LAPLACE TRANSFORM

Def": Let f(t) be the real valued function of t, t > 0. Then Laplace transform of f(t) is given by

L{f(t)} = J.ef‘”f(t)dt , where s is parameter may be real or complex
0
Formulas: (Laplace Transformation of some simple functions)

(i) Laplace Transform of constant function :
Let f(t)=k ,where kis constant
Then Laplace transform of f(t) is given by

k
L{f(t)}=L(k)=; *
Ex: L(1)=1/s, L(3)=3/s, L(-3)=-3/s, ........ etc

(i) Laplace Transform of algebraic function:

Let f(t)=t", n=0,1,2,.....

Then Laplace transform of f(t) is given by
n!
L{f(t)}=L(t”)=T , where n! is factorial of n *

S

+1

n!=n(n-1)(n-2).....2.1
i. e.51=5.4.3.2.1=120,4!=4.3.2.1=24 ......... etc
Ex: L(t)=1/s%, L(t?)=2/s3,.........

(iii) Laplace Transform of exponential function:
Let f(t)=e® ,where a is constant
Then Laplace transform of f(t) is given by

*

L{f(t)}=L(e™)=

Similarly, L(e®)=
S+a

, L(e_t):

s—1 s+1°

Ex: L(e’)= L(e_zt): Y 1%

(iv) Laplace Transform of trigonometric function:
Let f(t)=sin at
Then Laplace transform of f(t) is given by

L(sinat)=

—— »where a is constant *
s +a

Ex: L(sint)= ,L(sin 2¢) = ,L(sin 5¢) =

s2+1 s’+4 s2+25

Let f(t)=cos at
Then Laplace transform of f(t) is given by

L(cosat) = —— »where a is constant *
s*+a

, L(cos 2t) = , L(cos 3t) =— S etc

Ex: Llcost)=
( ) s +1 st +4 s°+9



(v) Laplace Transform of hyperbolic function:
Let f(t)=sinh at  ( reads as sine hyperbolic )
Then Laplace transform of f(t) is given by

L(sinh ar) = -—»,Where a is constant *
s —a
. . . 5
Ex: L(sinh ¢)= 5 ,L(sinh 2¢) = 5 ,L(sinh 5¢)= T e etc
s —1 s°—4 s° =25
Let f(t)=cosh at (reads as cosine hyperbolic)
Then Laplace transform of f(t) is given by
L(cosh at) = >—,Where a is constant *
s°—a
N
ex: L(cosh )= 5 ,L(cosh 3t)= 5 ,L(cosh 4¢)= ST etc
s —1 s°=9 s°—16

First Shifting Theorem:

I L{f(@)}= f(s).then Le*£(0)}= f(s—a).s—a>0
Proof: From the def", we have

0

Lif(e)=[e flede = f(s)

0

= Ll 1 (1)}

e e f(t)dt

Te(”)’ f(¢)dt = f(s—a) (comparing def™)

Hence Proved
Similarly

I LUO)=7(5)then L (1)} 7(s-+a).

Using first shifting theorem we obtain the following result.

O )t [ L(1)= l}

n!

i)  Lle“¢")=—" e n=012,........
(S _ a)n+

(iii)) L(ealt sinbt)= b

(s—a)’ +b°
‘ L(e* cosbr)= ——T—
(iv) (e cos ) a0

at o b
(v) L(e ' smhbt): G af 5
s—a

(vi) L(eat cosh bt) =



Some trigonometric formula :

(i)  Sin(A+B)=SinA.CosB+ Cos A.Sin B
(i)  Sin(A-B)=SinA.CosB—CosA.SinB
(iti)  Cos(A +B)= Cos A.Cos B—SinA.Sin B
(iv)  Cos(A —B)=CosA.CosB + SinA.Sin B
(v)  Sin(A+B)+Sin(A-B)=2Sin A.Cos B
(vi)  Sin(A +B)-Sin(A-B)=2Cos A.SinB
(vii) Cos(A +B)+Cos(A-B)=2CosA.CosB
(Viii) Cos(A - B) - Cos(A + B) =2Sin A.Sin B
(ix)  Sin2A =2Sin A Cos A

A} 7

x)  Cos2A =Cos’A-Sin’A =1-2Sin’A =2Cos’A -1

(
(xi) tan'x +cot’x = 77
(

N—

2
xit)  Sin?A =102 qiann ] C;S4A, .....
1 2A 1 4A
(xiii) Cos2A:+CL, Cos22A=+C%,m-
(xiv) SinA = 3SmA-S1n3A’ Cos’A — 3Cos A +Cos3A

4
Some Derivative formula:

(i) d (sinx) = cosx, 4 (cosx)=—sin x, 4 (sin 2x) = 2cos 2x, 4 (cos3x)=—3sin3x,
d dx dx d.

X

(if) i(uV) = uﬂ + v.d—u (product rule)

dx dx dx
du__dv
d(u v'dx u.dx ..
(i) —|— =——— (division rule)
dx\ v %
. d 1 1 d 1 1
v —I\tan x )= , —l\cot x)=—
( ) dx( ) 1+ x? dx( ) 1+ x?
Some Integration formula:
(i) Jsinxdx=-cosx+c ,J.cosxdx=sinx+c
) )
(ii) jsin2xdx:—cos X+c, !cos 3xdx=sm3x+c ........
1 1 1 X
iii dx=tan'x+c dx =—tan™| = |+ ¢
( ) '[1+x2 J.x2+az a (aj

Algebraic Properties of Laplace transformation:

(i) L(uiviwi ........ )=L(u)i L(V)i....
(i7) L{k.t(t))= k.L(f(t)), where k 1sconstant




Ex 1 : Find Laplace transforms of the following functions:

(i) 1+t2-3t, (i) (1+t)?, (iii) cost-3sint, (iv) sin’t, (v)cos’t

(vi) Sin?2t, (vii) cos?3t, (viii) (cost-sint)? (ix) 1+et,  (x) sin 3t. cos 2t
(xi) cos 4t.cost ,(xii) sin 3t.sin t, (xiii) cos(at+b),  (xiv) cosh 2t- sinh t

(xv) Sin3t,  (xvi) Cos3t,  (xvii) Sin32t,  (xviii) Cos33t.

Sol":

() L+t -30)=00)+L()- L(3t)_§ 20 .1 . 1.2 3

2+1 ) 2
s s s s s

(i)  LO+t) =L(l+2t+¢%)= L(l)+L(2t)+L(t2):§+%+_

(iii)  L(cost—3sint)= L(cost)— L(3sint)= 5 5
sT+1 57 +1

) 2linto)= o =42 = a0 seos2n) =312

2 2 s*+4
0 tleost )= )< L feosan = 3 L2
(vi) L(sin22t):L(I_C;SM):%{L(l)—L(cos4t)}=%(§—S2j_16j
i) tloosta0)= £ L L uf) sfeoson -3 L]
(viii)  L(cost +sint)’ —L(0052t+sin2t+25int.cost)
= L(1+sin2¢)= L(1)+ L(sin 2¢) = - S22+ J

(ix) L(l+e’):L(1)+L(e’):§+sll

(x) L(sin3z.cos2t) = %L(2 sin 3¢.cos 2¢)
- %L{sin(3t +20)+ sin(3 - 2¢)}

:%L(sin5t+sint):l( > + 1 j

20s?+25 s%+1

(xi)  L(cos4t.cost)= %L(Z cos4t.cost)

= %L(cos(4t + t)+ cos(4t - t))

=1L(0055t+cos3t)=l( 2S + 2S ]
2 2 s +25 s°+9



(xii)  L(sin3t.sint)= %L(2 sin 3¢.sin )

= %L{cos(3t - t) - cos(3t + t)}

:lL(cos2t—cos4t):l( 2S - 2S ]
2 2\s"+4 s +16

(xiii) L{cos(at +b)} = L(cosat.cosb—sin at.sinb)
= L(cos at.cosb)— L(sin at.sinb)

> 2—smb. > >
s +a s +a

=cosb.
B 1
st—4 -1

(xv) L(sin3t)=L(MJ=l( 3 3 j

4 sP+1 s*+9

(xvi) L(Cos3t):L(3cost+cos3tJ=l( 3s LS j

4 4 s> +1 s*+9

(xvit) L(sin32t):L(35m2t_Sm6t]21(3_ 22 ~ 26 ]
4 4744 7436

)
4\ s*+4 s*+36

(xviii) L(cos33t):L 3cos 3¢+ cos9t :l 233 N 2S
4 4\s°+9 s +81

(xiv) L{cosh2t—sinh¢}= L(cosh2¢)— L(sinhz)=

Exercises-1
Find Laplace transform of the following functions:
(i) 2-3t+e”
(i) (1-t%)?
(iii) (e+1)?
(iv) (sin t-cos t)?
(v) Sin?3t
(vi) Cos?2t
(vii) Sin4dt.cos2t
(viii) Cos3t.cos2t
(ix) Sin3t.sin2t
(x) Sin(at+b)
(xi) Sin®3t




Ex 2: Find Laplace transform of the following functions

(i) tet

(vii) e cos’t

(ii) t2e? (iii) e®t® (iv) etsint (v) e? cos2t (vi) e3'sin’t

(xi)(1+t)e

Sol":

(i)

(vii)

We have Lf(t)

Using first shifting rule, L(te't ) =

(viii) e*sin2t cost  (ix) et cos3t cost (x) e*(cosh 2t-sinh t)

2

Wehave L(tz)— =

Using first shifting rule, L(‘[2 e ) =
Wehave L(t5 )
Using first shifting rule,, L{e*t* ) =

Wehave L(sint)=

s
1 :
m [z.e. S—)S—(—1)=S+1]
2! 2
o PR
2
(s=2)
51 120
= e 6
120

(s—2)°

s°+1
. s G 1 1
Using first shifting rule, L(e sin t) = ——— =—
(s+1) +1 §s"+2s+2
Wehave L(cosZt)= 2S
s°+4

Using first shifting rule, L(e *cos2 t) =

s—2 _ s—2
(s—2) +4 s°—4s+8

We have L(sinzt):L l-cos2t) 1f1 s
2 2\s

s’ +4

Using first shifting rule, L(e“sin2 t) = l ! __ 5 3
s=3 +4

Wehave L(coszt)zL(mj - l(l+ al )

\9)

2 Es s2+4

2

. s 1 1 2
Using first shifting rule, L(e"2‘cos2 t) = —( P J

s+2 (s+2) +4



(viii) We have L(sin 2t cost) = %L(2sin 2tcost)

:lL(sin3t+sint):l( 23 + 21 j
2 2\ s°+9 s +1

Using first shifting rule, L(e'4t sin 2t cos t) = %L( 43)2 9 + ( 41)2 1]
s+ + S+ +

(ix) We have L(cos 3tcos t) = %L(2cos 3tcos t)

:lL(cos4t+0052t):l( zs + 2S j
2 2 s +16 s°+4

Using first shifting rule, L(e Cos3tcost)—%[( S_l » +( 51;21 4J
4 s—1)" +

(x) Wehave L(cosh2t -sinht)= ( 1]
g2 —

S+1 1

Using first shifting rule, L{ (cosh 2t - sinh t } S N 1 4 (s N 1)2 _1

(xi)  Wehave L(1+t)= 1 " Lz
s S

Using first shifting rule, L{(l +t)e’ }= % + ( 11)2
N S+

Exercises-2
Find Laplace transform of the following functions:
(i) te?t (i) t3et (i) e?'sin 3t  (iv) e cos 4t
(v) e?*cos?2t (vi) etsin?3t  (vii) esin3t
(viii) etcos3t (ix) e*(1-t?) (x) e%tsinh t
(xi) et(cosh2t - sin t)
(xii) e2*(3t>-cos 4t)
(xiii) et sin4t cos2t
(xiv) e3'sin5t sin3t

Change of scale property:
If L{f(t)} = j_’(s), then
LG 7[ 2]

a \a




Laplace Transforms of Derivatives:

If L{f(t)} = f(s) and f'(t) is contineous, then

Lif (6 =5./(s)- £ (0) *

L (o)) =" f(s)-5(0)-1'(0)

L (0} = 5> £(s)= s £(0) - 57(0)- " (0) *

and so on

Laplace Transforms of Integrals:

If L{f(t)} = f(s),then L{I f(u)du} = é 7(s) *

Laplace Transforms of  t" f(t) :(Multiplication by t, t%,.....)

If L{f(t)} = f(s), then for a positive integer n
Ll 0= o )

1
Particularly, forn =1, L{t f(t)} = (- 1)’ d—{f

forn =2, L{‘[2 f(t)}z (-1 i{f

Laplace transform of %t) (division by t)

I L{F(0)) = £(s), then L[%t)] — [F(s)as .

Ex 3 : Find the Laplace transforms of the following functions :
(i) tsint (i) t cost (i) t?sint  (iv) t?>cost

(v) tsin?t  (vi)tcos2t (vii)t etsindt (viii) t sin3t.cos2t

(ix) t etcosht  (x) t? sinat

(i) | Here f(t)=sint

- Lf(t)) = Lisint) = s21+1 _ f(s)

So,byusingresult L(t f(t))= _di (f (s)} weget
s

. d( 1 0-2s 2s e
L(t sin t): _a(sz +J = —(S2 +1)2 = (52 +1)2 (by division rule)



(iii))

(iv)

Here f(t)= cos?

L) = Lieost) = === 7(5)
50, by using result L(t f(t)) %(f (s)),we get

_od( s )| l.(s2+l)—s.2s st -1
Hesont) == ) ( Ej J E

Here f(t) =sint

~L(F(t)) = Lisin t) = ﬁ — 1(s)

so, by using result L(‘[2 f(t)) = j - (f(s)j , we get
s

L(t> sint)= j—i(s 1+1j_i(;;(s 1+1D

[ J (s?+1 —2s2(s2+1)2s
S +12

s +1)

s+12(s +1)-8s>} 2657

(sz + 1)4 (s + 1)3

Here f(t)=cost

~L(f(t)) = L(cost)= ﬁ =f(s)

2

so, by using result L(t2 f(t)) = j 5 (f(s)j , we get
s

d? K d(d s
L(t? cost)= =—| —
( ) ds® (s2+lj ds(ds(s2+ln

_i[1.52+1—s.2sJ_i 1-s°

ds (SZ +1)2 - dsm
—2s(s? + 1P {1 - 57 )2(s? +1)2s

- (s2 +1)4

B (s2 +1X—2s3 —2s—4s+4s3) 25” —6s

(s +1) ~ (s 1)




(v) Here f(t)=sin’t

- Lfsin®¢)= L(l'cosmj = 1(1— > j = (s)

2 2\s s*+4

So, by using result L(t f(t))= —di[f(s)j ,we get
s

L(‘[sinzt)=—i l(l— il ):_li(l_ S j
ds |2\s s°+4 2ds\s s*+4

1{ 1 1.S2+4—s.25j 14—

(vi)  Here f(t)=cos 2t

L(cosZt): 2S 42?(5)
s™+

So, by using result L(t f(t))= —di[f(s)j ,we get
s

ls> +4-52s  4-s°
L(tcosZt)=—d( s Jz_ S”+4-52s _ s

ds\s* +4 (S2+4)2 (s2+4)2
(vii)  Wehave L(sin 4t)= = 116
So, by using result L(t f(t))= —di(f(s)j,we get
s
d 4 0-4.2s 8s
L(tsin4t)=—— =— =
( ) dS(S2+16j (sz+l6)2 (sz+16)2

Now by using first shifting property , we get
8s+1) _ 8s+1)
(s+1) +16f  (s?+25+17)

L(e't t sin4t) =

(ix)  Wehave L(cosht)= e
st —

So, by using result L(t f(t))= —di(f(s)] ,we get
s

2 2
L(tcosht):—di( s j:_l.s l1-52s 5" +1
s

st -1 (s2-1f  (s2-1)

Now by using first shifting property , we get

1) +1 2 42542
AR R o e




(viii) Here f(t)=sin3z.cos 2t

~.L(sin 3¢.cos 2¢) = %L(2 sin 3t.cos 2¢)

:%L(sin5t+sint):l( ° + ! j:f(s)

20s?+25 s?+1

So, using result L(t f(t)) = —di(f(s)j,we get

s
d 1 5 1 1| 0-5.2s 0-2s
L(t.sin 3t 2t)=——— =——
(sm cos ) ds2(s2+25+s2+1j 2((52+25)2+(s2+1)2j

_ _l —10s L= 2s _ 5s N N
2 (32 + 25)2 (s2 + 1)2 (s2 + 25)2 (s2 + 1)2
(x) Here f(t)=sinat

.'.L(sinat): = -C:az = f(s)
2

So by using result L(t2 f(t)): j - (f(s)j,we get
s
d’ a d(d a
L(¢? sinar)= 4~ S
( s1nat) ds® (Sz +a2j a’s(ds(s2 +a2n

_ 4| O=-a2s |, d]_ s
ds (s2+az>2 ds (s2+az)2
_ _26{1.(3‘2 +az)2 —S.2(S2 +a2)2s}

(s2 +a2)4
B —Za(s2 +a2){S2 +a’ —4s2}_ —2a(a2 —3s2)
- (s2+a2)4 - (s2+c12)3
Exercises-3

Find Laplace transforms of the following functions:
(i) tsin2t (ii) t cos 3t (iii) t? cos2t (iv)t et sin2t
(v)te?tcost (vi)tetsinh 2t (vii)t cos4t cos t (viii)t>etcost

Ex 4 : Find the Laplace transforms of the following functions :
N ~e =1 ae—e' e —e™
e T (e U
. -2
(v) l—ctos 2t ’ (vi) cos 2t;cos3t, (vii) sin¢ (viii) sin” ¢

(ix) et :int ’ (x) sintat ( ) e _:OSbt



(id)

(iii)

(iv)

Here f(t)=1-¢'

- 1 1
F(s)=L{l-e')=2-——
R

..,L(l-tetJ: Tf(s)ds _ j(i_ Sl_st

= [logs -log(s-1)]” = {log LJ = logs—_1
s - N

=|log(s+1)-logs| = log—S ! = 10g_s
[ ( ) ]s

S s
Here f(t)=e' —e”

f(s)=L(et —e_’)=s%— !

.'.L(et - ] [ (s)ds = I(ﬁ—ﬁjds

= [log(s —1)-log(s +1)]" = [logz—;ﬂ = logs—le

Here f(t)=e ™ —e™

E(S)ZL(eim _eibt): sia _SJlrb

e —e") T ! 1
L ——— = |fls)ds = - d.
( t j '!- (S) : J-(S+a s+bj :

N
s+al s+b
=log
s+b ], s+a

= [log(s +a)-log(s +b)]” = [log




(v) Here f(t)=1-cos2t
f(S)IL(l—COSZI)Il— zs
s s°+4

.-.L(l_ctosth - Tf(s)ds - TG— . +4jds

s

= logs-llogs +4} [logs logv's® + 4 ]j

__10 S w—lo \st+4
S

(vi)  Here f(t)= (gos 2t —cos 3¢

N

f(s) = L(cos 2t —cos 3t) = -

(vii)  Here f(t)=sin¢

f(s) = L(sin t) =

s*+1
(smt] T Ts 1 ds:[tan'lS](:

1 1 T 1 1
=tan o—tan s=——tan " s=cot™ s

(viii) Here £(t)=sin’¢ , f(s)=L{sin’¢)= L(
)
2ls s2+4

sin’t) f 15(1 s 1 1 , N
=—||=- = —|logs-—1 4

[ ] .s[ 2!& S2+4)ds 2{ogs 5 og(s + )l

* [2
:l[logs-log\/s2+4]j:llog{ > } :llog s +4
2 2 Nst+4 ],

1-cos2tj

S



(ix)  Here f(t)=e"'sint

f(s)= L(e"’sin t) = m (by shifting rule)

e'sint) G- i 1
- L =|fls)ds=|———d
=

= [tan'1 (s + 1)]?0 = tan o0 —tan (s + 1)

= %— tan™ (s +1)=cot™ (s +1)

(x) Here f(t)=sin at

a

2 2
S”+a

sinat) - i 1 s\
-.L f = ds:a. —tan| =
()= s rae=el g (3]
[tan } =tan’ oo—tan'l(ij
a
———tan'l(ij:cot’l(ij
2 a a

= “ 1 s
f(s)=L(e ' —cosbt)= PP

.-_L[mjzjf(s)ds{(sia ib jds
:_log(s-a)—%log(s +b? )T [log(s a)—log/s® +b ]f

__1 s-a w_l \s? +b?
| E

Exercises-4
Find Laplace transforms of the following functions:

f(s) = L(sin at) =

(xi)  Here f(t)=e" —cosbt

S-a

at at bt

ne' —e .., l—cost , \ cosat—cosbht
; (zz) ) (zzz) ) (zv) ;




Ex 5 : Find the Laplace transforms of the following functions :

0 ¢ sint ¢ .sint
. —t d . d t d
(l)J.e costdt (zz) j—t t (m)J‘e (—t ] t

0 0 0

.’[ cos at — cos bt
0

t

dt

Sol™:
(i) Here f(t)=e' cost

LIF() = Lo~ _ s+1 _ s+1 _f
{()} (e COSt) (s+1)2+1 s +25+2 S)
~L J.e*’costdt :f(s):l, - s+1 = 2S+1
0 S S S +25+2 s(s +2s+2)
(ii) Here f(t): %nt

L( sin tj If )ds = IL sint)ds  ( by division rule)

=I 21+ 1 ds = [tan'ls]f =tan"'oo —tan’'s

S

=%— tan”'s = cot™s = f(s)

[ gsint f(s) cot's
LU t dt]:

0

(ii)  Here f(t ( ]

Now L( ] I (sint)ds  (bydivision rule)

[+

_ Ay gl
—E—tan s=cot's

ds = [tan'ls]f =tan"co—tan’'s

sin ¢

So, L(e’(—D =cot™(s—=1)=1(s) (by first shifting rule)

t

)=




(iv)

cosat - cos bt

t
cosat - cos bt
t

Here f(t )

Now L( j If dS—IL cosat - cos bt )ds

s

I[ jds
g 52 sP+b?
1 0
[210gs +a’ ——log(s +b’ )}
1 st+a’ : 1 s’ +b? -
2{ g(sz+bzﬂY 2 g(s2+a2j (S)

¢ cosat - cos bt f(s) 1 s*+b’°
L[J‘fdt]:T_z—SlOg 2 2

0

Exercise-5

Find Laplace transforms of the following functions:

(i) Iez’ sin tdt (ii)jsin 2t cos tdt (iii)ft sin 2t dt
0

0

0

© cos 2t - cos 3t

(iv) jte't sin 4t dt (V)I—dt

0 t

(vi ) By using the Laplace transform of sin at , find Laplace transform of cos at .

Ex 6: By using the Laplace transform of cos at, find Laplace transform of sin at.

Sol" : Let f(t)=cosat. Then L(f(t))= 5 > 5 =f(s)
s*+a

Now f'(t)=—asinat
= L(f' (£)) = —aL(sin at)

— L(sinar)= _éL(f'(t))

= _l(s f (s) —f (O)j (by Laplace transform of derivative)
a
1 S 1(s*—s>—a’
Sl R s il et R e
a\ s +a a s ta
a




