INTEGRATION KIIT Polytechnic, BBSR

CHAPTER-1

Integration is an inverse process of differentiation or antiderivative process.
If the derivative of F (x) is f (x), then the antiderivative or integral of f (x) is F (x).

Letdi(F(x)): f (x) = integration of f (x)=F (x)
X
2x xZ

Again %(F(XHC): f (x):>_[ f(x)dx=F(x)+c

Where ciscalled constant of integration.
Here f (x)is called integrand and F (x) is called integral.
But dx represents integration with respect x.

The symbol j represents sign of integration.

Ex:We havedi(sin X) =C0S X= J'cosxdx =sinXx+c
X

FORMULAS :
n+l

+c(n--1
+1 ( )

na, X
F—ljx dx_n

Ex: Evaluatejxgdx

9+1 10

X _e=2 ¢
9+1 10

Ans: j X dx =

5
Ex:Evaluate J' X2dx

7
X2 2 !

5
Ans:szdx:7+c:7x2 +C
2

5
Ex: Evaluate j X 2dx

3
5 ) 3
2 X 2 =
Ans:jx 2dx:—3+c:—§x Z+cC
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Ex:Evaluate j %dx
X

-6 -6
Ans:_[%dx=fx‘7dx:x—+c=—%+c
X

Ex:Evaluate I de
XA/ X

1
_ 1 1 3 Xfi 1
Ans.fmdx:j—gdx=jx 2dx=—1+c:—2x 24C

2 (IMP)

F—ZIexdx:eX+c

X

F—BIade: a +C

Ina
Ex: Ealuate_[ 3*dx

X

Ans:J.3de:|3 +cC

n3

F —4jsin XX = —COSX+C

F —5jcosxdx:sin X+C

F —GJ'sec2 xdx =tan x+c¢
F—7Isecxtan xdx =secx+c
F —9Icoseczxdx:—cotx+c

F —10J-COS€CXCOthX =—C0Secx+cC

1
1-x°
1

1+ x°
1

xyx% =1

F —14j§dx =In|x|+c

dx=sintx+c

F—11j

F—12I dx=tan™*x+cC

F—lSI dx=secx+c

X2
Note:j’xdx:?+c

jdx:x+c
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Algebra of integration:

F-1:f(f(x) + g(x))dx = [ f(x)dx + [ g(x)dx

Ex: [ (sinx + cosx — e* — sec?x) dx
= j sinxdx + f cosxdx — J e*dx — f sec?xdx

=—cosx + sinx — e* — tanx + ¢

F-2:[kf(x)dx =k [ f(x)dx, where k is a constant.

10

x10 x
Ex:[ 5x%dx =5—+c=—+c
10 2
Ex:[ 5dx = 5x + ¢
Ex:fzdx = 7Iln|x| + ¢
X
Ex: [ 3sinxdx = —3cosx + ¢
Y — Eein—1
Ex.fmdx—Ssm x+c

Ex:[ ——dx = 7tan"x + ¢
1+x2

Ex: [ (3sinx — 4cosec®x + 9sec’x — 5e* — 5)dx
= ] 3sinxdx — ] 4cosec?xdx + ] 9sec?xdx — f 5e*dx — j 5dx

=—3cosx + 4cotx + 9tanx — 5e* —5x + ¢

F-3: ;—x{ff(x)dx} = f(x) ,The differentiation of an integral is the integrand
itself.

Ex ::—x {[ sinxdx} = sinx

Ex: [ co;x dx = [ sec’xdx = tanx + ¢
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Ex: [ — ——dx = [ cosec’xdx = —cotx + ¢
_ 20 dy —
Ex flsnz fcosz dx = [ sec®xdx = tanx + ¢
_ 25 dx = —
Ex f1 — fsmz dx = [ cosec’*xdx = —cotx + ¢
Ex: [ Coszx dx = [ cotx cosecxdx = —cosecx + ¢
sin

Ex:[ ———dx = [ tanx secxdx = secx + ¢
cos“X
IMP

Ex: [ tan?xdx = [(sec’x — 1)dx = [ sec’xdx — [ 1dx = tanx —x + ¢

Ex: [ cot?xdx = [(cosec?x — 1)dx = [ cosec?xdx — [ 1dx = —cotx —x + ¢
1- smx sinx
Ex: f cos?x - fcos 2x fcoszx dx

= f sec?xdx — j tanx secxdx = tanx — secx + ¢

Ex_fl smx _f

sinZx - fsm xdx = fcosec x dx — fsznxdx

sin?x sinZ2x

= —cotx + cosx + ¢

cos2x cos®x—sin? x cos®x sin®x
Ex = dx = [ ———— N L
fcos 2xsin? x f cos2xsin?x fcoszxsinzx fcoszxsinzx
=[ cosec?x dx — [ sec?x dx = —cotx — tanx + ¢
Ex f . fcoszx+sin2x _f cos®x f sin®x
cos xsm2 cos?xsin?x cos?xsin?x cos?xsin?x
=[ cosec’*x dx + [ sec?x dx = —cotx + tanx + ¢
cos2x cos?x—sin’x (cosx+sinx)(cosx—sinx)
o SO g ostimsintx dx
cosx+sinx cosx+sinx cosx+sinx

=[(cosx — sinx)dx = [ cosxdx — [ sinxdx = sinx + cosx + ¢

Ex: [ (tanx + cotx)?dx = [(tan®x + cot?x + 2tanx cotx) dx
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=[(sec?x — 1+ cosec’x — 1 + 2) dx=[ sec*xdx + [ cosec®xdx

=tanx — cotx + ¢

Ex: [ ;; dx = fx2+1_1 dx = fx2+1 dx

1+x2 1+x2

= fldx—f1:x2 dx

=x — tan" lx+c

~1+1
EXf1+2 _f 1+x2

x*-1
f1+x2 f 1+x2
2 x® -1
= [ x2dx — x =7 —x+tan " x+c
x© x64+1- 1 (x?)3+13 1
Ex: = = — dx
f1+x2 f f( 1+x2 1+x2)
(x?2+1)(x*—x?%+1) 4 2 1
= dx = [(x*—x 1)dx — dx
f 1+x2 f( + ) f1+x2
4 2 x® X3 -1
=[x*dx — [x%dx + [dx— [ dx=——-—+4x—tan"'x +¢
1+x2 5 3
IMP:
1-sinx 1-sinx
Ex: = = ——
f1+sinx f(1+sinx)(1—sinx) f(l—sinzx)
1-— smx sinx
_f COS X o J’COS x o f COS x
= [ sec’*xdx — [ tanx secxdx = tanx — secx + ¢
f sinx _f sinx(1-sinx) _f sinx—sin®x
1+sinx ) (+sinv)(1-sinx) Y (1-sin2x)
sinx SlTl X sinx Sl‘l’l X
=[———dx = d — [ ——dx=[ tanx secx dx — [ tan®xdx
COS X COS X coS

= [ tanx secx dx — [(sec?x — 1)dx=secx — tanx + x + ¢




INTEGRATION

Assignment:

Ex: [ ———dx

1-cosx

Ex: [ 2% g

1+cosx

Ex: [ SLEI

1-sinx
Ex: [ (\/E + %)2 dx

5 2
xX°+5x“=2x+7
Ex: [ 55X 2247 g
x3

Ex:f(exloga + ealogx + ealoga) dx

Ex: [ 3;2:20596 dx

Ex:[ V1 — sin2xdx
Ex:f V1 + sin2xdx
Ex:[ V1 — cos2xdx

Ex:[ V1 + cos2xdx

Ex.f cosecx dx
cosecx—cotx
Ex:[ 3% %dx
Ex: [

Ex:[ ——dx

1+cosx
Ex: [

1-sinx

1-cosx

KIIT Polytechnic, BBSR
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CH-2, INTEGRATION BY SUBSTITUTIONS

Integration by substitution will be used to solve the integration easily by using
suitable substitution.

If the integrand in the form of [ f(x)f'(x)dx
How to solve: [FOOf"(x)dx

Let f(x) =t, take derivative in both sides
a _a () = 2 ; —
=>dxf(x) =—= f'(x) = — = f'(x)dx = dt

2 2
So [ fGOf'(0dx = [tdt =5+ c =YD 4 ¢
Ex: Evaluate [ sinx cosx dx

Ans: [ sinx cosx dx
let sinx =t
d . dt
= —sinx = — = cosx dx = dt
dx dx
sinzx
2

. t2 .
So [sinx cosxdx = [tdt =5 +c= +c

JF@)"f (x)dx
How to solve:
Let f(x) = t, take derivative in both sides
d dt e _ dt ) _
=>Ef(x) —E:f (x) = dx=>f (x)dx = dt

n+1

n+1
n+1

n+1
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Ex:Evaluate [ sin®x cosx dx
Ans: [ sin®x cosx dx
let sinx =t

d . dt
= —sinx = — = cosx dx = dt
dx dx

6 - 6
: t

So [ sin®x cosx dx = [t°dt =+ ¢ = S”; “+¢c
Ex: [ tan3x sec?x dx
Ans: [ tan®x sec?x dx
let tanx =t

d dt
= —tanx = — = sec’x dx = dt

dx dx
So [ tan3x sec?x dx = [ t3dt _& +c= tan'x +c

- T4 4

[ f(g(x)g' (x)dx
How to solve:

Let g(x) = t, take derivative in both sides

d dt , _dt , _
:ag(x) =—=y (x) = —=J (x)dx = dt
so [ £(g@)g Grax

_ ff(t)dt = F() +c = F(g(x)) + ¢

Ex: Evaluate [ cos(sinx) cosxdx

Ans: [ cos(sinx) cosxdx

[ jf(x)dx =F(x)+c

8
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_ _ dt
let sinx =t = P (sinx) = P = cosx dx = dt

= j cost dt = sint + ¢ = sin(sinx) + ¢

Ex:[ et sec?x dx
Ans: [ et sec?x dx
Let tanx = t = sec?xdx = dt
sof et sec?xdx = [etdt = et +c =" 4+ ¢
Ex: [ x2e* dx
Ans: [ x2e*’ dx
Letx3 = t = 3x%dx = dt = x%dx = dt/3
2 %3 efdt 1 1 .3
sof x?e* dx=[—=-et+c=2e* +¢
3 3 3
Ex:[ as™cosx dx

Ans: [ as"™ cosx dx

Let sinx =t = cosxdx = dt
t at
=[a'dt=—+c
lna

b Inx

Ex:[ —

dx
Letlnx =t =>%dx = dt

=[bldt =—+¢

bt
Inb

1)
2. = dx
I (F(0))

How to solve:
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Let f(x) = t, take derivative in both sides

Sf() == f'(0) == f'(X)dx = dt

-n+1

! 1-n
Soff(x) dx = E=ft‘"dt=—t_ =Y ", .

(Fe)" tn n+1 1-n
sec?x
Ex: Evaluate [ dx
tanx
sec?x
Ans: [
tanx

d d
Let tanx = t = “tanx = & = sec?xdx = dt
dx dx

dt
= ]7 = In|t] + ¢ = In|tanx| + ¢

sec?x

Ex: Evaluate [

tan3x

2
sec x
Ans: [ dx
tan3x

d dt
Let tanx =t = —tanx = — = sec?xdx = dt
dx dx

dt _ t=2 1 _
s=JtPdt=—+c=—-(tanx)? +¢c
CcOoSXx
EX”[3+4ﬂnx

Let 3 + 4sinx =t = 4cosxdx = dt = cosxdx = %

=fdt_/4=l ﬂ=11n|t|+c:1ln|3+4sinx|+c
t 4’ t 4 4

Ex: [ —>— dx

a?+x2
Leta? + x? =t = 2xdx = dt = xdx = dt/2

dt/2 1 ~dt 1
S[E2 IR e +c
t 2 t 2
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X
Ex:fmdx

Let a® + x? = t? = 2xdx = 2tdt = xdx = tdt

[ fdt=t+c=VeZt+2+c

t

Ex: [ Sef/;ﬁ dx

1 1
Let \/Z—t = ﬁdx—dt = \/—}dx = 2dt

=[ sec?t 2dt = 2 [ sec®’tdt = 2tant + ¢ = 2tanVx + ¢

(sh%‘lx)z
Ex:fﬁdx

1
V1—x2

letsin"lx =t = dx = dt

_fMd = [t2dt =5 +
V12 = K ¢

Some formulas related to substitutions

F-1.f f(ax + b)dx = %F(ax +b)+c
Proof: Letax+ b =t

=>adx=dt=>dx=%

so [ f(ax + b)dx = ff(t)%=iF(t) +c =%F(ax+b) +c

F-2. [ sin(ax + b)dx = —%cos(ax +b)+c

Ex: [ sin(2x + 4)dx = —%cos(Zx + 4) + c {or we can substitute 2x + 4 =t

Ex:[ sin(2x)dx = —%cos(Zx) +c
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—cos(2—-7x)
-7

Ex:[ sin(2 — 7x) dx = +c

X
CoS—

Ex:fsin(;—c)dx - +c=—3005(§)+c

F-3. [ cos(ax + b)dx = %sin(ax +b)+c

sin4dx

Ex:[ cos4x dx =

+c

Ex:[ cos(2 — x) dx =@+c

F-4. [ sec?(ax + b)dx = %tan(ax +b)+c

tan4dx

Ex: [ sec?4x dx =

+c
Ex:[ sec?(2 + x)dx = tan(2 + x) + ¢

F-5. [ cosec?(ax + b)dx = —%cot(ax +b)+c

cot3x

Ex: [ cosec?3x dx = — +c

Ex: [ cosec?7x dx = — cot7x/7+c

F-6. [ sec(ax + b)tan(ax + b)dx = %sec(ax +b)+c

sec (2x+1) +c

Ex: [ sec(2x + 1) tan(2x + 1) dx = —

Ex: [ sec(x + 1) tan(x + 1) dx = sec(x + 1) + ¢

F-7. [ cosec(ax + b)cot(ax + b)dx = —icosec(ax +b)+c

cosec(2x+1)

Ex: [ cosec(2x + 1) cot(2x + 1) dx = .

+c
Ex: [ cosec(x + 1) cot(x + 1) dx = —cosec(x + 1) + ¢

F-8. [ e@+hy = Ze@x+b 4 ¢
a
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62x+3

Ex:[ e?**3dx =

+c

Ex:fe‘xdx=%+c=—e‘x+c

—-2Xx
Ex:[ e #dx = =

1 abx+d

F-9. [ab**ddyx = =
b Ina

+c

F-10.f;dx =Limjax +b| +¢
ax+b a

1 In|3x-2]|

Ex: | dx = +c

3x—2 3

Ex:f ——dx = "2 4 ¢ (IMP)
Ex: f—d — =

-1

1 (ax+b)”+1

n —
F-11. [ (ax + b)"dx = ——+ton*—1
11 1(2x+1)12
Ex:f(2x + Ddx = ———+c
F-12. fmdx = %tan‘l(ax+b) +c

: 1 _ 1, -1
Ex:[ rvoPELY dx =-tan™'(2x+1) +c

i 1 gy =21cn-1
F13.fmdx - sin (ax +b) + ¢

e 1.1
Ex:[ = 5in Rx+1)+c
- ! = l -1
F-14. [ — ﬁax+b)2—1dx ~sec™*(ax +b) +c

F-15.f tanx dx = In|secx| + ¢

F-16. [ cotx dx = In|sinx| + ¢
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F-17. [ secx dx = In|secx + tanx| + ¢
F-18. [ cosecx dx = In|cosecx — cotx| + ¢
Ex: Evaluate [ tan7x dx

Ans: [ tan7x dx
dt
let7x=t=>7dx=dt=>dx=7
= tant & _ lf tant dt == In|sect| + ¢ = = In|sec7x| + ¢
7 7 7 7
Ex: Evaluate [ cot7x dx
Ans: [ cot7x dx
dt
let7x=t=>7dx=dt=>dx=7
=/ cott & - lf cott dt == In|sint| + ¢ = = In|sin7x| + ¢
7 7 7 7

Ex: Evaluate [ sec (2x + 1) dx

Ans: [sec (2x + 1) dx

let2x+1=t=>2dx=dt=>dx=%

=[ sect £ =2 [ sect dt ==In|sect + tant| + ¢
2 2 2
= %lnlsec(Zx +1)+tan(2x+1)| +¢c

Ex: Evaluate [ cosec (2x — 3) dx

Ans: [ cosec (2x — 3) dx

let2x—3=t=>2dx=dt=>dx=%

d
= cosect ?t = %f cosect dt =%ln|cosect — cott| + ¢
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1
= Elnlcosec(Zx —3)—cot(2x—3)| +¢c

IMP:

EXI&dX

sin (x—a)

sinx

Ans: [ dx

sin (x—a)

let x—a=t=dx=dt x=t+a)

f sin (t+a) dt f sint cosa+cost sina dt f (smt cosa . cost smoc)

sin t sint sint sint

=[ cosa dt + [ sina cott dt = cosa t + sina In|sint| + ¢
=cosa (x — a) + sina In|sin (x — a)| + ¢
Assignment:

E f sinx

sin (x+oc)

E f coSsx

sin (x+a)

E f CcCoSsx

cos (x+a)

E f sinx

cos (x— a)

Ex: [ tan(x + 1) dx
Ex:[ cot(2x — 11) dx
Ex: [ sec(3x) dx

Ex: [ cosec 7x dx
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Ex: [ sec?*(2x + 1) dx
Ex: [ sin(2x — 11) dx
Ex: [ sec(3x)tan3x dx

Ex: [ e**~7dx

1
Ex: [ ———dx
IMP:

eX+e ™™
—d

EX: [ 5

tanx+tana
[ tanxtana )
tanx—tana

Ex: [ cotxVInsinx dx

1

tanx
Ex:[ ——dx
EX:f sinx cosx

1
—dx, [ —dx
sin2x _ cosec?x

EX.f acos?x+bsin?x dx EX.f 3—cotx dx

sinx COSX
Ex fcos9 Ex: fx/l smx
Ex:f\/x:?dx Ex: [ sinxeS*dx
Ex: [ xVa? + x?dx Ex: [ cosx cos(sinx)dx let sinx =t

16 |
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l/

sin®x = 1 — cos®x,cos’x = 1 — sin’x ,sec’x = 1 + tan’x,

14+cos2x . 1—cos2x
cosec’x = 1+ cot’x,cos’*x = _ ,Sin’x = _

/ Sin(A + B) + sin(A — B) = 2sinAcosB \
Sin(A + B) — Sin(A — B) = 2cosAsinB

cos(A + B) + cos(A — B) = 2cosAcosB

{ cos(A+ B) — cos(A — B) = —2sinAsinB
or cos(A — B) — cos(A + B) = 2sinAsinB

N /

Ex:[ sin 3x cos2xdx

Ans: [ sin 3x cos2xdx = %f 2 sin 3x cos2xdx
= %f(sin (3x + 2x) + sin (3x — 2x))dx

= = [ sinSxdx + = [ sinx dx
2 2

1_(—c055x

1
S\ )+E(—cosx)+c

cos5x coSsx
== - +cC
10 2

Ex:[ cos5x cos2xdx

Ans: [ cos 5x cos2xdx = %f 2 cos5x cos2xdx
= %f(cos (5x + 2x) + cos (5x — 2x))dx

=2 [ cos7xdx + = [ cos3x dx
2 2

17|
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_ l (sin7x) 4 l (sin3x) e
2 7 2 3

sin7x sin3x
= +
14 6

+c

Ex:[ cos3x sinx sin5x dx

Ans: [ cos3x sinx sin5xdx

1

= - J (2sin5xcos3x)sinx dx

= % [(sin8x + sin2x)sinxdx
= %fsin8xsinx dx + %fsiansinx dx

= lf 2sin8x sinx dx + lf 2sin2x sinx dx
4 4
1 1
= Zj(cos(Sx —x) —cos(8x + x))dx + Zf(cos(Zx —x) —cos(2x + x)) dx

1 1 1 1
= Jcos7xdx — - [ cos9xdx + 7 [ cosx dx — 3 [ cos3xdx

1sin7x 1 sin9x 1 . 1sin3x
== - - + —sinx — -
4 7 4 9 4 4

+c

Here the power of sinx and cosx are odd

Ex:[ sin3x dx
Ans: [ sin3x dx = [ sin®x sinxdx = [(1 — cos®x)sinxdx
Let cosx =t = —sinxdx = dt

[ = t)(=dt) = [(t2 - Dde = [ ?de — [de =5 —t+¢

cos3x

—cosx + ¢
Ex: [ sin®x dx

Ans: [ sin®x dx = [ sin*x sinxdx = [(sin®x)?sinxdx = [(1 — cos?x)?sinxdx

18|
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Let cosx =t = —sinxdx = dt
=[(1=t»)?(—=dt) = [(1 + t* = 2t*)(—dt) = [(2t* — t* — 1)dt

=f2t2dt—ft4dt—fdt=§—§—t+c

2cos3x  cos®x

- —cosx +c¢
3 5

Ex:[ sin”x dx

Ans: [ sin”x dx = [ sin®x sinxdx = [(sin?x)3sinxdx = [(1 — cos?x)3sinxdx
Let cosx =t = —sinxdx = dt

=[(1=t%)3(—dt) = [(1 — t® — 3t? + 3t*)(—dt) = [(¢t® — 3t* + 3t% — 1)dt

t6
6

=[ tédt — [ 3t*dt + [ 3t?dt — [dt = —3§+3§—t+c

6 5 3
=COZ - - 360: =+ 360; = —cosx+c  USE:(a—b)* = a® — b —3a’h + 3ab?

Ex: [ sin®x cos3xdx

Ans: [ sin®x cos3xdx = [ sin®x cos®x cosxdx
= [sin®x (1 — sin®x) cosxdx

Let sinx =t = cosxdx = dt

té 8 sin®x  sin8x
———+4c= — +c
6 8 6 8

=[t5(1—tDdt = [t>dt— [t"dt =

Ex: [ sin3x cos®xdx

Ans: [ sin3x cos®xdx = [ cos®x sin3xdx = [ cos®x sin®x sinxdx
= [ cos®x (1 — cos?x) sinxdx

Let cosx =t = —sinxdx = dt

=[t% (1 —t?)(=dt) = [(t® —t'?)(—dt)

19|
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t11 cos®x  cosllx

= [—t8dt + [t%dt = ——+—+c— + +c
9 11
sin3x
Ex fcos"x
. sin x sin?xsinx _ (1—cos?x)sinx
An f o f cos®x a f cos%x dx

Let cosx =t = —sinxdx = dt

_rQa-t) I Gty O IRk S PR S P R e
=[ == (=dt) = [—dt=[ Sdt — [ Sdt = [tT7dt — [t7°dt

_ 26 _ i Y= (cosx)™® n (cosx)™° s
-6 -8 6 9

Ex: [ tan®xdx

Ans: [ tan®xdx = [(sec’x — 1)dx = [ sec?xdx — [ 1dx = tanx —x + ¢

Ex: [ tan*xdx

Ans: [ tan*xdx = [ tan®x tan®xdx = [ tan®x(sec?x — 1)dx

= [ tan®x sec®xdx — [ tan®*xdx

Let tanx = t = sec’xdx = dt

=[t?dt — [(sec?x — 1)dx = [ t*dt — [ sec’xdx + [1dx = g— tanx +x + ¢

tan3x
= 3 —tanx +x + ¢

Ex: [ tan®xdx

Ans: [ tan®xdx = [ tan*xtan®*xdx = [ tan*x(sec?x — 1)dx
= [ tan*xsec?xdx — [ tan*xdx

Let tanx =t = sec?xdx = dt

=[ t*dt — [ tan®x(sec®x — 1)dx
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= [ t*dt — [ tan®xsec?*xdx + [ tan®x dx
=[t*dt — [ t?dt + [(sec®x — 1)dx
= [t*dt — [t*dt + [ sec®xdx — [ 1dx

t5  t3 tanSx  tan3x
=——- +tanx —x+c = .
5 3 5 3

+tanx —x +c¢

Ex: [ cot3xdx
Ans: [ cot3xdx = [ cotx cot?xdx = [ cotx(cosec?x — 1)dx
= [ cotx cosec’*xdx — [ cotxdx

Let cotx =t = —cosec?xdx = dt

=[ t(—dt) — [ cotx dx = —%- In|sinx| + c

2
=— CO; X — In|sinx| + ¢

Note: The power of tan is either even or odd but the power of sec is
even

Ex: [ tan®x sec?x dx
Ans: [ tan®x sec?x dx

Let tanx =t = sec?xdx = dt

t® tan®
=ft5dt=g+c= azx+c

Ex: [ tan'®x sec*x dx
Ans: [ tan'®x sec*x dx = [ tan'®x sec’x sec®xdx
=[ tan'®x (1 + tan®x)sec®xdx

Let tanx = t = sec’xdx = dt
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t11 t13

=[ A +tHdt = [t0dt + [tHPdt =—+—+c

tanllx = tan3x

= + +C
11 13

Note: The power of sec is either odd or even but the power of tan is
odd

Ex: [ sec!lx tanx dx
Ans: [ sec!lx tanx dx = [ sec'®x secx tanx dx

Let secx =t = secx tanx dx = dt

secllx
11

10 t
= [t%dt=—+c= +c
11
Ex: [ sec'?x tan3x dx
Ans: [ sect?x tan®x dx = [ sec''x tan®x secx tanx dx

=[ sec'lx (sec?x — 1) secx tanx dx

Let secx =t = secx tanx dx = dt

t14 t12

— (411042 _ — (4183 4f — [fllgp = - _E°
=[P t? - Ddt = [tPdt - [t'dt =———+c
_ sect*x  secx L
14 12
Ex: [ sin®x dx
. . D _ 1—-cos2x _ l _ CoS2x
Ans: [ sin“x dx = [ dx = [>dx— [ dx

1 1 1 1sin2x
== [dx —=[cos2xdx ==x —=
2 2 27 2 2

+c
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Ex: [ cos?x dx

1+ cos2x

Ans: [ cos?x dx = |

dx = f%dx+fcozzxdx

1sin2x
2 2

== [dx += [ cos2x dx = =x + +c
2 2 2

1—cos4x

Ex:[ sin®2x dx = [ dx = f%dx — [22%4x  (Hints)

2

1+cos4 1 4 .
Ex:[ cos?2x dx = [ CZS “dx = J5dx + fcoz “dx  (Hints)

Ex: [ sin*x dx

_ 2
Ans: [ sin*x dx = [(sin®x)?dx = [ (1 c;)SZx) dx

=if(1 + cos?2x — 2cos2x)dx =if (1 + 1+C;S4x — ZCOSZx) dx

1 (2+ 1+cos4x—4cos2x

= > ) dx = %f(B + cos4x — 4cos2x)dx

== [ 3dx + = [ cosdxdx — = [ 4cos2x dx = >x + =X _ ZXREX 4 o
8 8 8 8" '8 4 2 2

Assignment:

Ex.[ sin3x cos2x dx
Ex.[ cos5x sin3x dx
Ex.[ cos4x cos2x dx
Ex.[ sin3x sindx dx
Ex.[ cos2x cos4x dx

Ex.[ sinx sin2x sin3x dx
Ex.[ cos3x dx

Ex.[ cos®x dx
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Ex.[ cos”x dx
Ex.[ sin®xcos?x dx
Ex.[ sin*xcosx dx

Ex.[ sin3xcos?x dx

in3
Ex.[ = dx

cosx

Ex.[ cosmx cosnx dx

J- c0S4x—C0S2X
' sin4ax—sin2x

Ex.[ sec™x tanx dx
Ex:[ sin®xcos?x dx
Ex:[ sin*xcosx dx
Ex:[ sin3xcos?x dx
Ex:[ sinxcos3x dx
Ex:[ cot?x dx
Ex:[ cot*x dx

Ex: [ cot”x dx

Ex: [ tan3x dx

Ex: [ tan®x dx

Ex: [ cot*x cosec?x dx
Ex: [ cot**x cosec*x dx
Ex: [ sec*®x tan3x dx
Ex: [ cosec™x cot3x dx

Ex: [ cosec?x cot3x dx
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\_//

F-1:If the integral in the form of f % then substitute x = asin® , sinb = x/a

Proof: f\/a(:f_xz putx = asin@ = dx = a cos6 d6

a cos6 do a cos0 do Jde o+ ) _1x+
= = = c=sin""—+c

a? — a%sin?0 av1l —sin%0 a

Ex f\/9 —x?

: —ojn L1X
Ans.f\/W f\/gz_ sin "s+c
dx
Ex'fm
Ans: [ —

V7=9x / (V7)*-(3x)?

Let 3x =t = 3dx = dt = dx = dt/3

_at/3 1i
,/\/_)—tz ,/\/_)—tz V7
xdx

B[ e

xdx

ans: [ 5= = |
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Let x? = t = 2xdx = dt = xdx = dt/2

at/2 1 1 _1£ _1 . _1X_2
IT = IT = 2sm -te=csinTi =+
e*dx
Ex: [
Vo—e2X
xdx e*dx
Ansf = [

Let e* = t = e¥dx = dt

a . -1t .o —1€F
-fﬁzﬁ—sm ste=sin "o+
cosx dx
EX:| —
f\/16—sin2x
cosx dx cosx dx
Ans: f— = f—
V16—sin?x V42 —gsin?x

Let sinx = t = cosxdx = dt

—1 sinx

. —1t .
=mnlz+c=mn +C

_[ dt
ER=

Ex-IL
7 xy25—-(inx)2

" x/25-(Inx)2

=f__ﬂ__
x+/52—(Inx)?

letInx = t = - dx = dt

dt . =1t Inx
= =mn1§+c=5m]=—+c
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F-2: If the integral in the form of f > then substitute x = a tan6, tanf = x/a

Proof: [ —

2+2

Putx = atan® = dx = a sec?6 dO

_f asec?0 do _f asec’0do —1fd9—16+ _1t X
B ~ ) a?(1+tan?20) a T a €= ¢

a2 + a’tan?0 a a

dx
Ex: [ P
-1
dx dx 1 x
Ans: [—— =[S —==3tan S+
dx
X‘f 11+16x2
dx dx
Ans: =
f11+16x2 f(m)2+(4x)z
Let4x =t = 4dx = dt = dx = dt/4
—f—dm f =11 tan_lL+c——1 tan_14—x+c
Wi e (r) +(t)z T aVil 1 - avil Vit

2

X
Ex:[ ——dx

x2
X=fmdx

Let x3 = t = 3x2%dx = dt = x?%dx = dt/3

dt/3 1 dt 11 -1 t 1 _1x
= = - =--tan -+ c=—tan " —+¢c¢
f42+(t)2 3f42+(t)2 34 4 12 4
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f e?Xdx
9+e4¥
2x 2x
e“*tdx e“*dx
Ans: f x f 2 2x)2
9+etX 3%2+(e?¥)

Let e?* =t = ™ 2dx = dt = e dx = dt/2

dt/2 11 _qt 1 _qe
=[ / f =--tan"'-+c=-tan"t—+¢
32+1:2 32+t2 2 3 3 6 3

Ex f sec?x dx

16+tan?x
2
sec xdx sec?xdx
Ans: f 2. f 2 2
16+tan<x 44+tan<x

Let tanx = t = sec’xdx = dt

-1
dt 1 tanx
—f42+t2 =Jtan ——+c
dx

EX:f x(25+(Inx)?)

dx _ f dx

Ans: fx(25+(lnx)2) Y x(524(Inx)?)

letlnx = t = + dx = dt

-1 1
dt 1 t 1 Inx
=g z=ztan c+c=ztan —+c
. . dx . .
F-3: If the integral in the form of fm then substitute x = a tan®
dx
Proof: [ =

Put x = atan0 = dx = asec?6d0

asec?0do asec?0do
vaZtan20 + a2 a\/tanze +1

secfdd = In|secO + tanB| + ¢,
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X X Xy 2 Vx? + a?
=In|-+Vean20 + 1|+, =Inf=+ |(5) +1f+c, =In|- + ¢
a a a a
V%2 2
=In X+);+a +c1=ln|x+\/x2+a2|—1na+c1=ln|x+VX2+a2|+c

[ o

Ans: =ln|x + V32 +x2|+c=In|x + VO + x| + ¢

dx _f dx
Vo+x? V324x2
dx
Ex:| ——
| oo

dx dx
—_—  — f—
V7+9x2 ,(\/7)2+(3x)2

Let 3x =t = 3dx = dt = dx = dt/3

Ans: [

_dt/3

/«/_)+t2 /«/_)+t2 ln

= ZIn|3x + V7 + 9x2| + ¢

t+ /(\/_) +t2| +

X X
EX:IW
x*dx x*dx
Ans: [ o = | e

Let x° = t = 5x*dx = dt = x*dx = dt/5

f::ist _f 32+t ——ln|t+m|+c=%ln|x5+m|+c
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EX'f a*dx
Y J9+a2%

a*dx

Ans: [ & [_Ldx

Let a* = t = a*lnadx = dt = a*dx = dt/Ina

— lna —_ / 2 2
f V32+t2 lnaf\/32+t Ina ln |t t (3) Tt | tc
= ﬁln|ax +vV9 + a2x| +c

E f cosec?x dx
Vi16+cot?x

Ans- fcoseczx dx f cosec?xdx

Vie+cot?x Y VaZ+cotlx

Let cotx =t = —cosec?xdx = dt = cosec?xdx = —dt

—dt
= == ln|t+\/(4)2 + t2| + ¢ = —In|cotx + V16 + cot?x| + ¢
dx
EX.f x+/25+(Inx)?

" x /254 (inx)?

dx
a f x+/52+(Inx)?

let Inx = t = = dx = dt

X

=f\/%=ln|t+w/(5)2+t2|+c=ln|lnx+\/25+(lnx)2 +c
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. . d .
F-4:If an integral in the form of fﬁ then substitute x = a secf

dx
Prooﬁ.f;§§f§§

Put x = asecO = dx = asecOtan06d0

sec6db = In|secO + tanB| + c;

asecOtan6do B fasecetanede B

asec’B—a?  J avsec?h— 1
X X Xy 2 X X2 — a2
=ln|£+w/sec26—1|+c1=lng+ (5) “1fte =t —— o

=In

X+Vx2—a?
a

+c1=ln|x+\/x2—a2|—1na+c1=ln|x+VX2—a2|+c

Ex f\/xz_

Ansf f\/_ In|x + Vx2 — 32|+ c =In|x + Vx2 — 9| + ¢
dx

EXZJ'Vgigf?

Vox2-7 ’(3x)2_(ﬁ)2

Let 3x =t = 3dx = dt = dx = dt/3

_dt/3
/tz (\/_ /tz (\/_ ln

= %ln|3x + V9x?2 — 7| +c

t + /tz (\/7)2‘ +c
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x3dx
B[ s

x3dx _f x3dx
‘,X8—9 /(x4)2_32

Let x* = t = 4x3dx = dt = x3dx = dt/4

dt/4 1
= == —f T = —Zln|t+\/t2—32|+c=Zln|x4+\/x8—9|+c

Ans: [

Ex: Xdx
X'f Ve2x-11
eXdx

eXdx
VEif:TT / exy2—(

Lete* =t = € dx = dt

Ans: [

=f—dt =In

£2-(VIT)’
= In|e* +Ve?* — 11| + ¢
Ex: [

Ans: [

t+\/t2—(\/ﬁ)2‘+c

sin2x cotzx 16

f cosec?xdx

Veot2x—42

sin2x cotzx 16

Let cotx =t = —cosec?xdx = dt = cosec?xdx = —dt

=f\/% = —ln|t +Vt2 — 42| +c= —ln|cotx + Vcot?x — 16| +c

Ex: [ ——

Y x/(nx)?2-25
dx

Ans: fxw/(lnx)z—zs

dx
- f x4/ (Inx)2—52

letlnx = t = * dx = dt
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=f\/t2d_;52=ln|t+\/t2—52| +c= lnllnx+\/(lnx)2—25| +c

IMPORTANT FORMS:

If the int Lin the f f axt+b ax+b ax+b ax+bd
e integral in the form dx or dx or dxor | ———dx
Va?z — x2 Va2 +X2 VX — a2 Z +x?

ax+b
dx = dx+l
VaZ—x2 f\/az—xz \/az—x2

then express

ax
Letl, = dx and [, =
1 j\/az—x X 2 J\/az—xz

Integrate I; by putting a? — x?> = t? ora? —x? =t
Integrate I, by using the above formula .

Similarly we can integrate other forms.

3x-2
Ex f\/9x

3x—-2 2
Ans: [ s dx = [ o dx - [
_ X . dx
=3 ot 2]

In the 15t term let 9 — x2 = t? = —2xdx = 2tdt = xdx = —tdt

=3[ —tdt Zf—;fxz = 3t — 25in‘1§+ c=-3V9 —x2 — 25in‘1§+ c

x+2
Ex f\/16
x+2 X 2
Ans: [ remdn = [ e da + [ e dx

In the 15t term let 16 + x2 = t? = 2xdx = 2tdt = xdx = tdt

ftdt+2f =t+2In|x +V16+x2| +¢

dx
Ny
=V16 + x?2 +21n|x+\/16+x2| +c
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Ex: [ 222 dx

7+x2

Ans

2x+5
.J‘7+x2

let 7 + x%2 = t = 2xdx = dt

_fdt+5f ln|t|+5—tan 1\7—7+c
- 2 1 -1%
=In|7 + x |+5ﬁtan \ﬁ+c
3x+1
Ex[ s X
3x+1 3x 1
ans: [ s dn = [ o da + [ mdx

X
=3f&27d H =t

In the 15t term let x2 — 25 = t2 = 2xdx = 2tdt = xdx = tdt

tdt 1
=3[— +fmdx=3t+ln|x+\/x2—52|+c
= 3vVx2 — 25+ In|x + Vx2 — 25| + ¢
IMP:

d
If the integral in the form f—2+bx+c or f\/ﬁ

then express ax? + bx + ¢ = a{(x — a)? + B?} (In a perfect suare )

putx—a=t=dx =dt

Ex: [ —=

x2+4x+9

dx
x2+4x+9

Ans: [

Make the denominator x? + 4x + 9 in a perfect square

34



INTEGRATION KIIT Polytechnic, BBSR

Nowx? +4x+9=x%+2.x.2+22-224+9=(x+2)>+5

dx
'Sofx2+4x+9 N f (x+2)2+5 f(x+2)2+(\/§)2

letx+2 =t = dx =dt

_f t 1 +
t2+(\/_) \/E V5 N V5 V5

Ede—x

' VxZ—4x+13
dx

Ans: f\/x2—4x+13

Make the denominator x? — 4x + 13 in a perfect square

Nowx? —4x + 13 =x?—-2.x.2+22-22+13=(x—-2)2+9

'SOf dx =f dx =f dx
' Vx2-4x+13 J(x=2)2+9 J(x—2)2+32

letx —2 =t = dx = dt

dt

= = In|t + Vt? + 3?2 +c=ln|x—2+ x — 2)% + 3%|+c
| = e+ Ve + 37 (=2 +(x=-2)

dx

Ex.f Vx2-4x-13
dx

Ans: f\/x2—4x—13
Now x? —4x — 13 =x2—-2.x.2+2%2-22-13=(x —2)?> - 17
dx

:So
f f\/(x—z)z—(\/1_7)2

dx _ f dx _
Vx2-4x-13 J(x=2)2-17

letx —2 =t = dx = dt
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S .

-(V17)’

+c

t+\/t2 - (\/ﬁ)2

=In +C

(x—2) +\/(x—2)2 - (V17)°

Ede—x

Y V5—4x—x2
dx

Ans: | =

Make the denominator 5 — 4x — x2 in a perfect square

Now5 —4x —x?=—(x?+4x—-5)=—(x?+2.x.2+22-2%2-5)

=—((x+2)2-9) =9 — (x +2)*

'SOf dx =f dx — f dx
' V5—4x—x2 \/9—(x+2)2 /32_(x+2)2

letx+2 =t = dx = dt

dt ., -1t , 1 Xx+2
= =sinT's+c=sinTt /= +c

(px + q) dx f (px + q)dx
ax? + bx + ¢ Vax? +bx +c

If the integral in the form

then express px + q = l% (ax? +bx+c¢) +m

,compare the coefficient of x and constant term, find the value of ] and m.

(px + q) dx

Now the given integration can be written in the form of | —————
ax? +bx+c

li(ax2+bx+c)+m li(ax2+bx+c) m
_ dx _ dx
= dx = dx
ax? +bx+c ax? +bx+c ax? +bx+c

Solve it by using the formula.
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Ex f (3x+2)dx

x24+4x+9

Ans f (3x+2)dx

x%+4x+9
Let3x+2=l;—x(x2+4x+9)+m
=12x+4)+m
=2lx+4l+m

Compare the coefficient of x and constant term in both the sides

3 3
2l=3=>l=§ and4l+m=2=>m=2—4l=2—4.§:—4

f(3x+2)dx fl(2x+4)+m —f l(2x+4) +f

x24+4x+9 x24+4x+9 x2+4x+9 xX2+4x+9

=1 g+ m

X2+4x+9 x2+4x+9

letx?+4x+9=t= (2x+ 4)dx = dt

dt dx
B lf? + mfx2+2.x.2+22—22+9 = Linjt| +m |

(x+2)2+5

letx+2=z=>dx =dz

3 Z
=lln|t|+m[———==In|x*+4x+9| —4tan" ' —=+¢
] f()z W) 2 | | Vs

=3In|x? + 4x + 9| — 4tan" 12 + ¢
2 V5
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Assignment:

Ex 'f4+9x2

Ex: [ ——

1+2x%

Ex J- sinx
V4cos2x—

f sec?x
V16+tan?x

ZX
Ex:[ ——=dx

EXIL
Y V16x2+425

INTEGRATION

1
Ex: [ oo dx

XZ
Ex: [ == dx

—X

Ex:| ————dx
f16+9e‘2X

Ex: [ ex+1e_x dx

eXdx
Ex e

5x—-2
EXJ‘\/11 —x2

3x+5
Ex: | = dx

3x—-2
Ex: d
f 16+x2
dx
Ex:| ———
f 9x2—12x+8

Ex: [ d

2X2+x+3

E f 2x+3
V5—4x—x2

Ex:

Ex: [ =
W oV2—4x+x2

1
EX'f\/7—6x—x2

KIIT Polytechnic, BBSR

dx
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If uand v are two functions then integration of the product of u and v is defined as

Here the 15t function can be choosed by using a form ILATE.

I-Inverse function (sin~1x,cos 1x, tan™1x ... o v e i)
L-Logarithm function (logx,1og(x + 1) ... ccocev s v s e e e )
A-algebraic function(x, X%, (x + 1)% ... e s cee oot e et et e e )
T-Trigonometric function(sinx, cosx, tanx ... ... ... ... ... ... ... ...)
E-Exponential function (e*, a*,e**1 ... ... oo v et e e e n)
N )
Ex:[ x e dx here u = x and v=e*

Ans:fxexdx=xfe"dx—f{%fe"dx}dx

=xe*—[leXdx=xe*—e*+c
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Ex: [ x sinx dx

Ans: [ x sinx dx = x [ sinx dx — f{%fsinx dx} dx
= x (—cosx) — [ 1 (-cosx) dx = —x cosx + sinx + ¢
Ex: [ x cosx dx=x [ cosx dx — f{%f cosx dx} dx

= x (sinx) — [ 1 (sinx) dx = x sinx + cosx + ¢

Ex:[ x e?* dx

Ans: [xe** dx =x [e®** dx — f{%f ezxdx} dx

ezx ezx ezx 1
=x——[1—dx=x——->[e*dx+c=x
2 2 2 2

2x 1 ezx

-+
2 2 2

e

Ex: [ x sin3x dx

Ans: [ x sin3x dx = x [ sin3x dx — f{%f sin3x dx} dx

_ (—c0353x) ~ 1 (-60353’“) dx = —x “’23" + éf cos3x dx + ¢

cos3x 1 sin3x
=—X + = +C
3 3 3

Ex:[ x sec?x dx
Ans: [ x sec’x dx = x [ sec®x dx — f{%fseczx dx} dx

= x tanx — [ 1 tanx dx = x tanx — In|secx| + ¢

Ex: [(x + 1) e* dx

d(x+1)
dx

AnSIf(x+1)exdx=(x+1)fexdx—f{ fe"dx}dx
=(x+1e*—[leXdx=(x+1e*—e*+c

OR
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f(x+1)e*dx=[xe¥dx+ [e*dx
Ex: [ x tan®x dx
Ans: [ x tan®x dx = [ x (sec?x — 1)dx
= [xsec?x dx — [ xdx
= x [ sec’x dx — f{%fseczx dx} dx _x2_2

x? x?

= x tanx —fltanxdx—;zxtanx—lnlsecxl -5 tc

Ex: [ x cos?x dx

X COS2X
2

1+cos2x

dx

Ans:fxcoszxdx=fx( )dx=f§dx+f
=%fxdx+§fx0052xdx
=%x?+§{xfc052xdx—f{f%fcostdx}dx}
e () s (22

= XTZ + %{x (sian) - %f sin2x dx}

2

2 ; =
_ x° n l{x (stx) _ l( cost)} te
4 2 2 2 2

Ex: [ x sin3x cos2x dx

Ans: [ x sin3x cos2x dx = %fx (2sin3x cos2x) dx
= %fx (sin(3x + 2x) + sin (3x — 2x)) dx

= =[x (sin5x + sinx)dx == [ x sin5x dx + = [ x sinx dx
2 2 2
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Ex: [ Inx dx
Ans:flnxdx=lnxfldx—f{%fldx}dx
—Inxx—[-xde=xlnx— [dx=xlnx—x+c
X
Ex: [ x° Inx dx
Ans: [ x5 Inx dx = Inx [ x° dx—f{%fxs dx}dx
=lnxx—6—flx—6dx=£lnx—lf XSdx =S inx — 15 4 ¢
6 Jx'e 6 6 6 66

=x—6lnx—x—6+c

6 36
Ex:[ xIn(1 + x) dx

Ans: [ xIn(1 + x) dx = 1n(x+1)fxdx—{%fxdx}dx

2 2 2
In(x+1) - [—Zdx=xIn(x+1) -3 [2-dx

2

x“—1+1
dx
x+1

=xln(x+1)—§f

x%-1

x+1

=xln(x+1)—§{f dx+fﬁdx}
=xln(x+1)—§{f%dx+fx—ildx}
=xln(x+1)—§f(x—1)dx—%fx—ildx

=x1n(x+1)—§fxdx+%fdx—%fx—i1dx

2
=xln(x+1)—%x7+%x—%ln|x+1|+c
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IMP

Ex:[ In(1 + x?%) dx

Ans: [In(1 +x?)dx =In(1+ x?) [1dx — f{;—x In(1+x*) 1 dx} dx

X2
1+x2

=In(1+x*)x— [

1 _ 2N
— 2xxdx=xIn(1+x*) -2

1+

dx

=xln(1+xz)—2fxz+1_1dx=xln(1+x2)—2f(x2+1— ! )dx

1+x2 1+x2 1+x2

=xln(1+x2)—2fdx+2f1+1x2dx=xln(1+x2)—2x+2tan‘1x+c

Ex: [ sin1x dx

Ans: [ sin"'xdx = sin'x [1dx — f{%sin‘le 1 dx} dx

=sin"lx .x— [—— xdx = x.sin"lx — [ 2Z
' V1-x2 ' V1-x?

For2"termlet1 —x2 =t > —2xdx =2tdt = xdx = —tdt
. —td . .
= x.sin 1x—f%=x.sm Ix+t+c=xsintx+Vv1l—-x%+c

Ex: [ tan™x dx

Ans: [tan'xdx = tan"'x [1dx — f{%tan‘le 1 dx} dx

x dx

=tan"lx .x —
f 1+x2

xdx =x.tan"lx — [

1+x2

For2™termletl1 +x2 =t = 2xdx = dt = x dx = dt/2

dat/2

=x.tan lx — [ ; =x.tan‘1x+%ln|t|+c

= x.tan'1x+%ln|1 +x%|+c
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Ex:[ x tan™tx dx

Ans: [ x tan"'xdx = tan"'x [x dx — f{;—x tan"tx [ x dx} dx

2 2 2 2
_ X 1 X X _ 1 rx“dx
=tan"'x .—— —dx==—tantx —=f
2 1+x2 2 2 27 1+x2
2 2 2 2
x -1 1 rx%+1-1 x 1 1 x%+1 1
==tan ‘x — - dx == tan " "x — - —
2 1+x2 2 2 f1+x2 1+x2

2

1 X _ 1 1 —
—dx=—tan"'x —- x+-tan"x + ¢
1+x 2 2 2

2
=% tan‘lx—%fdx+%f
Assignment:

Ex: [ x sinx cosx dx

Ex: [ x sin5x dx

Ex: [ xeP*dx

Ex: [ xcos?x dx

Ex: [ xcosnx dx

Ex: [ x Inx dx

Ex:le—f dx = [x°lnx dx

Ex: [ x™ Inx dx
Ex:[ cos™x dx

Ex: [ (Inx)*dx
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