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DETERMINANTS
Determinant will be used for solving the system of linear equations.
like2x+y=0and x—y=3

Determinant of order 2
Adeterminant of order 2 can be written in the form of A %
a21 a22
whichis defined as| = 2| = a,,8,, —a,a, orR |* bl ab, —ba,
a21 22 a'2 b2

Note:

1.A determinant of order 2 contains two rows and two columns.

2.a,,,a, aretheelementsof R and a,,, a,, aretheelementsof R,.

3.a,,,a,, aretheelementsof C, and a,,,a,, aretheelementsof C,.

3.a,,,a,, aretheelementsof principal diagonal and a,,,a,, aretheelements of secondary diagonal.
4.It contains 2x 2 = 4 elements.

Determinant of order 3

8; &, &
Adeterminant of order 3can be writtenintheformof|a,, a,, a,,
8y 4y Ay
8, &, &,
a, a a, a a, a
Whichisdefined as |a,, a,, a,|=a,| - |-a,| & |+a,| > 2
a, a, a, 83, 85 83 Ay 8y

Note :

1.A determinant of order 3can be expanded by using 6ways(any one row or any one column).

2.A determinant of order 3can be expanded by using the respectivesign of theelementin different
+ - +

rowsorcolumns.i.el- + —
+ - +

+ —_
3.Thesignof all theelementsina2nd order determinantis

-+

General element

If anelement occurring intheith rowand jthcolumnof adeterminantthenitis called (i, j)th

element.ltis denoted by a.(i — ithrow, j — jthcolumn)
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Ex: Constructa determinant of order 3x3by using general element a;

a; &, &,
LetA=|a,, a, a,
8 d; a5

Minor of anelement a;

The minor of anelement a; is defined asthe value of adeterminant will be obtained after deleting
all theelementsintheithrowand jthcolumn.Itis denoted by M;;
Cofactor of anelement a;

The cofactor of anelement a; is denoted by C;; , whichis defined asC;, = (—1)i+j M;

a'll a12 a13
Ex:Find the Minor and Cofactor of a,,,a,and a,inA=|a,, a,, a,
aﬁl a32 a33
a, a
Ans:Minorof a, =M, = 22 923
83 g
a a
Minorof a, =M, =| == 2
dy Ay
a a
Minor of a,, =M, = 21 Y
Ay Ay

(_1)1+1 M11 = M11
(_1)l+2 M12 = _M12
cofactor of a,, =C,, =(-1)° M, =M,

cofactorof a, =C,;

cofactorof a, =C,,

Similarly find the minor and cofactor of other elements.

Properties of determinants

P —1:The value of the determinant remains unchanged if the rowsand columnsare interchanged.

2 3 2
ExA=l1 2 3|=-37
-2 1 -3

2 1 2
LetB={3 2 1|=-37
-2 3 -3
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P —2: If any twoadjacent rows or columns of a determinant are interchanged then the numerical
valueissame but thesign ischanged.

2 3 =2
Ex:A=|1 2 3|=-37
-2 1 -3
1 2 3
LetB=|2 3 -2|=37
-2 1 -3
P —3: If any two rows or columnsa determinant identical or same then the value of the determinant
vanishesor zero.
1 2 3
Ex:A={1 2 3|=0
-2 1 -3
Note : If all the elements of a row or column of a determinant are zero then the value of the determinant
is zero.
0 0 O
ExA=|1 2 3|=0
-2 1 -3
Note : If two rows or columns of a determinant are proportional then the value of the determinantis
zero.
-4 2 -6
Ex:A=|1 2 3|=0
-2 1 -3

P —4: 1f each element of a row or column of a determinant be multiplied by a constant k then the
determinantisalso multiplied by the same constant k.

2 3 -2
Ex:A=|1 2 3|=-37
-2 1 -3
2k 3k -2k
LetB=|{1 2 3 =—37k:k(A)
-2 1 3
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P —5: If each element of a row or column of a determinant be the sum or difference of two or more terms
then the determinant can be expressed as the sum or difference of two or more determinant.

qta &ta, aQto, & & & o A O
Ex:A=| b b, b, [=|b, b, Dbyf+|b b, b

C C, Cs G G G| |G C G

P —6: If each element of a row or column of a determinant beincreased or decreased by a constant
multiple of the corresponding elements of another row or column then the value of the determinant
remains unchanged.

a a 4
Ex:A=|b b, b,
G G G
a +kc, a,+kc, a,+kc| |a a, ay| |ke, ke, ke, C, C, G
B=| b b, b, |=|b, b, b|+|b b, b |=A+k|p, b, b|=A+0=A
C1 CZ C3 Cl C2 CS Cl CZ CS Cl CZ C3
8, 8, a;
Note:If A=|a,, a, aythen|Al=a,cy, +a,Cy,+a,C;5(UsiNgrow) or |A|=a,,Cy, +a,,C,, +a4,Cy, (Using column)
8y 8y 8y
8, a, a;
Note:If A=la, @&, a,|thena,;C, +a,C,, +a,C;=0
aSl a32 a33

Method for evaluating a determinant

We should always try to make maximum number of possible zerosin any one row or column.
Itis possible by using

(1) properties of determinant.

(2) Row to Row addition or subtraction.

(3)column to column addition or subtraction.

(4) Any other method
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Applications of determinants

Areaof atriangle: Theareaof atriangleof whose verticesare(x,,y,).(X,,y,)and (X, y, )is

1 1 1
. 1 1
glvenbyA:E{xl(yz—)/3)+x2(y3—y1)+x3(y1—y2)}:Ex1 X, X
Vi Y2 Ys
conditionof collinearity : Three points(x,, Y, ),(X,, Y, )and (x,, y, ) are said tobecollinear if
1 1 1
1 1
A=E{X1(y2_y3)+X2(y3_y1)+X3(y1_y2)}:E Xl X2 X3 =0
Yi Y2 Y3

Cramer’s Rule :

Solution for two unknowns:The solution of two variables x and y of two linear equations a;x +

b,y = ¢; and ayx + b,y = c, thenx = % andy = %_

Solution for three unknowns: The solution of two variables x and y of two linear equations
ax+byy+cz=dy,a,x+b,y+cz=d, and azx + b3y + c3z = d5 then x =% VY =

D D
2 andz ==
D D

Consistent: A system of linear equation is said to be consistent if it gives a solution.
Ex2x+3y=—-1landx —3y =2
Inconsistent: A system of linear equation is said to be inconsistent if it gives no solution.

Ex:2x + 3y = —land 4x + 6y = 2

Rules for consistency and inconsistency:(For Three unknowns)

D D D
Wehavex == ,y==2and z = =.
D D D

1.If D # 0 then the system of equations are consistent and gives unique solution.

2.1fD =0,D; = 0,D, = 0 and D; = Othen the system of equations are consistent and gives Infinite
number of solutions.

3.1fD = 0, and at least one of Dy, D, and D5 is nonzero then the system of equations are inconsistent
and gives no solutions.

Note: Same rule we can apply for two unknowns

[Type text] Page 5

N e e e e e e e e e e e e e e e e et et e e e T T e
A N N N e e e e e e e e e e e e e T T S

T T N N N T T e T T e e e R



S T N

DETERMINANTS KIIT Polytechnic,BBSR | 2020

sinf@  cosf

Ex: Evaluate .
—cosf sinf

sec tanf

Ex: Evaluate (a) |i _3235|,(b) |M}2 11/|,(C) |tan9 sech

6 4
L | @ gl e’ =1
—w w

+ sin8 cosf

Ex: Find the maximum value of |1 .
—cosf  sinf

Ex: Solve |33€ i| =0
Ans: |§ i| =0

=5x2—-9=0=2x2=9=>x=+3

x+1 -2

1 3|:3

Ex: Solve |
2 -1 3 1 00 -6 0 O
Ex: Evaluate(@)|1 O O] (b)|2 3 5[,c)|3 -5 7]|.
-2 4 2 4 1 3 2 8 1

o 1
Ex: Provethat |1 @ % =0
o o 1
Ans:
2

1+ w+0* l+o+0* 1+0+ o
2

= 1 1) ® (After adding theelementsof R ,R,, R, thenreplaceR,)

®* 1

2

© 3 r o
%’\)
[

(+1+ @+ @” =0, you knowin complex number )
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1 1 1
Ex:Provethat |a b c|=(a-b)(b—c)(c-a)
a’ b® c?

Ans:

1 1 1
a b ¢
a®> b* ¢
C,>C,-C,,C,>C,—C,
1 0 0

=la b-a c—-a|=1
a® b’-a® c¢°-a’
(b-a)(c’-a’)-(c-a)(b’-a’)=(b-a)(c-a)(c+a)—(c—a)(b—a)(b+a)
(b-a)(c-a){(c+a)—(b+a)}=(b—a)(c—a)(c—b)=(a—b)(b—c)(c-a)

=(
Taking common -sign from (b-a)and (c-b) then you will get the answer)

b-a c—-a

b’—a®> c¢?-a° ~0+0

~—~
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a b ¢

Ex: Prove that 2’ b* c?|=(a-b)(b—c)(c—a)(ab+bc+ca)
bc ca ab

Ans:

a b ¢

a? b? c?

bc ca ab

MultiplyainC,,binC,,cinC, and divide abc

a? b* c?

N PRSI taking common abc fromC,
abc
abc cha abc
a®> b’ c? |a® b* ¢°
abc| 5 3 3
=—71a* b ¢’|=]a® b* ¢*c,—»C,-C,C,—>C,-C,
abc
1 1 1 1 1 1
a’ b*-a’® c¢*-a’ b at g
a® b*-a® c*-a’l=1 —0+0 (expandit by using row3)

oy
N
|
o))
[N
~—~—
—_~
(@]
w
o))
w
~—
|
—_~
(@}
N
|
o))
[N
~—~—
—~
oy
w
|
QD
w
~—~—

c-a)(c’+ca+a’)-(c-a)(c+a)(b—a)(b*+ab+a’)
(b+a)(c*+ca+a’)- c+a(b2+ab+a2)}

bc? +abc+a’h+ac® +a’c+a’ - bz—abc—caz—abz—azb—a3)
bc2+ac2—cb2—abz):(b—a)(c—a){bc(c—b)+a(c2—bz)}
c-b)(bc+ac+ab)=(a-b)(c—-a)(b—c)(bc+ac+ab)

(o
QD
~— O~ ~— ~— ~—
~_~ o~~~
o
|
QD
~— ~— ~— ~—

[Type text] Page 8

N e e e e e e e e e e e e e e e e et et e e e T T e
A N N N e e e e e e e e e e e e e T T S

T T N N N T T e T T e e e R



S T N

DETERMINANTS KIIT Polytechnic,BBSR 2020

Xx+1 1 1
Ex: solve | 1 x+1 1 |=0
1 1 X+1

Ans:

x+1 1 1
1 x+1 1 |=0
1 1 x+1
R, >R +R,+R;
X+3 X+3 Xx+3
=1 x+1 1 |=0
1 1 x+1
Taking common x+3 fromrow1(R, )
1 1 1
=(x+3)L x+1 1 |=0
1 1 x+1
1 1 1
eitherx+3=0 or[l x+1 1
1 1 x+
sincex+3=0=x=-3
1 1 1
Againl x+1 1 [=0
1 1 x+1
c,—»(C,-C,C,—»C,-C,
1 0 0
=1 x 0=0=1
1 0 X
Hencex =0and x =-3

0

X 2
-0+0=0=x"=0=x=0

X

Ex: Solve by Cramer'srule 2x + 3y = —land x — 2y = 3
Ans: Given equations are 2x + 3y = —land x — 2y = 3

Herea; =2,b; =3,¢c;, =—-1,a, =1,b, = —2,c, =3

LetD = |§ _32| —_7

[Type text] Page 9

N N N e e e e e e N N N N e N N e e e e e e e e e e e e e e e e e e e e e e e e e e e e e Tt e T e A
A N N N e e e e e e e e e e e e e T T S

T T N N N T T e T T e e e R



N T N N N T

DETERMINANTS KIIT Polytechnic,BBSR 2020

3

p,=[3" 2l=-7
-1

3
_Dl__7 DZ 7

X D—_—7=1andy=3=_—7=

DZ=|i |=7

-1
Ex: Solve by cramer’'srule2x + y+2z=23x+2y+z=2and —x+y+3z=6
Ans:

2 1 2
letD=|3 2 1|=2
-1 1 3

=2(5)-1(10)+2(5)=10

2 1 3 1 3 2
-1 +2
i W I

2 1 24 22
2‘1 3‘—1‘6 3‘+2‘ ‘:2(5)—1(o)+2(—10)=—1o

6 1

w = N
Il

=2(0)-2(10)+2(20) =20

2 1 3 1 3 2
-2 +2
-1 3 -1 6

N

3 2
-1 1

|
-
N P oD

_1‘31 §‘+2‘ ‘:2(10)—1(20)+2(5):10

(o)

D NN WELEDN

10 y=X=p 1" D 10

% -10 D, _20_, _ _D/_10_,
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Questions carrying 2 marks
5 -2 1
1. Find thevalueof |3 0 2
8 1 3

Ans :7

secd tanf

2. Find the value of tanf  sect
Ans:1

1 0 O 0 0 1
3. If 10 1 0[=10 1 0}, thenfindthe value of X
0 0 1 x 0 O

Ans: X=-1

sinx CcOSX

4, Find the minimum value of .
—cosx 1+ sinx

| where XeR

Ans: 0

sin’x  sinx.cosx

5. Find the maximum value of ; where X € R
—CO0SX sinx
Ans:1
_ _ _ 1 w w?
6. If o is the cube root of unity, find the value of the determinant |w w2 1
w2 1w

Ans: O

7. Find the value of the determinant

Ans: O

a b c
8. If |b a b|=0,thenfind x
x b ¢
Ans : x=a
9. Solve |4 x+ 1| =5
3 X

Ans : x=8
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10. Solve |i —33|=|_x2 915
Ans: t4

Questions carrying 5 marks

1+ x 1 1
1. Solve 1 1+x 1 =0
1 1 1+ x

Ans: x=0 or x=-3

x+a b c
2. Solve b x+c a |=0
c a X +c

Ans: x= —(a+b-+c)or va? +b? +c? —ab—bc—ca

X a a
m m m
b x b

3. Solve =0

Ans: X=aor x=>b

x+1 w w?
4, Solve w x + w2 1 = 0 where w is cube root of unity.
w? 1 X+ w

Ans: x=0

bc a a*| |1 a

[EN

S
N

S
w

5. Prove without expandingthat [ca b  b?|=

ab ¢ c*l 11 ¢ c

6. Prove that a b cl=@@—-b)(b—c)(c—a)

7. Prove that X y z

(x =y —2)(z-x)(xy +yz + zx)
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X z
8. Prove that x* y* | = xyz(x —y)(y —z)(z — x)
By 23

x+a b c
9. Prove that a x+b c |=x*(x+a+b+c)

a b x+c
1+a 1 1
10. Prove that 1 1+b 1 | =abc (1 + l+%+l>
1 1 1+c¢ | :

1 1 1
11.  Prove that b+c c+a a+b |=MB-c)(c—a)(a—-Db)
b2 +c? c*+a? a®?+b?
a—b-—c 2a 2a

12.  Prove that 2b b—c—a 2b | =(a+b+c)

2c 2c c—a-—>

13. Solve by Cramer’s rule:

(i) 4x—-y=9,5x+2y=8

Ans:x=2,y=-1

(i) 2X—y=2,3x+y=13

Ans:x=3,y=4

(iii) X—y+2=1,2x+3y—-52=7,3x-4y—-2z=-1

35 53 15
Ans :X=—,Yy=—,2=—
16 32 32

(iv) X+Yy+2=3,2x+3y+4z=9,x+2y-4z=-1

Ans:x=1y=1z=1

[Type text] Page 13

N N N e e e e e e N N N N e N N e e e e e e e e e e e e e e e e e e e e e e e e e e e e e Tt e T e A
A N N N e e e e e e e e e e e e e T T S

T T N N N T T e T T e e e R



