF_4F+7
Ans:lim—————=Ilim— 5
x>0 4X° +5X° =3 xoe X X
4F+5F_x
3 4 2
_|im;_7+F_O_O+O_
X% 4+§_£ 4+0-0
x x°
o 142434 +n
EXI!]I—>w n2
n(n+1)
Ans:limEE2E3E N 2y MDD
n—o0 n n—o0 n n—oo n
n 1 1
—+— 1+
—limM_n _jjm_n_1t0_1
N—o0 @ nowo 9 2 2
n
r P+22+3+-oqn’
Ex.nﬂ v
n(n+1)
P23 +n’ ( 2
Ans:lim Z =lim 7
n—o n n—oo n n—owo

) :Iim{n(n;})}zzlim

2
X; (Dividex®inboth N* & D)
3

X (Divide x*inbothN' & Df)
3
3

—lim n—Jrl(Dividenin bothN" &D")

n—oo 2n

n’(n+1)°
4n*

n n—oo

18
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n 49 n N 1
? S te Gt
—tim T2 ji n® 0% n (Dividen?inboth N" & D" )
nN—>o0 4n n—o0 n
41—
n
l+g+i
n—o 4 4 4
Ex:Iim1+1+i2+i3+ ........ +i
n—w 2 2 2 2n
Ans:lim1+1+i2+i3+ ........ +i
n—o 2 2 2 2n

n+l
o)
_\2)

1 n+l
1_(j n+1
- |im#=2nm{1—@j }zZ(l—O)(Iim X =0if ~1<x<1)

=lim
n—>o 1_1 n—ow 1 n—>oo n—ow
2 2
=2
1 1 1 1
1+E+?+?+ ........ +?
Bclim——T 1 1
l+§+37+§+ ........ +3T
1 1 1 1 . 1 1 1 1
1+7+72+73+ ........ +T ||m1+f+72+73+ ........ +7n
Ans: lim 2 22 2 2" e 2 272 2
n—>w1+1+i2+i3+ ........ +in |im1+1+i2+i3+ ........ +in
3 3 3 3 oo 3 3 3 3
1_(1)n+1 1_(1)n+l
lim— 2/ jm_ 2 1
n—w 1_1 n—w 1 21lim 1_(j
_ 2 _ 2 "L \2) ] 41-0) 4
1n+1 1n+1 . n+l 31_0 3
1—(} 1—(j EI|m 1—(1j 4-0)
lim—3/ gim 3L 2 A3
n—oo 1_7 n—oo g
3 3
Ex:Iiml+1+i2+13+ -------- +i
oo 3 3 3 3"

19
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Test the existence of the limit lim f (x)

The limit of a function f(x) is said to be exist at x=a (i.e lim f (x)exist)

If Left hand limit (LHL) = Right hand limit (RHL)

Left hand limit (LHL)

Ihirrg f (a—h)wherehis small (+ve) quantity

or lim f(x)

X—a~

Right hand limit (RHL)

Li m f (a+h)wherehissmall (+ve) quantity

or lim f(x)

x—a’

Note:If L.H.L = R.H.L then the limit of a function does not exist

Ex: Test the existence of the limit Iirr11|x—]4

Ans lim|x -1
x—1
Herea=1, f (x) =|x-1|
LH.Llim f (a—h):Ligg f (1=h)(put x =1-hinthegiven function f (x) =[x 1))

—lim[1—h—1=lim|-h| = limh =0

h—0 h—50 h—0
RH.Llim f (a+ h)=lim (1+h)(put x =1+hin the given function f (x) =[x 1))
—limfl+h-1/=lim|h|=limh =0
h—0 h—0 h—0
SoLH.L=RH.L
Hence the limit of the function exist.

Ex: Test the existence of the limit Iing|x|

Ans 1im|x|

x—0
Herea =0, f (x) =|x|
LH.Llim f (a—h):Ling f (0—h)(put x =0—hinthegiven function f (x) =|x|)

= lim|0—h| = lim|~h|=limh =0
h—0 h—0 h—0

20 |
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RH.Llim f (a+h)=lim f (0+h)(putx =0+ hinthegiven function f (x) = |x|)
~1im|0-+h|=lim|h| = limh =0

h—0 h—0 h—0

SoLH.L=RH.L
Hence the limit of the function exist.

. X

Ex: Test the existence of the limit Im’(}U

x=0 X
X
Anslim+
Xx—0 X

Herea =0, f(x):%
L.H.Llhigg f (a—h):lhigg f (O;h)(putx:O—hinthegivenfunction f(x) :%J

—lim [0-h| —lim ml _lim - Zlim_1= 1

h-0 0—h h>0 —h h>0_—_pQ h-0

RH.Llimf(a+h)=lim f (M)[putx:0+hinthegiven function f (x) :m]
h—0 h—0 X

h
—:IimU:Iimn:Iimlzl
h-0 Q+h h>0ph ho0ph ho0

SoLHL#RH.L
Hence the limit of the function does not exist.
Ex:Test the existence of the limit

(a) lim|x—2) (b)!Lrpl|x+1|(c)|XiLrgi(d)|im|x;(e)|im—

Ex:Test the existence of the limit lim[x]

X—2
Ans: leﬂg [X]

Herea =2, f (x) =[x]
LH.Llim f(a—h)=limf(2-h)=lim[2-h]=lim1=1

h—0 h—0 h—0 h—0
R.H.LM} f (a+h):L|Lrg f(2+h)= IhlLrg[2+h]: nggZ: 2
SoLH.L#R.H.L

Hence the limit ofthe function does not exist.
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Ex:Test theexistence of the limitlim[x]

x—0
Ans: legg[x]
Herea =0, f (x) =[]
LH.LIim f (a—h)=lim f (0-h)=1im[0—h]=lim-1=-1

h—0 h—0 h—0 h—0
RH.LIm f (a+h)=lim f (0+h)=1im[0+h]=1im0=0
h—0 h—0 h—0 h—0

SoL.H.L#RH.L

Hence the limit ofthe function does not exist.
Ex:Test the existence of the limit Iirq [x +1]

Ans:lirrl1[x+1]

Herea =1, f(x) =[x +1]

LH.Llim f (a—h)=lim f (1-h) = lim[1-h-+1] = lim[2 - h] =
im

- 1
RH.LIM f (a+h)=lim f (1+h) = lim[1+h-+1] = lim[2+h] = 2
SoLH.L#RH.L
Hence the limit ofthe function does not exist.
Ex:Test the existence of the limit Iim2 [X]
Ans:XILmz[x]
Herea =+/2, f (x) =[x]
LH.Llim f (a—h)=lim f (ﬁ-h): |im[J§—h]= liml=1
h—0 h— h—0 h—0
RH.LIim f (a+h)=lim f (ﬁ+h)=|im[ﬁ+h]= liml=1
h—0 h—0 h—0 h—0
SoLH.L=RH.L
Hence the limit of the function exist.
Ex:Test the existence of the limit
(a)lirq[x](b) Iirpz[x](c)lim[x]if n beaninteger (d) Iims[x]
Ex:Test the existence of the limit |iITll f(x)
i f()()={2x+1,x<1
x—=3,x2>1
Ans:
LH.Llim f (a—h):LiLrg f(1-h) {Here f (x) =2x+1and putx =1-h}

~lim{2(1—h) + 1 = limg2 - 2h +1} = lim3—2h =3
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RH.LIim f (a+ h)=|hiirg f(1+h) {Here f (x) =x—3and putx =1+h}

h—0
= Ihlgg{(1+ h)-3}= Lm(h -2)=-2
SoLH.L#RH.L
Hence the limit does not exist.
Ex:Test the existence of thelimitlirr; f(x)

2X—-3,Xx<2
IF1(x)= x*—=3,x>2

Ex:Test the existence of the limit Iirr21 f(x)

X, X>0
If f(x)=1-%x<0
0,x=0

CONTINUITY

A function f(x) is said to be continuous at a point x=a if

limf(x) = f(a)
limiting value =functional value
OR

LHL=RH.L=f(a)
{Ihim f(a—h)=lim f (a+h) = f(a)}

DISCONTINUITY

A function f(x) is said to be discontinuous at a point x=a if

1.f (a)isnot defined
ZIX'LQ f(x)= f(a)
3.LH.L=RH.L=f(a)
4LHL#RH.L=1f(a)
5LHL=f(@)=#RH.L
6.L.HL=RH.L=f(a)
7IX|Lra11 f (x) does not exist
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Ex:Test the continuity of the function
sin 3x

227 x£0
f(x)=9 x 7 atx=0.

3 ,Xx=0
Ans:Atx=0,f(x)=3= f(0)=3
atx £ 0, f(x) = SMN3X
lim £ (x) = lim 20X _ jim 903X 31,33
x—0 x—0 X x>0 3x

Solim f (x)=f (0)=3

x—0

Hence the function is continuousat x = 0.

sin ax

Ex:Find the value of aif thefunction f (x)=4 2x ' iscontinuousat x = 0.
3 ,X=0

Ans:Atx=0,f(x)=3= f(0)=3

atx =0, f(x):smax

2X
lim f (x) = lim & _ Ly SN _ L s 1 ixa=2
x—0 x—0  2X 2x50 X 2 x>0 gx 2 2

Since the functioniscontinuousat x = 0.
Solxlgg f(x)=f(0)

:§:3:>a:6
2

Ex:Test the continuity of the function

E X#1
FO)=1 x-1" atx=1.
7 x=1
Ans:Ans:Atx=1,f(x)=7= f(1)=7
7_
atx =1 f(x) =31
x—-1
7T _ 7 _ 17
lim £ () =lim X2 = lim X =2 _ 7515 =7
x—1 S Ny | x-1 x—1

Solximf(x): f(1)=7

Hence the function iscontinuousat x =1.
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Ex:Test the continuity of the function
1
(1+3x)x,x =0

e Xx=0

Ans:Ans:Atx=0, f(x)=e’= f (0)=¢’
1

atx =0, f(x)=(1+3x)x

atx=0.

f(x)=

1
X

, . : s |, ER
leggf(x):lxlgg(1+3x) :IX|L73(1+3X)3x :{legg(l+3x)3x} =e

Solim f (x) = f (0)=¢®

x—0

Hence the function iscontinuousat x = 0.

Ex:Test the continuity of the function

sin 2x
X#0
(a) f (%)= tza”?’x atx =0
- ,Xx=0
3
%2 _ g2
(b) f(x)=1 x-a X#2 atx=a
2a ,X=a
e5x_e—2x
©)f(0)=1"x 70 ax=o0
5 ,Xx=0
a’-b X#0
(d)f(x)=1 X atx=0
n2  x=o0
b
In(1+3x) 0
(e)f(x)= X XEY atx =0
3 ,Xx=0

1

(f)f(X)= (1+2X);,X¢O atx=0
e’ ,X=0
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Ex:Test the continuity of the function

X

fx)=1x "% atx=o0
0 ,X=0
Ans:atx=0,f(x)=0= f(0)=0
atx;tO,f(x):%
L.H.L|imf(a—h)=|imf(o—h)=|im|o_h|=|im|_h|=|iml=—1
h—0 h—0 h-0 0—h h>0 —h ho0_—
R.H.Llimf(a+h):limf(0+h):limM=IimM:Iim =1
h—0

h—0 h-0 0+h h>0h ho0h

SoLH.LzRH.L=f(0)

Hence the function isdiscontinuous.

Ex:Show that the function f (x)=x]is not continuous at x = 2.
Ans:Atx=2f(x)=[x]

f(2)=[2]=2

LH.L Liﬂg f (a—h)=Lim f (2—h):LiLrg[2—h]: Ihigg1=1

RH.Llim f (a+h)=lim f (2+h)=lim[2+h]=lim2 =2

h—0 h—0 h—0 h—0

SoLH.L=RH.L=f(0)
Hence the function is discontinuous.

=

Ex:Test the continuity of the function

2X+3,x<1
f(x): atx=1
Xx—4 ,x2>1

Ans:atx=1,f(x)=x-4= f(1)=1-4=-3

LH.L lim f (a—h)= lim f (I-h) , f(x)=2x+3,(putx =1-hinthefunction f (x)=2x+3)
= lim{2(1-h)+3}=1im2-2h+3=5

= m f(a+h)= ngc] f(1+h) , f(x)=x—4,(putx=1+hinthefunction f (x)=x-4)

= lim{(1+h) - 4}=lim1-4=-3

LHL=RH.L=f(1)

Hence the function is discontinuous.
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Ex:Test the continuity of the function
f(x):{zx_l’xSl atx=1

X+2 ,x>1
Ex:Test the continuity of the function
2x-1,x<0
f(x)=43 ,Xx=0 atx=0
X+2 ,x>0
Ex:Test the continuity of the function

X ,X>0
f(x)=40 ,Xx=0 atx=0
—X ,X<0

Ex:Find the value of a if the function

sin ax
X#=0
f(x)= i[anx iscontinuousat x =0
— ,x=0
a
Ex:Find the value of a and b if the function
ax’ +b ,x<1
f(x)=11 ,x=1 iscontinuousat x =1

2ax—-b ,x>1

(hints-see the semester question below )

1+x)" -1
Formula:limgzn
x—0 X
_ (1+x)" -1
proof:llng— letl+x=y=>x=y-1
X—> X
Asx—>0=>y—>1
—limd == —nx1™=n
y—1 y_
-x)' -1
Note:lim( ) =-n
x—0 X
1
1+x)2-1
Ex:Iirrg( ) == (byusing formula)
X—> X
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1
- (1-x)2-1 1 :
Ex:lim——=—Z—(b f |
x:lim " 2( y using formula)
3
Ex :lim (L+x): _l:—(byusingformula)
x—0 X
Ex :lim 1+ X —v1-X
x—0 X
o lex=1-x . lex—1+1-1-x (\/1+X—1)—(\/1—X—1)
Ans:lim————— =1Ilim =lim
x—0 X x—0 X x—0 X
JI+x-1 T-x -1 5 e
=Iim( )—Iim< )=Iim(1+x)2 L Gt s
x—0 X x—0 X x—0 X x—0 X
EREE
2 2 2 2
3/ _3fh_
Ex||rrg%
3f _3- 3f _ _3f1_ 1+x -1)—(31-x-1
Ans: lim VX Z V=X e WX =14+ 1-91 X:Iim( - )
x—0 X x—0 X x—0 X
Mrx-1 h—x—-1 5 e
:Iim( ) Iim( ) T e U b )
x—0 X Xx—0 X Xx—0 X x—0 X

Iing J1+x—/1-x
im¥+x—31—x

x—0

. lex—+1=x 1+ x—-1+1-1-x
lim«/1+Xx—+1—X Img— Ilng
Ans : Ex : 220 == X = X
lim31+x —31-x Iim%/1+x—%/1—x Iim€/1+x—1+1—€/1—x
x>0 x—0 X x—0 X
(\/1+x—1)—( 1—x—1) (\/1+x—1) ( 1—x—1)
lim lim —lim
_ x>0 X _ x—0 X x—0 X
P+x-1)—(J1-x-1 1+ x -1 1—-x -1
Iim( ) ( ) Iim( )—Iim( )
X—0 X x—0 X x—0 X
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1 1
i (1+x)2-1 i (I-x)2-1 1 (1) 1 1
T T 2 U2) 2t 13
- - - - — — >
C(Wexpol . (1expor fofZ1) Ln1o(2) 2
lim —lim 3 3 3 3 3
x—0 X x—0 X
SEMESTER QUESTIONS
. (coszxj
Q.1 Evaluate lim -
wZll-sin X
2
2 -2 - .
Ans: tim| <2572 ) jim 1 sin” x =Iim((1 smx)§1+smx)]
wZl1-sin X wZl 1-sinx ¥ 1-sinx
2 2 2
=Iim(1+sinx):1+sin%:1+1=2
x—>§
. [ cosecx—cot x
Q.2 Evaluate Ilm(—j
X—0 X
1 Cos X . o X
. cosecx —cot X ) iny Qi . (1-cosx ) 2sin”
Ans:llm(—):llm sinX sinx :Ilm( : ):Ilm —
X—0 X X—0 X X—0 XSln X —0 Xzsin 7(:087
2 2
sin = sin = sin5
=lim lim x lim Lx =lim x2 ><—><1:1><l:1
X—0 xcos > X—0 X X—0 cos X X—0 E 2 2

Q.3 Discuss the continuity of the function

3x—2whenx <0
f(x)={ tx=0

a
x+1 whenx>0

Ans:

Atx=0,f(x)=3x-2 = f(0)=3x0-2=-2

LH.L

lim f (a—h) =1im f 0—h), f (x) =3x—2
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= lim{3(0—-h)-2}=-2 ,

RH.L
Ihlirgf(a+h)=L|Lrgf(O+h)

. , F(X)=x+1
=Ih|rr3(0+h+1):1

So LH.L=f(0) # RH.L

Hence the function is discontinuous.

Q.4 Evaluate lim \/;(\/X+l—\/;)

R (VX R) (V71 45)

Ans:lmﬁ(m—&):lm (\/er\/;)

X(X+1-x
:Ilm%:“m \/; :Ilm 1 :%
( X+1+ X) \/;( 1+1+1J ( 1+1+lj
X X
PR |
. SIn X
Q.5 Evaluate lim
x—0 X
. sint . .
Ans: Ilrrg let Sin™ X =y => x=siny
X—> X
Asx—>0=y—0
—lim—Y——1
y-0siny
Q.6 Evaluate Iimw
x—1 X—=1
Ans:
Iimw let X—1=y=>x=1+Yy
x—1 X—1

As X—>1=y—>0
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= lim Ioge(2(1+ y) _1) =lim Ioge(2+2y_1) =lim Ioge(1+2y)

y—0 y y—0 y y
1im 129 (+2Y) o 1.0
y—0 2y
ax’+b,x<1
Q.71f f(x)=41 ,X=1 is continuous at x=1 ,then find a and b.
2ax—b,x>1

Ans: at x=1, f(x)=1 = f(1)=1
L.H.L

lim f (a—h) =lim f (1-h)

_ , , f(x)=ax’*+b
:“maa—m +b=a+b
R.H.L
limf(a+h)=Ilimf(l+h)
h—0 h—0 ) f(X)=2aX—b

:”QZaa+h)—b:2a—b

Since thefunction is continuous, so L.H.L= R.H.L= (1)

So

a+b =1
2a-b=1

:33a=2:>a=§soa+bztjb=1—

. o1
Q.8 Evaluate lim xsin=

X—>0 X

R 1 1
Ans: limxsin=  let X=—=y=~
X—0o0 X y X

As X >0=>Yy—>0

:Hmlﬂnyzﬁmgﬂle
y—0 y y—0 y

winN
wlk
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3

_(x+9)2-27
Q.9 Evaluate IIrT(]—
X—> X

3
2 _
lim (x+9)% -27

x—0 X

Ans: Let X+9=y=>Xx=y-9

AsX—>0=y—>9

3 1
—§><9§_l :§><95 :§><3:g
2 2 2

X
—,x#0
Q.101f f(x)= |X| examine the continuity of f(x) at x=0.
1 ,x=0

Ans: at x=0,f(x)=1 = f(0)=1

At x;«rsO,f(x):m
X

0—h
LA Tim £ @—h) =lim £ ©—h) =lim /2= jim N Zjim_1- 1
h—0 h—0 h—0 0—h h—0 —h  h-0
0+h
RHLLIim f (a5 h) = lim £ 0+ h) = fim 2 — jim D Zim1 21
h—0 h—0 h-0 04+h ho0Qh h-oo0

LHL # RHL=f(a)

Hence the function is not continuous at x=0.

. Sin3x
Q.11 Evaluate lim—
x>0 5N 5x
lim sin 3x IimSin3Xx3
. sin3x x—0 X x—0  3x 1x3 3
Ans: Ilng inBx .. SINBX .. sSiNbx _ 5
X . -
-0 5In5x lim lim 5 1x5 5
x—0 X x—0 By
sin 2x
Q.12 Examine the continuity of the function f(x) at x=0 defined by f(X)=1 x ' atx=0.
2 ,Xx=0
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Ans:At x=0 , f(x)=2 = f(0)=2

At x =0, f(x)=SInZX
lim £ () = lim 32X _jimSN2X o 1.0
x—0 x—>0 X x=>0  2X

So Iing f (x) =f(0)=2
X—>
Hence the function is continuous.

Q.13 Show that I|m does not exit.
x—0 |X|

X
Ans: Herea=0 , f(X)=—

X

L.H.L Iimf(a—h):limf(O—h)_IlmO—h_Ilm—h—Ilm 1=-1
h—o h—o | _h| h—-o h h—o

RH.L 1im f (@-+h)=lim f 0-+h)=lim2" ~jim ™ Z jim1.=1
h—o h—o h—o |0 + h| h—»of h-o

So LHL # RHL , Hence the limit does not exist.

. sin3x
Q.14 If lim =1, find the value of a.
x-0 fan ax
Ans:
. SIin3x . sin3x
. lim lim x3
“msm3x:1 o0 X _ x>0 3X _
0 . fanax . tanax
*>0 tan ax lim lim x a
x—0 X x-=0  ax
1x3 3
=>—=1=—=1=a=3
1xa a

1

Q.151f f(x)= (1+3%)*,X# 0 then examine the continuity of f(x) at x=0.

e’ x=0

Ans: Atx=0, f(x)=€’= f(0)=¢°
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1

Atx=0, f(x)=(1+3x)*
1 14 1)°
lim £ (x) =1lim(1+3x)* = lim(L+3x)* :{Iing(1+3x)3x} —¢°
So Iing f (x) =f(0)

Hence the function is continuous.

. X—XC0S2X
Q.16 Evaluate ImT
x=0  sin° 2X

_ X—=XC0$2X . X(l-cos2x) . x2sin® x _ x2sin® X
Ans:hmT:llm_—s:llm_—a:hmﬁ
x>0 sin” 2X x>0 (sin 2Xx) x>0 (2sin XCosX)® x>0 8sin” Xcos™ X
. X 1. X . 1 1 11
=lim—————— =~ lim——xlim——=—xlx> ==
x>0 4sinXcos® X 4 x>0sinx x»0cos’x 4 1 4
. 1-cosx
Q.17 Evaluate lim >
x—0 X
2 2
2sin? X sin > sin
. 1-cosx . 9 . 9 . 2 1
Ans:lim———=Ilim—-; 2 _2lim| —2 | =2lim| —2x=
x—0 X x—0 X x—0 X x—0 X 2
2
2
sinX
. 9 1 1 1
=2lim _ 2 xZ=2x1*’x===
x>0 X 4 4 2
2
x> -9
Q.18 Determine the value of & such that f(X): Xx—3"' is continuous at x=3.
a ,X=3

Ans:  Atx=3, f(X)=a= Q) =«

2_
At x£0, f(x) =22

X—3

2 2 Q2
lim £ (x) = lim X =2 Zim X =3 _ox3t 26
x—3 x->3 X—3 x>3 X—3
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Since the function is continuous at x=3 . So Iin”sl f (x)=f(3)
X—>

=b6=c.

. In(2x-1)
Q.19 Evaluate lim———=
x—1 X—-1

Ans:liqm let x—1=y=x=1+y
X—>! X_

As X >1=y—>0

_im @A+ Y) D) _ypp In@+2y 1)

. In(1+2y)
lim———£
y—0 \ y—0 y y—0 y
_limMA*2Y) 5 1.2
y—0 2y
. sinx°®
Q.20 Evaluate lim
x—0 X
sin x° sin—x sin—"— x
Ans: lim

—lim—180 _jjm_180 % 4, T _ 7%

x>0 X X—0 X x>0 T “ 180 - 180 = 180
180
P +22 43 4. 4n?
Q.21 Evaluate lim -
n—oo n
n(n+1)(2n+1)
2 2 2 2
Ans:lim1 t2 3 3+ """" N i 63 _ lim n(n+1)(2n+1)
n—oo n Nesoo oo 6n3
2n? N 3n N 1
2 2 St ot
_lim 2n +2n2+n+1=Iim 2n +32n+1=Iim n nz n
n—oo 6n Nesoo 6n oo 6n
?
2+§+i
n—oo 6 6 6 3

Q.22 Examine the continuity of the function
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2x+1 whenx <1
f (x)at x =0defined by f(x) =<0 whenx =0
x*—1 whenx>1

Ans:Atx=0,f(x)=0= f(0)=0

L.H.LIhiLrg f(a—h):LiLrg f(0-h), f(x)=2x+1
=Ihi£rg{2(0—h)+1}=1

RH.L IhI[)r(] f(a+h)= ngg f(0+h), f(x)=x*-1
= IhiLrg{(O—h)2 -}=-1

SoLH.L=RH.L= f(0)
Hencethe functionis not continuous

Q.23
Evaluateling—‘ler_ =X
X—> X
e AL+ x—1-x (V14X = 1= X)W1+ X ++/1-X)
Ans:lim———————=I[im
x->0 X x>0 X(V1+ X +V1-X)
_lim Q+x)—(1-x%) _lim 1+x-1+Xx _lim 2X
0 X(VI+ X +41=X) 0 X(W1+ X ++1-X) 0 x(N1+ X ++1—X)
—Iim—2 —3—1
o0 1+ X +4/1-%x 2
Q.24
Evaluate lim tan S
x=0 tan 7X
tan 5x tan 5x 5
tan5X_|im X 5X X _1X5_5

Ans:lim

X X

x>0 tan 7X  x-0 tanTX x50 tan7x . T1x7 7
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Q.25
Test the continuity of the functionat x = 0if

1
xsin=whenx =0
f(x)= X

0 whenx =0
Ans:atx=0,f(x)=0= f(0)=0

atx =0, f(x):xsinl
X

o1 1
Wehave—-1<sin=<1= —x<xsin=<x
X X

] ) 1.
= lim—x<limxsin=<limx

x—0 x—0 X x—0
but Iing— x=0 and Iirrg X =0 by using sandwich theorem we get
X—> X—>
. .1
limxsin==0
x—0 X
. .1
Solimxsin== f (0)
x—0 X

Hencethe function is continuous
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