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Some definitions Related to limit

 

 A quantity which does not change its value under different mathematical operations of 

a problem is called c

Consta

ons

nt:

tant.

.

: 5, , , 3 .areallconstants.Ex e etc

A quantity which changes  its value under different mathematicaloperationsof a problem

is called a v

Varia

aria

ble :

ble.

 

Ex:The equation of a straight line  .Here x&yare variables.y mx c= +  

A variable(x), which can assumesanyarbitrary valuefroma set is called an

independent variable.

 A variable  (y), whose value depends on t

In

he

depe

 val

dent vari

ue of an

able :

Dep other inendent variabl dependent 

v

e:

aria

2

ble (x) is called dependent variable.

Ex:Area of a circle is .Here A is the dependent variable & r is an independent variable.A r=

Let X and Y be any two non empty sets and there be a correspondence f

between  the elements of X and Ysuch that for every element ,  there exists a unique 

Function 

and 

d

or Mapping :

efinite el t

 

emen  

x X

y



 , which is written as ( ), then we say that f is a function of X to Y 

,written as : .

Y y f x

f X Y

=

→

 

 

    

Note-1:Every element of X will be mapped by f.

         2:The element of y  is called the image of x under fY  

 

  

:The value of the function ( ) at  denoted by f(a). It is obtained by 

putting a i

Meaning of f(

n place of x in f

)

(x).

a

 

y f x x a= =

 

 

Let : be a mapping from a set X to the set Y.

Domain: The domain of 

Range: The range o

D

f

omain and ra

 ( ) ( ) : ( ) , set of all image points i

ngeof a funct

n

io

Y.

n : f X Y

f X

f f x f x f x Y x X

→

=

= =   =
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Note:1.If  , then ( ) ( )

         2. ( )  i.e Range of  

3. is called theco-domain of

x X f x f X

f X Y f y

Y f

 

   

 

 

If : bea function froma set toa set whereReal valued fu , , then

is a real valued function

nctio :

.

n f X Y X Y X Y R

f

→ 
 

2

1
Ex: ( ) ,

1

x
y f x x R

x

+
= = 

+
 

The modulus of a real number  denoted by is is its magnitude or numerical value

taken with a positive sign.

0

i.

Modulus functio

0

n

e 0

0

: x x

x if x

x x if x

if x




= − 
 =

 

 

 

 

Thegreatest integer function of s denoted by is thegreatest integer

less than or equal to .

Greatest integ

.

1, 1 0

0,0 1

1,1 2

2,

er fun

1 2...

ction:

..... .

x i x

x i e x x

x

x
y x

x

x and soon



− −  


 
= = 

 
  

Ex: 3 3, -3 3, 0 0,

 

= = =

 

             Ex: 2 2, -3 3, 0 0, 2.98 2, -2.98 3, 0.5 0, -0.5 1,= = − = = = − = = −  

   2-h 1, 2 h 2wherehisasmall quantity.ve= + = +
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( ) ( )

a a

2

3

If 0and 1then log is called alogarithmfunction with base , for

all 0.

Note:1. log 1 , log 1 0 , log ln

, 0
2. log 0

, 0 1

: log 1 , l

Logarithmfunc

og

t on:

2

i a

e

a

e

a a y x a

x

a x x

if a

if a

Ex y x y x

  =



= = =

− 
= 

+  

= + = +

 

Thefunction iscalledan exponentialfunctionExponentialfunc ,for allt .ion: x xy a or y e x R= =   

sin cos

log log loglnx

Ex: y 2 , ,

Note:1: e , , , ( 0, 1)

2 :log log log

3: log log log

4 :log log

e e a

x x x

x x x xx

e e e

e e e

n

e e

y x y e

x e a e a x a a

mn m n

m
m n

n

m n m

= = =

= = = =  

= +

= −

=

Thesignumfunction is defined as

, 0
(

Signumfunction:

)

0, 0

x
if x

f x x

if x




= 
 =

 

 

 

 

LIMIT OF A FUNCTION  The limit of a function f(x) is defined as the value of a function at some 

indicated points. 

Thelimit or limiting valueof a function is thefundamentalconcept of calculus.  

( )

( )
( )

( )

If ' 'be the limiting valueof a function at a point then which is written as

which is read as the valueof

Defi

tends to as tends to
lim OR

i.e a

nition:

s

: means close to but

x a x a

l f x x a

f x l x a
f x l lt

f x l x a

Note x a x a x a

→ →

=

 
=  

 → → 

→ 
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If y ( ) bea given f

Limit or limiting

unction of x then f

val

or every valueof x weobtain a definiteand unique

valueof.But sometimes for a particular v

ueof a function:(Meaning of lim)

a

x a

f x

→−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

=

( )

( )

( )

2

2

lueof x, the valueof f x is not determinate.

9
For example Let 3

3

3 9 0
3 which is not determinate.

3 3 0

In maximum case we obtain the limiting value of the function at a point where it is indeterminate

x
y f x at x

x

f

−
= = =

−

−
= =

−

.

 

Algebra of limits  

 

( )

( )

1.lim ( ) ( ) lim ( ) lim ( )

2.lim ( ) ( ) lim ( ) lim ( )

lim ( )( )
3.lim lim ( ) 0

( ) lim ( )

4.lim ( ) lim ( ) Where k is a constant.

5.lim Where k is

x a x a x a

x a x a x a

x a

x a x a

x a

x a x a

x a

f x g x f x g x

f x g x f x g x

f xf x
where g x

g x g x

kf x k f x

k k

→ → →

→ → →

→

→ →

→

→ →

→

+ = +

 = 

= 

=

=  a constant
 

LIMIT FORMULAS 

1

0

0

0 0 0

1

0

1.

lim

1
2.lim 1

1
3.lim ln log ( 0)

log (1 ) ln(1 )
4.lim 1 lim 1 lim 1

ln(1 )

5.lim(1 )

1
6.lim 1

n n
n

x a

x

x

x

e
x

e

x x x

x

x

x

x

F For nbeany rational

x a
na

x a

e
F

x

a
F a or a a

x

x x x
F or or

x x x

F x e

F e
x

−

→

→

→

→ → →

→

→

−

−
=

−

−
− =

−
− = 

+ +
− = = =

+

− + =

 
− + = 

   

1

0
7.lim(1 ) x

x
F x e

→
− + =  
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0 0

1

10 0

0 0

1

10 0

0 0

0

sin
8.lim 1 lim 1

sin

sin
9.lim 1 lim 1

sin

tan
10.lim 1 lim 1

tan

tan
11.lim 1 lim 1

tan

12.limsin 0, lim cos 1

(1 ) 1
13.lim

14.lim

x x

x x

x x

x x

x x

n

x

x

x x
F or

x x

x x
F or

x x

x x
F or

x x

x x
F or

x x

F x x

x
F n

x

F

→ →

−

−→ →

→ →

−

−→ →

→ →

→

→

− = =

− = =

− = =

− = =

− = =

+ −
− =

−
0

(1 ) 1nx
n

x

− −
= −

 

Rules for finding lim ( )
x a

f x
→  

( )

( )

( )( )

( )( ) ( ) ( ) ( ) ( )

( )
( )

2

2

2 2

2

2

3

2 2 2

3 3 3

2
2

1

1

1

1. ( )

: lim 3 1

: lim 3 1 2 3 2 1 11

: lim 3 2

: lim 3 2 lim 3 lim 2 3 3 2 3 2 15 1 15

lim 2 52 5
:lim

3 lim 3

x

x

x

x x x

x

x

x

Rule Put x a If f a gives a finitevalue

Ex x x

Ans x x

Ex x x x

Ans x x x x x x

x xx x
Ex

x x

→

→

→

→ → →

→

→

→

− =

+ +

+ + = +  + =

+ −

+ − = +  − = +   − =  =

− +− +
= =

+ +

21 2 1 5 4
1

1 3 4

−  +
= =

+
 

0
2.

0

( ) ( )& min ( ).

.

r r

Rule form

If f x bea rational functionthen factorizebothnumerator N deno ator D cancel thecommon

factor and put x a

 
−  

 

=

 

( )( )
( )

2

2

2

2 2 2

4
: lim

2

2 24
: lim lim lim 2 2 2 4

2 2

x

x x x

x
Ex

x

x xx
Ans x

x x

→

→ → →

−

−

− +−
= = + = + =

− −
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( )( )
( )

( ) ( ) ( )( )

( )

3

1

23
2

1 1 1

2

2

2 2

2 2 2 2

2

1
: lim

1

1 11
: lim lim lim 1 1 1 1 3

1 1

5 6
: lim

2

3 2 3 2 35 6 3 2 6
: lim lim lim lim

2 2 2 2

lim 3 2 3 1

x

x x x

x

x x x x

x

x
Ex

x

x x xx
Ans x x

x x

x x
Ex

x

x x x x xx x x x x
Ans

x x x x

x

→

→ → →

→

→ → → →

→

−

−

− + +−
= = + + = + + =

− −

− +

−

− − − − −− + − − +
= = =

− − − −

= − = − = −

 

( )( )
( )

( )

( )

( )

r r

0

0 0 0

0 0

Rule-3.If thegiven function containsa surd , then multiplya conjugatesurd in both N &D

,after simplification put .

2 2
: lim

2 2 2 2 2 22 2
: lim lim lim

2 2 2 2

1
lim lim

2 2

x

x x x

x x

x a

x
Ex

x

x x xx
Ans

x x x x x

x

x x x

→

→ → →

→ →

=

+ −

+ − + + + −+ −
= =

+ + + +

= =
+ + ( )

( )
1

0
2 22 2

1

2 2

put x= =
++ +

=

 

( )
( )

( ) ( )

( ) ( ) ( ) ( )

0

0 0

0 0 0

2 2
: lim

( 2 2 ) 2 22 2
: lim lim

2 2

2 2 2 2 2 2
lim lim lim

2 2 2 2 2 2 2 2

2 2 1

2 2 2 2 2

x

x x

x x x

x x
Ex

x

x x x xx x
Ans

x x x x

x x x x x

x x x x x x x x x x x

→

→ →

→ → →

− − +

− − + − + +− − +
=

− + +

− − + − − − − −
= = = =

− + + − + + − + + − + +

− − −
= = =

+

 

2 2

20 0 0 0

1 1 4 2 1 1
lim . lim . lim . lim

4 2x x x x

x x x x x
Ex Ex Ex Ex

x x xx→ → → →

+ − + − + + −
− − − −

+ −
 

2 2
lim
x a

x b a b
Ex

x a→

− − −
−

−
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2

1

2 2 2

21 1

4 3 2

2 21 1 1

:lim
1

( ) ( ) ( 1)
:lim lim ( )

1 ( 1) ( 1) ( )

( )( 1) ( 1)( 1) ( 1)( 1)( 1)
lim lim lim

( 1)( ) ( 1)( ) ( 1)(

x

x x

x x x

x x
Ex

x

x x x x x x x
Ans doubleconjugatemultiplication

x x x x x

x x x x x x x x x x x

x x x x x x x x

→

→ →

→ → →

−

−

− −  +  +
=

− −  +  +

− + − + − + + +
= = =

− + − + − 2

2

21

)

( 1)( 1) 1 3 2
lim 3

2( )x

x

x x x x

x x→

+

+ + +  
= = =

+

 

2

20 0

2 2 1 1
lim . lim .

3 3 4 2x x

x x
Ex Ex

x x→ →

+ − + −
− −

+ − + −  

1

9 9

2

9 9
8

2

5

2

5 5 5
4

2 2

5

32

5 5

5 4
2

3 332

2

: lim

2
:lim

2

2
:lim 9 2

2

32
:lim

2

32 2
: lim lim 5 2 32

2 2

32
: lim

8

2
lim

32 5 22: lim
28 3 2

lim
2

n n
n

x a

x

x

x

x x

x

x

x

x

x a
Formula na

x a

x
Ex

x

x
Ans

x

x
Ex

x

x x
Ans

x x

x
Ex

x

x

x xAns
xx

x

−

→

→

→

→

→ →

→

→

→

→

−
=

−

−

−

−
= 

−

−

−

− −
= =  =

− −

−

−

−

− −= =
−− 

−

2

1

1
1

11

1

32 8

12 3

1
: lim

1

1
lim

1 11: lim
11 1

lim
1

n

mx

n n

n n
x

m mm mx

x

x
Ex

x

x
x n nxAns

xx m m

x

→

−
→

−→

→

= =

−

−

−

− −= = =
−− 

−

 

1

4 8 8

1 3 35 3 3

5 81 1
: lim , : lim , : lim , : lim

5 3
1

n

x x x x b
m

x x x x b
Ex Ex Ex Ex

x x x b
x

→ → → →

− − − −

− − −
−  
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0

0

0 0

3

0

3 3 3

0 0 0

3

50

3

50

1
: lim 1

1
: lim

1 1
: lim lim 1

1
: lim

5

1 1 1 1 1 1 3
: lim lim lim 3 1 ( 3)

5 5 5 3 5 5

1
: lim

1

1
: lim

x

x

ax

x

ax ax

x x

x

x

x x x

x x x

x

xx

x

xx

e
Formula

x

e
Ex

x

e e
Ans a a a

x ax

e
Ex

x

e e e
Ans

x x x

e
Ex

e

e
Ans

e

→

→

→ →

−

→

− − −

→ → →

−

→

−

→

−
=

−

− −
=  =  =

−

− − − −
= = − =   − =

−

−

−

−

−

( )

( )

3 3

0 0

5 5

0 0

0

0 0 0

0 0 0

1 1
lim lim 3 1 3 33

1 11 1 5 5
lim lim 5

5

: lim

1 1 ( 1) ( 1)
: lim lim lim

1 1 1
lim lim lim lim

x x

x x

x x

x x

ax ax

x

ax ax ax ax ax ax

x x x

ax ax ax

x x x

e e

x x

e e

x x

e e
Ex

x

e e e e e e
Ans

x x x

e e e
a

x x ax

− −

→ →

→ →

−

→

− − −

→ → →

−

→ → →

− −
−  − −−= = = =

− −


−

− − + − − − −
= =

− − −
= − =  −

0

1
( ) 1 1 ( ) 2

ax

x

e
a a a a

ax

−

→

−
 − =  −  − =

−

 

3 4

5 20

3 4 3 4 3 4

3 4
0 0 0

5 2 5 2 5 25 20

0 0 0

3 4

0 0

: lim

1 1 ( 1) ( 1)
lim lim lim

: lim
1 1 ( 1) ( 1)

lim lim lim

1 ( 1)
lim lim

lim

x x

x xx

x x x x x x

x x
x x x

x x x x x xx xx

x x x

x x

x x

e e
Ex

e e

e e e e e e

e e x x xAns
e e e e e ee e

x x x

e e

x x

−

−→

− − −

−
→ → →

− − −−→

→ → →

−

→ →

−

−

− − + − − − −

−
= = =

− − + − − − −−

− −
−

=

3 4

0 0

5 2 5 2

0 0 0 0

1 ( 1)
lim ( 3) lim 4

3 4 73 4 1
( 1) ( 1) ( 1) ( 1) 5 ( 2) 7

lim lim 5 lim ( 2)
5 2

x x

x x

x x x x

x x x x

e e

x x

e e e e

x x x x

−

→ →

− −

→ → → →

− −
 − − 

− − −−= = = = −
− − − − − −

−  −  −
−

 

3 3 3 5

30 0 0 0

1 1
: lim , : lim , : lim , : lim

1

x x x x ax cx

x bx dxx x x x

e e e e e e
Ex Ex Ex Ex

x e x e e−→ → → →

− − − −

− −
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0

0

0

2

0

2 2
2

0 0

3

0

3 3 3

0 0 0

1
:lim ln log ( 0)

3 1
: lim

3 1
: lim ln 3 log 3

1
: lim

1 1
: lim lim 2 ln 2 2ln ln

2

1
: lim

5

1 1 1 1 1
: lim lim lim

5 5 5

x

e
x

x

x

x

e
x

x

x

x x

x x

x

x

x x x

x x x

a
Formula a or a a

x

Ex
x

Ans or
x

a
Ex

x

a a
Ans a a a

x x

b
Ex

x

b b b
Ans

x x

→

→

→

→

→ →

→

→ → →

−
= 

−

−
=

−

− −
=  =  = =

−

− − −
= =

0

0

0

0

0

0 0 0

0 0

1 3
3 ln 3 ln

3 5 5

1
: lim

1

1
lim

1 ln
: lim log

11 ln
lim

: lim

1 1 ( 1) ( 1)
: lim lim lim

1 1
lim lim ln ln ln

x

xx

x

x
x

bxxx

x

x x

x

x x x x x x

x x x

x x

x x

b b
x

a
Ex

b

a

a axAns a
bb b

x

a b
Ex

x

a b a b a b
Ans

x x x

a b a
a b

x x b

→

→

→

→

→

→ → →

→ →

 =   = 

−

−

−

−
= = =

−−

−

− − + − − − −
= = =

− −
= − = − =

 

0

0 0 0

0

0 0 0

: lim

1 1 ( 1) ( 1)
lim lim lim

: lim
1 1 ( 1) ( 1)

lim lim lim

x x

x xx

x x x x x x

x x
x x x

x x x x x xx xx

x x x

a b
Ex

c d

a b a b a b

a b x x xAns
c d c d c dc d

x x x

→

→ → →

→

→ → →

−

−

− − + − − − −

−
= = =

− − + − − − −−

 

0 0

0 0

1 1
lim lim ln

ln ln

1 1 ln ln
lnlim lim

x x

x x

x x

x x

a b a

a bx x b
cc d c d

dx x

→ →

→ →

− −
−

−
= = =

− − −
−
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0 0 0

3 1 3 5 3 4
: lim , : lim , : lim

5 1 5 7

x x x x x

x x xx x x
Ex Ex Ex

x→ → →

− − −

− −  

0

0

0 0

0

0 0 0

0

log (1 )
: lim 1

log (1 2 )
: lim

log (1 2 ) log (1 2 )
: lim lim 2 1 2 2

2

log (1 2 )
: lim

5

log (1 2 ) log (1 2 ) log (1 2 )1 1 1 2
: lim lim lim 2 1 2

5 5 5 2 5 5

l
: lim

e

x

e

x

e e

x x

e

x

e e e

x x x

x

x
Formula

x

x
Ex

x

x x
Ans

x x

x
Ex

x

x x x
Ans

x x x

Ex

→

→

→ →

→

→ → →

→

+
=

+

+ +
=  =  =

+

+ + +
= =  =   =

0 0

0 0

og (1 3 )

log (1 3 ) log {1 ( 3) }
: lim lim ( 3) 1 ( 3) 3

( 3)

log 1
log (1 2 )2

: lim , : lim
5

e

e e

x x

e

e

x x

x

x

x x
Ans

x x

x

x
Ex Ex

x x

→ →

→ →

−

− + −
=  − =  − = −

−

 
+  − 

 

1

0

1

0

3
1 1 1

3
33 3

0 0 0

2

5

0

2 1 2 1 2 1 6
3

5 5 3 5 3 5

0 0 0 0

: lim(1 )

: lim(1 3 )

: lim(1 3 ) lim(1 3 ) lim(1 3 )

: lim(1 3 )

: lim(1 3 ) lim(1 3 ) lim(1 3 ) lim(1 3 )

x

x

x

x

x x x

x x x

x

x

x x x x

x x x x

Formula x e

Ex x

Ans x x x e

Ex x

Ans x x x x

→

→



→ → →

→

   

→ → → →

+ =

+

 
+ = + = + = 

 

+

+ = + = + = +

 

6
1 65

3 5

0
lim(1 3 ) x

x
x e

→

 
= + = 
 

 

1 1

5

0 0
: lim(1 2 ) , : lim(1 2 )x x

x x
Ex x Ex x

→ →
+ −  
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0

0

0 0

0

0 0 0

0

0 0

sin
:lim 1

sin 3
: lim

sin 3 sin 3
: lim lim 3 1 3 3

3

sin 3
: lim

5

sin 3 1 sin 3 1 sin 3 1 3
: lim lim lim 3 3

5 5 5 3 5 5

sin
2: lim

sin sin
1 12 2: lim lim 1
2

2

x

x

x x

x

x x x

x

x x

x
Formula

x

x
Ex

x

x x
Ans

x x

x
Ex

x

x x x
Ans

x x x

x

Ex
x

x x

Ans
xx

→

→

→ →

→

→ → →

→

→ →

=

=  =  =

= =  =  =

=  = 

2

20

22
2

20 0

2

20

2 2 2

2

2

20 0 0 0

2

sin
: lim

sin sin
: lim lim 1 1

sin
2: lim

sin sin sin sin
1 1 1 12 2 2 2: lim lim lim lim 1
2 4 4 4

2 2

x

x x

x

x x x x

x
Ex

x

x x
Ans

x x

x

Ex
x

x x x x

Ans
x xx x

→

→ →

→

→ → → →

 
= = = 

 

     
     

= =  =  =  =     
     
     

 

20

2 2 2

2

2 20 0 0 0 0

2

1 cos
: lim

2sin sin sin sin
1 cos 1 12 2 2 2: lim lim 2lim 2lim 2lim

2 4

2 2

1 1
2 1

4 2

x

x x x x x

x
Ex

x

x x x x
x

Ans
x xx x x

→

→ → → → →

−

     
     −

= = =  =      
     
     

=   =
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2 2

2 2 2 20 0 0 0

22

20 0 0

1 cos (1 cos ) (1 cos ) (1 cos ) sin
lim lim lim lim

(1 cos ) (1 cos ) (1 cos )

sin 1 sin 1 1 1
lim lim lim 1

(1 cos ) 2 2 2

x x x x

x x x

OR

x x x x x

x x x x x x x

x x

x x x

→ → → →

→ → →

− −  + −
= = =

+ + +

 
=  =  =  = 

+  

 

0

0 0 0

1

0

1 1 1

0 0 0

1

0

1

0 0

tan
: lim

tan tan tan
: lim lim 1 lim 1

sin 4
: lim

sin 4 sin 4 sin
: lim lim 4 1 4 4 lim 1

4

tan
: lim

tan tan
: lim lim

x

x x x

x

x x x

x

x x

ax
Ex

x

ax ax x
Ans a a a

x ax x

x
Ex

x

x x x
Ans

x x x

bx
Ex

x

bx
Ans

x

→

→ → →

−

→

− − −

→ → →

−

→

−

→ →

 
=  =  = = 

 

 
= =  =  = = 

 

=
1 1

0

0

0 0 0

tan
1 lim 1

: lim
sin 2

2 1 1 1
: lim lim 1 lim 1

sin 2 sin 2 2 2 2 sin

x

x

x x x

bx x
b b b

bx x

x
Ex

x

x x x
Ans

x x x

− −

→

→

→ → →

 
 =  = = 

 

 
=  =  = = 

   

0

0 0

0

0 0

0 0 0 0

sin
: lim

sin

sin sin
lim lim

sin 1
: lim

sin sinsin 1
lim lim

sin tan 3 tan 3 sin 2
: lim , : lim , : : lim , : lim

sin tan 5 5 7

x

x x

x

x x

x x x x

mx
Ex

nx

mx mx
m

mx m mx mxAns
nx nxnx n n

n
x nx

ax x x x
Ex Ex Ex Ex Ex

bx x x x

→

→ →

→

→ →

→ → → →




= = = =




 

Some problems by using substitution: 

( )
5 5

0
: lim

h

x h x
Ex

h→

+ −
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( )
5 5

0

5 5
5 1 4

: lim
0

lim 5 5

h

y x

Let x h y h y xx h x
Ans

As h y xh

y x
x x

y x

→

−

→

+ =  = −+ − 


→  →

−
= = =

−
 

( ) ( )

1

1

0

1

1

0 0 0

ln
: lim

1

1 1ln
: lim

1 01

ln(1 )
lim 1

ln(2 1)
: lim

1

1 1ln(2 1)
: lim

1 01

ln 2(1 ) 1 ln 2 2 1 ln(1 2 )
lim lim lim 2 1 2 2

2

x

x

y

x

x

y y y

x
Ex

x

Let x y x yx
Ans

As x yx

y

y

x
Ex

x

Let x y x yx
Ans

As x yx

y y y

y y y

→

→

→

→

→

→ → →

−

− =  = +


→  →− 

+
= =

−

−

− =  = +−


→  →− 

+ − + − +
= = =  =  =

1

1 1 1 1

0

2 0 2

ln
: lim

1

1 1ln ln ln
: lim lim ( 1) lim lim( 1)

1 0( 1)1 ( 1)( 1)

ln(1 )
lim (1 1) 1 2 2

ln( 1) ln(1 ) ln( 1)
: lim , : lim , : lim

2 ( 21 1

x

x x x x

y

x x x

x
Ex

x

Let x y x yx x x
Ans x x

As x yxx x x

y

y

x x x
Ex Ex Ex

x xx

→

→ → → →

→

→ → →

−
−

− =  = +
=  + =  + 

→  →−− − + 

+
=  + =  =

− + −

− −+ − )( 3)x −

 

 

( )
3

2

0

9 27
: lim

x

x
Ex

x→

+ −

 

1

1

1

1

0

3 1
: lim

1

1 13 1
: lim

1 01

3 1
lim ln 3

x

x

x

x

y

y

Ex
x

Let x y x y
Ans

As x yx

y

−

→

−

→

→

−

−

− =  = +−


→  →− 

−
= =
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1

1

1
3

0 0 0

3 3
: lim

1

1 13 3
: lim

1 01

3 3 3 3 3 3 1
lim lim 3lim 3ln 3 ln 3 ln 27

x

x

x

x

y y y

y y y

Ex
x

Let x y x y
Ans

As x yx

y y y

→

→

+

→ → →

−

−

− =  = +−


→  →− 

−  − −
= = = = = =

1

1

1 1 1

1 1 1 1

2

0

1 1

1 1

3 1
: lim

1

1 13 1 3 1 3 1
: lim lim ( 1) lim lim( 1)

1 0( 1)1 ( 1)( 1)

3 1
lim 2 2ln 3 ln 3 ln 9

2 1 2 1
: lim , : lim

1 1

x

x

x x x

x x x x

y

y

x x

x x

Ex
x

Let x y x y
Ans x x

As x yxx x x

y

Ex Ex
x x

−

→

− − −

→ → → →

→

− −

→ →

−

−

− =  = +− − −
=  + =  + 

→  →−− − + 

−
=  = = =

− −

− −

 

0 0 0

2

2

2

2

0

sin
: lim

sin
: lim

0

sin( ) sin sin
lim lim lim 1

1 sin
: lim

2

1 sin 2 2
: lim

0
22

1

lim

x

x

y y y

x

x

y

x
Ex

x

Let x y x yx
Ans

As x yx

y y y

y y y

x
Ex

x

Let x y x y
x

Ans

As x yx











 







 



→

→

→ → →

→

→

→

−

− =  = +


→  →− 

+ −
= = = =

− −

−

 
− 

 


− =  = +− 


   →  →−   

=
( )

2

2

2 2 20 0 0

2 2

2

0 0

sin 2sin sin
1 cos2 2 2lim lim 2lim

sin sin
1 1 1 12 22lim 2lim 2 1
2 4 4 2

2 2

y y y

y y

y yy
y

y y yy

y y

y y



→ → →

→ →

   − +   −  = = =  
−  

 

   
   

=  =  =   =   
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2

: lim tan
2x

Ex x x




→

 
− 

 
 

1

1
: lim

lnx

x
Ex

x→

−
 

30

3 3 30 0 0

2 2

2

2 20 0 0 0 0

2sin sin 2
: lim

2sin sin 2 2sin 2sin cos 2sin (1 cos )
: lim lim lim

2sin sin sin
sin (1 cos ) 12 2 22lim lim 2 1 lim 2 2lim 4lim

2

2

4l

x

x x x

x x x x x

x x
Ex

x

x x x x x x x
Ans

x x x

x x x
x x

xx x x x

→

→ → →

→ → → → →

−

− − −
= =

   
   −

=  =   =  =    
   
   

=

2

0

30

3 3 3 30 0 0 0

20 0 0 0

sin
1 12im 4 1 1
4 4

2

tan sin
: lim

sin sin sin cos
sin

tan sin sin (1 cos )cos cos: lim lim lim lim
cos

2si
sin 1 cos 1

lim lim lim 1 lim
cos

x

x

x x x x

x x x x

x

x

x x
Ex

x

x x x x
x

x x x xx xAns
x x x x x

x x

x x x

→

→

→ → → →

→ → → →

 
 

 =   = 
 
 

−

−
−

− −
= = =

−
=   = 

2 2

2

2 0 0

2

0

n sin sin
12 2 21 2lim 2lim
2

2

sin
1 1 122lim 2 1
4 4 2

2

x x

x

x x x

xx x

x

x

→ →

→

   
   

 = =    
   
   

 
 

=  =   = 
 
 

 

3 2

3 30 0 0

1 cos (1 cos ) 1 sin 1 sin
: lim , : lim , : lim

sin 2 tan sin tanx x x

x x x x
Ex Ex Ex

x x x x x→ → →

− − + − −

−  

tan ( ) 2
: lim

3x

a x
Ex Find thevalueof a If

x



→

−
=

−
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0

0

tan ( ) 2
: lim

03

tan 2
lim

3

tan 2 2 2
lim 1

3 3 3

x

y

y

Let x y x ya x
Ans

As x yx

ay

y

ay
a a a

ay



 

→

→

→

− =  = +−
= 

→  →− 

 =

  =   =  =

 

1

1

1

2

5 5
: lim 5

( 1) ln

1 15 5
: lim 5

1 0( 1) ln

5 5 5 5 5 5 5 1 1
lim 5 lim 5 lim 5 ln 5 1

ln ln ln ln

ln 5 ln 5

: 46 : lim

x

x

x

x

y y y

y o y o y o

x

Ex Find thevalueof a If
x a

Let x y x y
Ans

As x yx a

y a y a a y a

a a

Ex Ex Find thevalueof a If

→

→

+

→ → →

→

−
=

−

− =  = +−
= 

→  →− 

−  − −
 =  =  =  =

 =  =

−

2

0 0 0

0

ln(2 1)
2

( 2)

2 2ln(2 1)
:lim 2

2 0( 2)

ln{2(1 ) 1} ln{2 2 1} 1 ln(1 2 )
lim 2 lim 2 lim 2

1 ln(1 2 ) 1 2
lim 2 2 1 2 2 2 1

2

sin
: lim

x

y y y

y

x o

x

a x

Let x y x yx
Ans

As x ya x

y y y

ay ay a y

y
a

a y a a

Find thevalueof a

Ex

→

→ → →

→

→

−
=

−

− =  = +−
= 

→  →− 

+ − + − +
 =  =  =

+
  =    =  =  =

3 1
, : lim 3,

tan 3

ax ax

x o

x e e
Ex

ax x

−

→

−
= =

 

Limits at infinity or infinite limit 

Meaning of x→:The symbol x→will be used to mean that x takes very large values.  

1
: lim 0

1
:As x takes very large value ,   becomes very small value ,(i.e close to zero)

x

x
Ex Showthat

x

Ans

→
=

 

             Thus ,when x→,then  
1

0
x
→  
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Hence 
1

lim 0
x x→

=
 

Note: 

2

3
1.lim 0

3
2.lim 0

x

x

x

and soon
x

→

→

=

= − − − −
 

Working rule for finding lim ( )
x

f x
→

  Replace x by 
1

y
 in the given function and take the limit as 

0y →   OR 

In case of a rational function divide the numerator(Nr )and the denominator(Dr )by the highest power of 

x . 

( )

( )

2

2

2

2 2 2 2
2

22

2 2 2

2

2

5 3 6
: lim

2 5 1

6
5 3

5 3 6
: lim lim

12 5 1
2 5

3 6
5

5 0 0
lim

5 1 2 0 0
2

5

2

x

r r

x x

x

x x
Ex

x x

x x

x x x x xAns DividetheN and D by x
x xx x

x x x

x x put x

x x

→

→ →

→

+ −

− +

+ −
+ −

=
− +

− +

+ −
+ −

= = = 
− +

− +

=
 

( )

2 3
: lim

4 5

3
2

2 3
: lim lim &

54 5
4

3
2

2 0 2 1
lim

5 4 0 4 2
4

x

r r

x x

x

x
Ex

x

x

x x xAns Divide x inboth N D
xx

x x

x

x

→

→ →

→

−

+

−
−

=
+

+

−
−

= = = =
+

+
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( )

3 2 2

3 2

3 2

2

3 2

3 2 3 3 3
3

22

3 3 3

2 3 3 4 2 3 4 1 2
: lim , : lim , : lim , : lim

4 5 4 5 1 4 5 2 4 5

3 4 2
: lim

4 5 3

2
3 4

3 4 2
: lim lim &

34 5 3
4 5

lim

n x x n

x

r r

x x

x

n x x n n n
Ex Ex Ex Ex

n x x n n n

x x
Ex

x x

x x

x x x x xAns Divide x inboth N D
x xx x

x x x

→ → → →

→

→ →

→

− − + − +

+ + − + − +

− +

+ −

− +
− +

=
+ −

+ −

=

( )

3

2 3

2

3 2

2

2 3 3 3
3

3 23 2

3 3 3

2 3

3

4 2
3

3 0 0 3

4 5 3 0 0 0 0

3 4 2
: lim

4 5 3

2
3 4

3 4 2
: lim lim &

34 5 3
4 5

3 4 2

0 0 0
lim 0

5 3 4 0 0
4

x

r r

x x

x

x x

x x x

x x
Ex

x x

x x

x x x x xAns Divide x inboth N D
x xx x

x x x

x x x

x x



→

→ →

→

− +
− +

= = = 
+ −

+ −

− +

+ −

− +
− +

=
+ −

+ −

− +
− +

= = =
+ −

+ −

 

( )

2

2 2 2

1 2 3
: lim

( 1)
1 2 3 ( 1) 12: lim lim lim lim &

2 2

1 1
1

1 0 1
lim lim

2 2 2 2

n

r r

n n n n

n n

n
Ex

n

n n
n n n n

Ans Divideninboth N D
n n n n

n

n n n
n

n

→

→ → → →

→ →

+ + +  +

+
+ + +  + + +

= = =

+ +
+

= = = =

 

3 3 3 3

4

2

3 3 3 3 2 2 2

4 4 4 4

1 2 3
: lim

( 1)

1 2 3 { ( 1)} ( 1)2
: lim lim lim lim

4 4

n

n n n n

n
Ex

n

n n

n n n n n
Ans

n n n n

→

→ → → →

+ + +  +

+ 
 + + +  + + + = = =
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( )

2

2 2 2 2
2

22

2

2

1
2

2 1
lim lim &

4
4

2 1
1

1 0 0 1
lim

4 4 4

r r

n n

n

n n

n n n n n Dividen inboth N D
nn

n

n n

→ →

→

+ +
+ +

= =

+ +
+ +

= = =

 

( )

2 3

2 3

1 1

1

2 3

1 1 1 1
: lim1

2 2 2 2

1 1 1 1
: lim1

2 2 2 2

1 1
1 1

12 2
lim lim 2lim 1 2(1 0) lim 0 1 1

1 1 2
1

2 2

2

1 1 1
1

2 2 2: lim

nn

nn

n n

n

n

n n n n

n

Ex

Ans

x if x

Ex

→

→

+ +

+

→ → → →

→

+ + + +    +

+ + + +    +

   
− −          = = = − = − = −    

   −

=

+ + + + 

2 3

2 3 2 3

2 3 2 3

1

1

1

2
1 1 1 1

1
3 3 3 3

1 1 1 1 1 1 1 1
1 lim1

2 2 2 2 2 2 2 2: lim
1 1 1 1 1 1 1 1

1 lim1
3 3 3 3 3 3 3 3

1
1

2
lim

1
1

2

1
1

3
lim

1

n

n

n nn

n

n nn

n

n

n

n

Ans
→

→

→

+

→

+

→

   +

+ + + +    +

+ + + +    + + + + +    +

=

+ + + +    + + + + +    +

 
−  
 

−

=
 

−  
 

−

1

1

1 1

2 3

1
1

2
lim 1

1 2 lim 1
2 4 (1 0) 42

3 (1 0) 31 3 1
1 lim 1

3 2 3
lim

1 2

3 3

1 1 1 1
: lim1

3 3 3 3

n

n

n

n

n n

n

n

nn
Ex

+

+

→

→

+ +

→

→

→

 
−  
     

−  
  −  = = = =

−     
− −    
     

+ + + +    +
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Test the existence of the limit  lim ( )
x a

f x
→

 

 The limit of a function f(x) is said to be exist at x=a ( i.e lim ( )
x a

f x exist
→

) 

If   Left hand limit (LHL) = Right hand limit (RHL)  

Left hand limit (LHL) 

     
0

lim ( ) ( )

lim ( )

h

x a

f a h wherehis small ve quantity

or f x
−

→

→

− +

 

Right hand limit (RHL) 

0
lim ( ) ( )

lim ( )

h

x a

f a h wherehis small ve quantity

or f x
+

→

→

+ +

 

Note:If L.H.L R.H.L then the  limit of a function does not exist  

( ) ( )( )

( ) ( )

1

1

0 0

0 0 0

0 0

Ex: Test the existence of the limit lim 1

:lim 1

1, ( ) 1

. . lim lim 1 put 1 in thegiven function ( ) 1

lim 1 1 lim lim 0

. . lim lim 1 put 1+ i

x

x

h h

h h h

h h

x

Ans x

Herea f x x

L H L f a h f h x h f x x

h h h

R H L f a h f h x h

→

→

→ →

→ → →

→ →

−

−

= = −

− = − = − = −

= − − = − = =

+ = + =( )

0 0 0

n thegiven function ( ) 1

lim 1 1 lim lim 0

. . . .

Hence the limit of the function exist.

h h h

f x x

h h h

So L H L R H L

→ → →

= −

= + − = = =

=

 

( ) ( )( )

0

0

0 0

0 0 0

Ex: Test the existence of the limit lim

:lim

0, ( )

. . lim lim 0 put 0 in thegiven function ( )

lim 0 lim lim 0

x

x

h h

h h h

x

Ans x

Herea f x x

L H L f a h f h x h f x x

h h h

→

→

→ →

→ → →

= =

− = − = − =

= − = − = =
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( ) ( )( )
0 0

0 0 0

. . lim lim 0 put 0 in thegiven function ( )

lim 0 lim lim 0

. . . .

Hence the limit of the function exist.

h h

h h h

R H L f a h f h x h f x x

h h h

So L H L R H L

→ →

→ → →

+ = + = + =

= + = = =

=

 

( ) ( )

( )

0

0

0 0

0 0 0 0

0

Ex: Test the existence of the limit lim

:lim

0, ( )

. . lim lim 0 put 0 in thegiven function ( )

0
lim lim lim lim 1 1

0

. . lim li

x

x

h h

h h h h

h

x

x

x
Ans

x

x
Herea f x

x

x
L H L f a h f h x h f x

x

h h h

h h h

R H L f a h

→

→

→ →

→ → → →

→

= =

 
− = − = − = 

 

− −
= = = = − = −

− − −

+ = ( )

( ) ( ) ( )

0

0 0 0 0

2 1

m 0 put 0 in thegiven function ( )

0
lim lim lim lim1 1

0

. . . .

Hence the limit of the function does not exist.

Ex:Test the existence of the limit

a  lim 2 lim 1 li

h

h h h h

x x

x
f h x h f x

x

h h h

h h h

So L H L R H L

x b x c

→

→ → → →

→ →−

 
+ = + = 

 

+
= = = = =

+



− + ( ) ( )
0 1 1

1 2
m lim lim

1 2x x x

x xx
d e

x x x→ → →

− −

− −

 
 

 

 

( ) ( )  

( ) ( )  

2

2

0 0 0 0

0 0 0 0

Ex:Test theexistenceof the limit lim

: lim

Here 2, ( )

. . lim lim 2 lim 2 lim1 1

. . lim lim 2 lim 2 lim 2 2

. . . .

Hence the limit ofthefunction does not e

x

x

h h h h

h h h h

x

Ans x

a f x x

L H L f a h f h h

R H L f a h f h h

SoL H L R H L

→

→

→ → → →

→ → → →

= =

− = − = − = =

+ = + = + = =



xist.
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( ) ( )  

( ) ( )  

0

0

0 0 0 0

0 0 0 0

Ex:Test theexistenceof the limit lim

: lim

Here 0, ( )

. . lim lim 0 lim 0 lim 1 1

. . lim lim 0 lim 0 lim0 0

. . . .

Hence the limit ofthefunction does no

x

x

h h h h

h h h h

x

Ans x

a f x x

L H L f a h f h h

R H L f a h f h h

SoL H L R H L

→

→

→ → → →

→ → → →

= =

− = − = − = − = −

+ = + = + = =



 

 

 

( ) ( )    

( ) ( )    

1

1

0 0 0 0

0 0 0 0

t exist.

Ex:Test theexistenceof the limit lim 1

: lim 1

Here 1, ( ) 1

. . lim lim 1 lim 1 1 lim 2 1

. . lim lim 1 lim 1 1 lim 2 2

. . . .

Hence the limit

x

x

h h h h

h h h h

x

Ans x

a f x x

L H L f a h f h h h

R H L f a h f h h h

SoL H L R H L

→

→

→ → → →

→ → → →

+

+

= = +

− = − = − + = − =

+ = + = + + = + =



 

 

 

( ) ( )

( ) ( )

2

2

0 0 0 0

0 0 0 0

ofthefunction does not exist.

Ex:Test theexistenceof the limit lim

: lim

Here 2, ( )

. . lim lim 2 lim 2 lim1 1

. . lim lim 2 lim 2 lim1 1

. . . .

x

x

h h h h

h h h h

x

Ans x

a f x x

L H L f a h f h h

R H L f a h f h h

SoL H L R H L

→

→

→ → → →

→ → → →

= =

 − = − = − = =
 

 + = + = + = =
 

=

( )  ( )  ( )   ( )  
1 2 3

Hence the limit of the function exist.

Ex:Test theexistenceof the limit

lim lim lim if n bean integer d lim
x x x n x

a x b x c x x
→ →− → →

 

( )

( )

( ) ( )  

1

0 0

0 0 0

Ex:Test theexistenceof the limit lim

2 1, 1

3, 1

:

. . lim lim 1 ( ) 2 1 1

lim{2(1 ) 1} lim{2 2 1} lim3 2 3

x

h h

h h h

f x

x x
If f x

x x

Ans

L H L f a h f h Here f x x and put x h

h h h

→

→ →

→ → →

+ 
= 

− 

− = − = + = −

= − + = − + = − =
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( ) ( )  

( )

( )

0 0

0 0

2

2

. . lim lim 1 ( ) 3 1

lim{(1 ) 3} lim( 2) 2

. . . .

Hence the limit does not exist.

Ex:Test theexistenceof the limit lim

2 3, 2

3, 2

Ex:Test theexistenceo

h h

h h

x

R H L f a h f h Here f x x and put x h

h h

So L H L R H L

f x

x x
If f x

x x

→ →

→ →

→

+ = + = − = +

= + − = − = −



− 
= 

− 

( )

( )

2
f the limit lim

, 0

, 0

0, 0

x
f x

x x

If f x x x

x

→




= − 
 =

 

CONTINUITY 

A function f(x) is said to be continuous at a point x=a if  

          
lim ( ) ( )

limiting value functional value

x a
f x f a

→
=  

 
=  

 

0 0

. . . . ( )

lim ( ) lim ( ) ( )
h h

OR

L H L R H L f a

f a h f a h f a
→ →

= =  
 − = + =  

 

 

DISCONTINUITY  

A function f(x) is said to be discontinuous at a point x=a if  

1. ( ) is not defined

2.lim ( ) ( )

3. . . . . ( )

4. . . . . ( )

5. . . ( ) . .

6. . . . . ( )

7.lim ( )does not exist

x a

x a

f a

f x f a

L H L R H L f a

L H L R H L f a

L H L f a R H L

L H L R H L f a

f x

→

→



= 

 =

= 
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( )

( )

( ) ( )

0 0 0

0

Ex:Test thecontinuityof the function

sin 3
, 0

( ) 0.

3 , 0

: 0 , ( ) 3 0 3

sin 3
0, ( )

sin 3 sin 3
lim lim lim 3 1 3 3

3

lim 0 3

Hence the function is continuous at 0.

Ex:Fi n

x x x

x

x
x

f x at xx

x

Ans At x f x f

x
at x f x

x

x x
f x

x x

So f x f

x

→ → →

→




= =
 =

= =  =

 =

= =  =  =

= =

=

( )

( )

( )
0 0 0 0

sin
, 0

d the valueof a if the function is continuous at 0.2

3 , 0

: 0 , ( ) 3 0 3

sin
0, ( )

2

sin 1 sin 1 sin 1
lim lim lim lim 1

2 2 2 2 2

Since the function is continuous a

x x x x

ax
x

f x xx

x

Ans At x f x f

ax
at x f x

x

ax ax ax a
f x a a

x x ax→ → → →




= =
 =

= =  =

 =

= = =  =   =

( ) ( )
0

t 0.

lim 0

3 6
2

x

x

So f x f

a
a

→

=

=

 =  =

( )

( )

( ) ( )

7

7

7 7 7
6

1 1 1

1

Ex:Test thecontinuityof the function

1
, 1

( ) 1.1

7 , 1

: : 1, ( ) 7 1 7

1
1, ( )

1

1 1
lim lim lim 7 1 7

1 1

lim 1 7

Hence thefunction is continuousat 1

x x x

x

x
x

f x at xx

x

Ans Ans At x f x f

x
at x f x

x

x x
f x

x x

So f x f

x

→ → →

→

 −


= =−
 =

= =  =

−
 =

−

− −
= = =  =

− −

= =

= .
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( )

( )

( )

( ) ( ) ( ) ( )

( ) ( )

1

3

3 3

1

3
1 1 1

3 3
3 3

0 0 0 0

3

0

Ex:Test thecontinuityof the function

1 3 , 0
( ) 0.

, 0

: : 0, ( ) 0

0, ( ) 1 3

lim lim 1 3 lim 1 3 lim 1 3

lim 0

Hence the functi

x

x

x x x

x x x x

x

x x
f x at x

e x

Ans Ans At x f x e f e

at x f x x

f x x x x e

So f x f e



→ → → →

→


 + 

= =
 =

= =  =

 = +

 
= + = + = + = 

 

= =

on iscontinuousat 0.x =

 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )
( )

( ) ( )

2 2

5 2

Ex:Test thecontinuityof the function

sin 2
, 0

tan 3
0

2
, 0

3

,

2 ,

, 0
0

5 , 0

, 0

0

ln , 0

ln 1 3
, 0

0

3 , 0

x x

x x

x
x

x
a f x at x

x

x a
x a

b f x at x ax a

a x a

e e
x

c f x at xx

x

a b
x

xd f x at x
a

x
b

x
x

e f x at xx

x

f f x

−




= =
 =


 −


= =−
 =

 −


= =
 =

 −


= =
 =


+


= =
 =

( )
1

2

1 2 , 0
0

, 0

xx x
at x

e x


 + 

= =
 =  
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( )

( ) ( )

( )

( ) ( )

( ) ( )

0 0 0 0 0

0 0 0 0

Ex:Test thecontinuityof the function

, 0
0

0 , 0

Ans: at 0, 0 0 0

0,

0
. . lim lim 0 lim lim lim 1

0

0
. . lim lim 0 lim lim l

0

h h h h h

h h h h

x
x

f x at xx

x

x f x f

x
at x f x

x

h h h
L H L f a h f h

h h h

h h
R H L f a h f h

h h

→ → → → →

→ → → →




= =
 =

= =  =

 =

− −
− = − = = = = −

− − −

+
+ = + = = =

+

( )

( )  

( )  

( )  

( ) ( )  

( )

0

0 0 0 0

0

im 1

. . . . 0

Hence the function is discontinuous.

Ex:Show that the function f x is not continuous at 2.

: 2, f x

2 2 2

. . lim lim 2 lim 2 lim1 1

. . lim lim

h

h h h h

h h

h

h

So L H L R H L f

x x

Ans At x x

f

L H L f a h f h h

R H L f a h

→

→ → → →

→ →

=

 

= =

= =

 = =

− = − = − = =

+ = ( )  

( )
0 0 0

2 lim 2 lim 2 2

. . . . 0

Hence the function is discontinuous.

h h
f h h

So L H L R H L f

→ →
+ = + = =

 =  

( )

( ) ( )

( ) ( ) ( ) ( )

( )

( )

0 0

0 0

0 0

Ex:Test thecontinuityof thefunction

2 3 , 1
f x 1

4 , 1

: 1, 4 1 1 4 3

. . lim lim 1 , 2 3, (put 1 in thefunction 2 3)

lim{2 1 3} lim 2 2 3 5

lim lim 1

h h

h h

h h

x x
at x

x x

Ans at x f x x f

L H L f a h f h f x x x h f x x

h h

f a h f

→ →

→ →

→ →

+ 
= =

− 

= = −  = − = −

− = − = + = − = +

= − + = − + =

= + = ( ) ( ) ( )

( )

( )
0 0

, 4, (put 1 in thefunction 4)

lim{ 1 4} lim1 4 3

. . . . 1

Hence thefunction isdiscontinuous.

h h

h f x x x h f x x

h

L H L R H L f

→ →

+ = − = + = −

= + − = − = −

 =
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( )

( )

( )

Ex:Test thecontinuityof the function

2 1 , 1
f x 1

2 , 1

Ex:Test thecontinuityof the function

2 1 , 0

f x 3 , 0 0

2 , 0

Ex:Test thecontinuityof the function

, 0

f x 0 , 0 0

, 0

x x
at x

x x

x x

x at x

x x

x x

x at x

x x

− 
= =

+ 

− 


= = =
 + 




= = =
− 

 

( )

( )

2

Ex:Find the value of a if the function 

sin
, 0

tan
f x is continuousat 0

1
, 0

Ex:Find the value of a and b if the function 

, 1

f x 1 , 1 is continuousat 1

2 , 1

hints-see the semester

ax
x

x
x

x
a

ax b x

x x

ax b x




= =
 =


 + 


= = =
 − 

( ) question below
 

( )

( )

( )

0

1

1

0

0

1 1
proof:lim 1 1

0 1

1
lim

1 1
Formul

1
1

1 1
Not

a

e

:l m

im

i

:l

n

x

n n
n

y

n

x

n

x

x
let x y x y

x

As x y

y
n n

y

x
n

x
n

x

x→

→

−

→

→

+ −
+ =  = −

→  →

−
= =  =

−

− −

+ −

= −

=

 

( )
( )

1

2

0

1 1 1
Ex :lim by using formula

2x

x

x→

+ −
=  
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( )
( )

( )
( )

( ) ( )

( ) ( ) ( ) ( )

1

2

0

3

2

0

0

0 0 0

1 1

2 2

0 0 0 0

1 1 1
Ex :lim by using formula

2

1 1 3
Ex :lim by using formula

2

1 1
Ex :lim

1 1 1 11 1 1 1 1 1
: lim lim lim

1 1 1 1 1 1 1 1
lim lim lim lim

1

x

x

x

x x x

x x x x

x

x

x

x

x x

x

x xx x x x
Ans

x x x

x x x x

x x x x

→

→

→

→ → →

→ → → →

− −
= −

+ −
=

+ − −

+ − − − −+ − − + − + − −
= =

+ − − − + − − −
= − = −

=

( ) ( )

( ) ( ) ( ) ( )

3 3

0

3 3
3 3 3 3

0 0 0

1 1
3 3

3 3

0 0 0 0

1 1 1
1

2 2 2 2

1 1
Ex :lim

1 1 1 11 1 1 1 1 1
: lim lim lim

1 1 1 1 1 1 1 1
lim lim lim lim

1 1 1 1 2

3 3 3 3 3

x

x x x

x x x x

x x

x

x xx x x x
Ans

x x x

x x x x

x x x x

→

→ → →

→ → → →

 
− − = + = 
 

+ − −

+ − − − −+ − − + − + − −
= =

+ − − − + − − −
= − = −

 
= − − = + = 

 

 

0

3 3

0

0 00

3 3 3 3 3 3

0
0 0

lim 1 1
Ex :

lim 1 1

1 1 1 1 1 1
lim limlim 1 1

: Ex :
lim 1 1 1 1 1 1 1 1

lim lim

x

x

x xx

x
x x

x x

x x

x x x x
x x

x xAns
x x x x x x

x x

→

→

→ →→

→
→ →

+ − −

+ − −

+ − − + − + − −
+ − −

= =
+ − − + − − + − + − −

 

( ) ( )

( ) ( )

( ) ( )

( ) ( )
0 0 0

3 3 3 3

0 0 0

1 1 1 1 1 1 1 1
lim lim lim

1 1 1 1 1 1 1 1
lim lim lim

x x x

x x x

x x x x

x x x

x x x x

x x x

→ → →

→ → →

+ − − − − + − − −
−

= =
+ − − − − + − − −

−
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( ) ( )

( ) ( )

1 1

2 2

0 0

1 1

3 3

0 0

1 11 1 1 1 1 1
lim lim

1 32 2 2 2
1 11 1 2 2

1 1 1 1
lim lim 3 33 3 3

x x

x x

x x

x x

x x

x x

→ →

→ →

 + − − −
− −− + 
 = = = = =
   

++ − − − − −   −    
 

SEMESTER QUESTIONS 

Q.1 Evaluate 
2

2

cos
lim

1 sinx

x

x
→

 
 
− 

 

( )

2 2

2 2 2

2

cos 1 sin (1 sin )(1 sin )
: lim lim lim

1 sin 1 sin 1 sin

lim 1 sin 1 sin 1 1 2
2

x x x

x

x x x x
Ans

x x x

x

  





→ → →

→

   − − + 
= =     

− − −    

= + = + = + =

 

Q.2 Evaluate 
cos cot

lim
x o

ecx x

x→

− 
 
 

 

21 cos
2sin

cos cot 1 cossin sin 2: lim lim lim lim
sin

2sin cos
2 2

sin sin
12 2lim lim lim lim

cos cos
2 2

x o x o x o x o

x o x o x o x

x x
ecx x xx xAns

x xx x x x
x

x x

x xx
x

→ → → →

→ → → →

   
−   − −   

= = =      
      

  

     
     

= =  =     
     
     

sin
1 1 12 1 1
2 2 2

2

o

x

x

 
 

  =  = 
 
   

Q.3 Discuss the continuity of the function  

3 2 0
( ) 0

1 0

x whenx
f x at x

x when x

− 
= =

+ 
   

Ans: 

 0, ( ) 3 2At x f x x= = −   (0) 3 0 2 2f =  − = −  

. .L H L  

0 0
lim ( ) lim (0 )
h h

f a h f h
→ →

− = − , ( ) 3 2f x x= −  
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0
lim{3(0 ) 2} 2
h

h
→

= − − = −    ,  

. .R H L  

0 0

0

lim ( ) lim (0 )

lim(0 1) 1

h h

h

f a h f h

h

→ →

→

+ = +

= + + =
   , ( ) 1f x x= +  

So . .L H L  = (0)f    . .R H L  

Hence the function is discontinuous. 

Q.4 Evaluate ( )lim 1
x

x x x
→

+ −  

( )
( )( )

( )
( )

( )

1 1
: lim 1 lim

1

1 1 1
lim lim lim

21 11
1 1 1 1

x x

x x x

x x x x x
Ans x x x

x x

x x x x

x x
x

x x

→ →

→ → →

+ − + +
+ − =

+ +

+ −
= = = =

   + +
+ + + +   

   

  

Q.5 Evaluate 
1

0

sin
lim
x

x

x

−

→
 

Ans: 
1

0

sin
lim
x

x

x

−

→
     let 1sin x− =y  x=siny 

                                       As x→0 y→0 

0
lim 1

siny

y

y→
= =  

Q.6 Evaluate 
1

log (2 1)
lim

1

e

x

x

x→

−

−
 

Ans:  

1

log (2 1)
lim

1

e

x

x

x→

−

−
  Let 1 1x y x y− =  = +  

                                        As 1 0x y→  →  



Limits and continuity                    KIIT Polytechnic, BBSR  
 

31  

 

0 0 0

log (2(1 ) 1) log (2 2 1) log (1 2 )
lim lim lime e e

y y y

y y y

y y y→ → →

+ − + − +
= = =  

0

log (1 2 )
lim 2 1 2 2

2

e

y

y

y→

+
=  =  =  

Q.7 If 

2 , 1

( ) 1 , 1

2 , 1

ax b x

f x x

ax b x

 + 


= =
 − 

    is continuous at x=1 ,then find a and b. 

Ans: at x=1 , f(x)=1  f(1)=1 

L.H.L 

0 0

2

0

lim ( ) lim (1 )

lim (1 )

h h

h

f a h f h

a h b a b

→ →

→

− = −

= − + = +
    , 2( )f x ax b= +  

R.H.L 

0 0

0

lim ( ) lim (1 )

lim2 (1 ) 2

h h

h

f a h f h

a h b a b

→ →

→

+ = +

= + − = −
    , ( ) 2f x ax b= −  

Since thefunction is continuous, so L.H.L= R.H.L= f(1) 

So 

     
1

2 1

a b

a b

+ =

− =
 

2
3 2

3
a a =  =   so 

2 1
1 1

3 3
a b b+ =  = − =  

Q.8 Evaluate 
1

lim sin
x

x
x→  

Ans: 
1

lim sin
x

x
x→

       let 
1 1

x y
y x

=  =  

                                      As 0x y→ →  

0 0

1 sin
lim sin lim 1
y y

y
y

y y→ →
= = =  
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Q.9 Evaluate 

3

2

0

( 9) 27
lim
x

x

x→

+ −
 

Ans:     

3

2

0

( 9) 27
lim
x

x

x→

+ −
  Let 9 9x y x y+ =  = −  

                                                       As 0 9x y→  →  

3 3
3 12 2 1
2 2

9

9 3 3 3 9
lim 9 9 3

9 2 2 2 2y

y

y

−

→

−
= =  =  =  =

−
 

Q.10 If 
, 0

( )

1 , 0

x
x

xf x

x




= 
 =

   examine the continuity of f(x) at x=0. 

Ans: at x=0,f(x)=1  f(0)=1 

At 0, ( )
x

x f x
x

 =  

L.H.L 
0 0 0 0 0

0
lim ( ) lim (0 ) lim lim lim 1 1

0h h h h h

h h
f a h f h

h h→ → → → →

−
− = − = = = − = −

− −
 

R.H.L 
0 0 0 0 0

0
lim ( ) lim (0 ) lim lim lim1 1

0h h h h h

h h
f a h f h

h h→ → → → →

+
+ = + = = = =

+
 

LHL RHL=f(a) 

Hence the function is not continuous at x=0. 

Q.11 Evaluate 
0

sin 3
lim

sin 5x

x

x→
 

Ans: 
0 0

0

0 0

sin 3 sin 3
lim lim 3

sin 3 1 3 33lim
sin 5 sin 5sin 5 1 5 5

lim lim 5
5

x x

x

x x

x x

x x x
x xx

x x

→ →

→

→ →




= = = =




 

Q.12 Examine the continuity of the function f(x) at x=0 defined by  

sin 2
, 0

( ) 0

2 , 0

x
x

f x at xx

x




= =
 =

. 
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Ans:At x=0  , f(x)=2  f(0)=2 

At 
sin 2

0, ( )
x

x f x
x

 =  

 
0 0 0

sin 2 sin 2
lim ( ) lim lim 2 1 2 2

2x x x

x x
f x

x x→ → →
= =  =  =  

So 
0

lim ( )
x

f x
→

= f(0)=2 

Hence the function is continuous. 

Q.13 Show that 
0

lim
x

x

x→
  does not exit. 

Ans:   Here a=0  , ( )
x

f x
x

=  

L.H.L  
0

lim ( ) lim (0 ) lim lim lim 1 1
0h o h o h o h o h o

h h
f a h f h

h h→ → → → →

− −
− = − = = = − = −

−
 

R.H.L  
0

lim ( ) lim (0 ) lim lim lim1 1
0h o h o h o h o h o

h h
f a h f h

h h→ → → → →

+
+ = + = = = =

+
  

So    LHL  RHL  , Hence the limit does not exist. 

Q.14 If 
0

sin 3
lim 1

tanx

x

ax→
=  , find the value of a. 

Ans: 

0 0

0

0 0

sin 3 sin 3
lim lim 3

sin 3 3lim 1 1 1
tan tantan

lim lim

1 3 3
1 1 3

1

x x

x

x x

x x

x x x
ax axax

a
x ax

a
a a

→ →

→

→ →



=  =  =




 =  =  =



 

Q.15 If 

1

3

3

(1 3 ) , 0( )

, 0

x xf x

e x


 + = 
 =

   then examine the continuity of f(x) at x=0. 

Ans: At x=0 , 3 3( ) (0)f x e f e=  =  
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         At x=0 , 
1

( ) (1 3 ) xf x x= +  

3
1 1 1

3
33 3

0 0 0 0
lim ( ) lim(1 3 ) lim(1 3 ) lim(1 3 )x x x

x x x x
f x x x x e



→ → → →

 
= + = + = + = 

 
 

So 
0

lim ( )
x

f x
→

=f(0) 

Hence the function is continuous. 

Q.16 Evaluate 
30

cos 2
lim

sin 2x

x x x

x→

−
 

2 2

3 3 3 3 30 0 0 0

3 30 0 0

cos 2 (1 cos 2 ) 2sin 2sin
: lim lim lim lim

sin 2 (sin 2 ) (2sin cos ) 8sin cos

1 1 1 1 1
lim lim lim 1

4sin cos 4 sin cos 4 1 4

x x x x

x x x

x x x x x x x x x
Ans

x x x x x x

x x

x x x x

→ → → →

→ → →

− −
= = =

= =  =   =

 

Q.17 Evaluate 
20

1 cos
lim
x

x

x→

−
 

2 2

2

2 20 0 0 0

2

2

0

2sin sin sin
1 cos 12 2 2: lim lim 2lim 2lim

2

2

sin
1 1 122lim 2 1
4 4 2

2

x x x x

x

x x x
x

Ans
xx x x

x

x

→ → → →

→

   
   −

= = =    
   
   

 
 

=  =   = 
 
 

 

Q.18 Determine the value of   such that ( )

2 9
, 3

3

, 3

x
x

f x x

x

 −


= −
 =

   is continuous at x=3. 

Ans:        At x=3, ( ) (3)f x f =  =   

At 
2 9

0, ( )
3

x
x f x

x

−
 =

−
 

2 2 2
1

3 3 3

9 3
lim ( ) lim lim 2 3 6

3 3x x x

x x
f x

x x→ → →

− −
= = =  =

− −
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Since the function is continuous at x=3 . So 
3

lim ( )
x

f x
→

=f(3) 

6  = . 

Q.19 Evaluate 
1

ln(2 1)
lim

1x

x

x→

−

−
 

1

ln(2 1)
: lim

1x

x
Ans

x→

−

−
  Let 1 1x y x y− =  = +  

                                   As 1 0x y→  →  

0 0 0

0

ln(2(1 ) 1) ln(2 2 1) ln(1 2 )
lim lim lim

ln(1 2 )
lim 2 1 2 2

2

y y y

y

y y y

y y y

y

y

→ → →

→

+ − + − +
= = =

+
=  =  =

 

Q.20 Evaluate 
0

0

sin
lim
x

x

x→
 

Ans:    
0

0 0 0

sin sin
sin 180 180lim lim lim 1

180 180 180

180

x x x

x x
x

x x
x

 
  

→ → →
= =  =  =  

Q.21 Evaluate  
2 2 2 2

3

1 2 3 .......
lim
n

n

n→

+ + + +
 

2 2 2 2

3 3 3

2

2 2 2 2 2

22 2

2

( 1)(2 1)

1 2 3 ....... ( 1)(2 1)6: lim lim lim
6

2 3 1

2 2 1 2 3 1
lim lim lim

66 6

n n n

n n n

n n n

n n n n
Ans

n n n

n n

n n n n n n n n

nn n

n

→ → →

→ → →

+ +

+ + + + + +
= =

+ +
+ + + + +

= = =

 

2

3 1
2

2 0 0 2 1
lim

6 6 6 3n

n n
→

+ +
+ +

= = = =  

Q.22 Examine the continuity of the function  
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2

2 1 1

( ) 0 ( ) 0 0

1 1

x when x

f x at x defined by f x when x

x when x

 + 


= = =


−   

0 0

0

2

0 0

2

0

: 0, ( ) 0 (0) 0

. . lim ( ) lim (0 ) , ( ) 2 1

lim{2(0 ) 1} 1

. . lim ( ) lim (0 ) , ( ) 1

lim{(0 ) 1} 1

h h

h

h h

h

Ans At x f x f

L H L f a h f h f x x

h

R H L f a h f h f x x

h

→ →

→

→ →

→

= =  =

− = − = +

= − + =

+ = + = −

= − − = −

 

. . . . (0)So L H L R H L f

Hencethe functionis not continuous

 
 

Q.23 

0

0 0

0 0 0

0

1 1
lim

1 1 ( 1 1 )( 1 1 )
:lim lim

( 1 1 )

(1 ) (1 ) 1 1 2
lim lim lim

( 1 1 ) ( 1 1 ) ( 1 1 )

2 2
lim 1

21 1

x

x x

x x x

x

x x
Evaluate

x

x x x x x x
Ans

x x x x

x x x x x

x x x x x x x x x

x x

→

→ →

→ → →

→

+ − −

+ − − + − − + + −
=

+ + −

+ − − + − +
= = =

+ + − + + − + + −

= = =
+ + −

 

Q.24 

0

0 0 0

tan 5
lim

tan 7

tan 5 tan 5
5

tan 5 1 5 55: lim lim lim
tan 7 tan 7tan 7 1 7 7

7
7

x

x x x

x
Evaluate

x

x x

x x xAns
x xx

x x

→

→ → →




= = = =
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Q.25 

 

0 0 0

0

1
sin 0

( )

0 0

: 0, ( ) 0 (0) 0

1
0, ( ) sin

1 1
1 sin 1 sin

1
lim lim sin lim
x x x

Test thecontinuity of the functionat x if

x when x
f x x

when x

Ans at x f x f

at x f x x
x

Wehave x x x
x x

x x x
x→ → →

=




= 
 =

= =  =

 =

−    −  

 −  

 

0 0
lim 0 lim 0
x x

but x and x by
→ →
− = = using sandwich theorem we get 

0

0

1
lim sin 0

1
lim sin (0)

x

x

x
x

So x f
x

Hencethe function is continuous

→

→

=

=

 

    

 

 


