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Determinant will be used for solving thesystem of linear equations.

2 0 3

Determinant of order 2

A determinant of order 2can be written in the form of

like x y and x y

a a

a a

a a
whichis def

DETERMINAN

ined as a a
a

S

a
a

T

+ = − =

= −
1 1

2 21 1 2 1 2

2 2

11 12 1 21 22 2

11 21 1 12 22 2

11

Note:

1.A determinant of order 2contains two rowsand twocolumns.

2. , , .

3. , , .

3. ,

a b
a OR a b b a

a b

a a aretheelements of R and a a aretheelements of R

a a aretheelements of C and a a aretheelements of C

a a

= −

22 12 21

11 12 13

21 22 23

31 32 33

, sec .

4. 2 2 4 .

Determinant of order 3

A determinant of order 3can be written in the form of

aretheelements of principal diagonal and a a aretheelements of ondary diagonal

It contains elements

a a a

a a a

a a a

Whichi

 =

11 12 13

22 23 21 23 21 22

21 22 23 11 12 13

32 33 31 33 31 32

31 32 33

a a a
a a a a a a

s defined as a a a a a a
a a a a a a

a a a

= − +

( )

:

1.A determinant of order 3can beexpanded by using 6 ways anyone row or anyonecolumn .

2.A determinant of order 3can beexpanded by using the respectivesign of theelement in different

rowsor columns.i.e

3.

Note

The signof all th

+ − +

− + −

+ − +

2 determinanteelements in a nd order is
+ −

− +

 

( )

( )

determinant ,

. . ,ij

General element

If anelement occurring intheith rowand jthcolumnof a thenit is called i j th

element It is denoted by a i ith row j jthcolumn→ →
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11 12 13

21 22 23

31 32 33

: Construct a determinant of order 3×3by using generalelement

minor determinant

ij

ij

ij

Ex a

a a a

Let A a a a

a a a

Minor of anelement a

The of anelement a is defined as thevalueof a will beobtained after deleting

all theele

=

( )

.

.

11 12 13

11 12 13 21 22 23

.

, 1

: ,

ij

ij

i j

ij ij ij ij

ments in theith rowand jthcolumn It is denoted by M

Cofactor of anelement a

Thecofactor of anelement a is denoted byC whichis defined asC M

a a a

Ex Find the Minor and Cofactor of a a and a in A a a a

+
= −

=

( )

( )

( )

31 32 33

22 23

11 11

32 33

21 23

12 12

31 33

21 22

13 13

31 32

1 1

11 11 11 11

1 2

12 12 12 12

1 3

13 13 13 13

:

1

1

1

a a a

a a
Ans Minor of a M

a a

a a
Minor of a M

a a

a a
Minor of a M

a a

cofactor of a C M M

cofactor of a C M M

cofactor of a C M M

+

+

+

= =

= =

= =

= = − =

= = − = −

= = − =
 

minor .Similarly find the and cofactor of other elements  

Propertiesof determinants
 

1: The valueof thedeterminant remains unchanged if the rowsand columnsareinterchanged.

2 3 2

Ex: 1 2 3 37

2 1 3

2 1 2

3 2 1 37

2 3 3

P

A

Let B

−

−

= = −

− −

−

= = −

− −
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2 : If any twoadjacent rowsor columnsof a determinant areinterchanged then the numerical

valueissame but thesign is changed.

2 3 2

: 1 2 3 37

2 1 3

1 2 3

2 3 2 37

2 1 3

3: If any two rowsor columnsa determinant identicalor sa

P

Ex A

Let B

P

−

−

= = −

− −

= − =

− −

− me then the valueof the determinant

vanishesor zero.

1 2 3

: 1 2 3 0

2 1 3

: f all theelements of a row or column of a determinant are zero then the valueof thedeterminant

is zero.

0 0 0

Ex: 1 2 3 0

2 1 3

: f two rowsor columnsof a d

Ex A

Note I

A

Note I

= =

− −

= =

− −

eterminant are proportional then the valueof thedeterminant is

zero.

4 2 6

: 1 2 3 0

2 1 3

4 : If each element of a row or column of a determinant be multiplied bya constant k then the

determinant is also multiplied by thesameconstant

Ex A

P

− −

= =

− −

−

k.

 

( )

2 3 2

: 1 2 3 37

2 1 3

2 3 2

1 2 3 37

2 1 3

Ex A

k k k

Let B k k A

−

= = −

− −

−

= = − =

− −
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1 1 2 2 3 3 1 2 3

1 2 3 1 2

1 2 3

5 : If each element of a row or column of a determinant be thesumor differenceof twoor more terms

then thedeterminant can beexpressed as thesum or differenceof twoor moredeterminant.

:

P

a a a a a a

Ex A b b b b b b

c c c

  

−

+ + +

= =

1 2 3

3 1 2 3

1 2 3 1 2 3

6 : If each element of a row or column of a determinant beincreased or decreased bya constant

multipleof thecorresponding elements of another row or column then the valueof thedeterminant

remains unchang

b b b

c c c c c c

P

  

+

−

1 2 3

1 2 3

1 2 3

1 1 2 2 3 3 1 2 3 1 2 3 1 2 3

1 2 3 1 2 3 1 2 3 1 2 3

1 2 3 1 2 3 1 2 3 1 2 3

ed.

:

0

a a a

Ex A b b b

c c c

a kc a kc a kc a a a kc kc kc c c c

B b b b b b b b b b A k b b b A A

c c c c c c c c c c c c

=

+ + +

= = + = + = + =

 

 

( ) ( )
11 12 13

21 22 23 11 11 12 12 13 13 11 11 21 21 31 31

31 32 33

: using row using column

a a a

Note If A a a a then A a c a c a c or A a c a c a c

a a a

= = + + = + +  

 

11 12 13

21 22 23 11 21 12 22 13 23

31 32 33

: 0

a a a

Note If A a a a then a c a c a c

a a a

= + + =  

( )

( )

( )

Method for evaluating a determinant

Weshould always try to make maximum number of possible zeros in anyone row or column.

It is possible by using

1 propertiesof determinant.

2 Row to Row addition or subtraction.

3 column to column addition

( )

or subtraction.

4 Anyother method
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( ) ( ) ( )

( ) ( ) ( ) 

( ) ( )

1 1 2 2 3 3

1 2 3 2 3 1 3 1 2 1 2 3

1 2 3

1 1 2 2

Applicationsof determinants

: , , , ,

1 1 1
1 1

2 2

: points , , ,

Area of a triangle Thearea of a triangleof whose vertices are x y x y and x y is

givenby x y y x y y x y y x x x

y y y

conditionof collinearity Three x y x y and

 = − + − + − =

( )

( ) ( ) ( ) 

3 3

1 2 3 2 3 1 3 1 2 1 2 3

1 2 3

,

1 1 1
1 1

0
2 2

x y are said tobecollinear if

x y y x y y x y y x x x

y y y

 = − + − + − = =

 

Cramer’s Rule : 

Solution for two unknowns:The solution of two variables x and y of two linear equations 𝑎1𝑥 +

𝑏1𝑦 = 𝑐1 and 𝑎2𝑥 + 𝑏2𝑦 = 𝑐2 then 𝑥 =
𝐷1

𝐷
 𝑎𝑛𝑑 𝑦 =

𝐷2

𝐷
. 

Solution for three  unknowns: The solution of two variables x and y of two linear equations 

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1𝑧 = 𝑑1 ,𝑎2𝑥 + 𝑏2𝑦 + 𝑐2𝑧 = 𝑑2  and 𝑎3𝑥 + 𝑏3𝑦 + 𝑐3𝑧 = 𝑑3 then 𝑥 =
𝐷1

𝐷
 , 𝑦 =

𝐷2

𝐷
 𝑎𝑛𝑑 𝑧 =

𝐷3

𝐷
. 

Consistent: A system of linear equation is said to be consistent if it gives a solution. 

Ex:2𝑥 + 3𝑦 = −1 𝑎𝑛𝑑 𝑥 − 3𝑦 = 2 

Inconsistent: A system of linear equation is said to be inconsistent if it gives  no solution. 

Ex:2𝑥 + 3𝑦 = −1 𝑎𝑛𝑑 4𝑥 + 6𝑦 = 2 

Rules for consistency and inconsistency:(For Three unknowns) 

We have 𝑥 =
𝐷1

𝐷
 , 𝑦 =

𝐷2

𝐷
 𝑎𝑛𝑑 𝑧 =

𝐷3

𝐷
. 

1.If 𝐷 ≠ 0 then the system of equations are consistent and gives unique solution. 

2. If 𝐷 = 0, 𝐷1 = 0, 𝐷2 = 0 𝑎𝑛𝑑 𝐷3 = 0then the system of equations are consistent and gives Infinite 

number of solutions. 

3. If 𝐷 = 0,  and at least one of  𝐷1, 𝐷2 𝑎𝑛𝑑 𝐷3 is nonzero then the system of equations are inconsistent 

and gives no solutions. 

Note: Same rule we can apply for two unknowns 
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Ex: Evaluate  |
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

−𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃
| 

Ex: Evaluate (a) |
2 33
4 −25

|,(b)  |
1 𝑤

𝑤2 1
|,(c)  |

𝑠𝑒𝑐𝜃 𝑡𝑎𝑛𝜃
𝑡𝑎𝑛𝜃 𝑠𝑒𝑐𝜃

|,(d) | 𝜔6 𝜔4

−𝜔6 𝜔5| , 𝜔3 = 1 

Ex: Find the maximum value of |
1 + 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

−𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃
| 

Ex: Solve |
𝑥 3
3 𝑥

| = 0 

Ans: |
𝑥 3
3 𝑥

| = 0 

⇒ 𝑥2 − 9 = 0 ⇒ 𝑥2 = 9 ⇒ 𝑥 = ±3 

Ex: Solve |
𝑥 + 1 −2

1 3
| = 3 

Ex: Evaluate (a) 

2 1 3

1 0 0

2 4 2

−

−

   (b) 

1 0 0

2 3 5

4 1 3

,(c) 

6 0 0

3 5 7

2 8 11

−

− . 

Ex: Prove that 

2

2

2

1

1 0

1

 

 

 

=  

Ans: 

( )

2

2

2

1 1 2 3

2 2 2

2

1 2 3 1

2

2 2

2

1

1

1

1 1 1

1 ( , , )

1

0 0 0

1 1 0,

1

0

R R R R

After adding theelements of R R R then replace R

you knowincomplex number

 

 

 

     

 

 

   

 

→ + +

+ + + + + +

=

= + + =

=

 



    DETERMINANTS          KIIT Polytechnic,BBSR 2020 
  

[Type text] Page 7 
 

Ex: Prove that ( )( )( )
2 2 2

1 1 1

a b c a b b c c a

a b c

= − − −  

Ans: 

( )( ) ( )( ) ( )( )( ) ( )( )( )

( )( ) ( ) ( )  ( )( )( ) ( )( )( )

( ) ( )( )

2 2 2

2 2 1 3 3 1

2 2 2 2

2 2 2 2 2

2 2 2 2

1 1 1

,

1 0 0

1 0 0

Taking common -sign from b-a and c-b then you will get theanswer

a b c

a b c

C C C C C C

b a c a
a b a c a

b a c a
a b a c a

b a c a c a b a b a c a c a c a b a b a

b a c a c a b a b a c a c b a b b c c a

→ − → −

− −
= − − = − +

− −
− −

= − − − − − = − − + − − − +

= − − + − + = − − − = − − −
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Ex: Prove that ( )( )( )( )2 2 2

a b c

a b c a b b c c a ab bc ca

bc ca ab

= − − − + +  

Ans: 

2 2 2

1 2 3

2 2 2

3 3 3

3

2 2 2 2 2 2

3 3 3 3 3 3

2 2 1 3 3 1

2 2 2 2 2

2 2 2 2

3 3 3 3 3

3 3

, ,

1

,

1 1 1 1 1 1

1

1 0 0

a b c

a b c

bc ca ab

Multiply a inC binC c inC and divideabc

a b c

a b c taking common abc fromC
abc

abc cba abc

a b c a b c
abc

a b c a b c C C C C C C
abc

a b a c a
b a c a

a b a c a
b a c

=

= = → − → −

− −
− −

= − − =
−

( )( ) ( )( )

( )( )( )( ) ( )( )( )( )

( )( ) ( )( ) ( )( ) 
( )( )( )

( )( )( ) ( )( )

3 3

2 2 3 3 2 2 3 3

2 2 2 2

2 2 2 2

2 2 2 2 3 2 2 2 2 3

2 2 2 2

0 0 (expand it by using row3)
a

b a c a c a b a

b a b a c a c ca a c a c a b a b ab a

b a c a b a c ca a c a b ab a

b a c a bc abc a b ac a c a cb abc ca ab a b a

b a c a bc ac cb ab b a c a bc

− +
−

= − − − − −

= − + − + + − − + − + +

= − − + + + − + + +

= − − + + + + + − − − − − −

= − − + − − = − − ( ) ( ) 
( )( )( )( ) ( )( )( )( )

2 2c b a c b

b a c a c b bc ac ab a b c a b c bc ac ab

− + −

= − − − + + = − − − + +
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Ex: solve 

1 1 1

1 1 1 0

1 1 1

x

x

x

+

+ =

+

 

Ans: 

( )

( )

1 1 2 3

1

2 2 1 3 3 1

1 1 1

1 1 1 0

1 1 1

3 3 3

1 1 1 0

1 1 1

Taking common x+3 from row1 R

1 1 1

3 1 1 1 0

1 1 1

1 1 1

either 3 0 1 1 1 0

1 1 1

since 3 0 3

1 1 1

1 1 1 0

1 1 1

,

1 0 0
0

1 0 0 1 0 0 0
0

1 0

x

x

x

R R R R

x x x

x

x

x x

x

x or x

x

x x

Again x

x

C C C C C C

x
x x

x
x

+

+ =

+

→ + +

+ + +

 + =

+

 + + =

+

+ = + =

+

+ =  = −

+ =

+

→ − → −

 =  − + =  2 0 0

0 3

x

Hence x and x

=  =

= = −

 

Ex: Solve by Cramer’s rule 2𝑥 + 3𝑦 = −1 𝑎𝑛𝑑 𝑥 − 2𝑦 = 3 

Ans: Given equations are  2𝑥 + 3𝑦 = −1 𝑎𝑛𝑑 𝑥 − 2𝑦 = 3 

Here 𝑎1 = 2, 𝑏1 = 3, 𝑐1 = −1, 𝑎2 = 1, 𝑏2 = −2, 𝑐2 = 3 

Let 𝐷 = |
2 3
1 −2

| = −7 
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𝐷1 = |
−1 3
3 −2

| = −7 

𝐷2 = |
2 −1
1 3

| = 7 

𝑥 =
𝐷1

𝐷
=

−7

−7
= 1 𝑎𝑛𝑑 𝑦 =

𝐷2

𝐷
=

7

−7
= −1 

Ex: Solve by cramer’s rule 2𝑥 + 𝑦 + 2𝑧 = 2,3𝑥 + 2𝑦 + 𝑧 = 2 𝑎𝑛𝑑 − 𝑥 + 𝑦 + 3𝑧 = 6 

Ans:  

Let ( ) ( ) ( )

2 1 2
2 1 3 1 3 2

3 2 1 2 1 2 2 5 1 10 2 5 10
1 3 1 3 1 1

1 1 3

D = = − + = − + =
− −

−

 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1

2

3

31 2

2 1 2
2 1 2 1 2 2

2 2 1 2 1 2 2 5 1 0 2 10 10
1 3 6 3 6 1

6 1 3

2 2 2
2 1 3 1 3 2

3 2 1 2 2 2 2 0 2 10 2 20 20
6 3 1 3 1 6

1 6 3

2 1 2
2 2 3 2 3 2

3 2 2 2 1 2 2 10 1 20 2 5 10
1 6 1 6 1 1

1 1 6

10 20 10
1, 2, 1

10 10 10

D

D

D

DD D
x y x z x

D D D

= = − + = − + − = −

= = − + = − + =
− −

−

= = − + = − + =
− −

−

−
= = = − = = = = = = = =
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  Questions carrying 2 marks 

1. Find the value of     |
5 −2 1
3 0 2
8 1 3

| 

Ans :7 

2. Find the value of      |
𝑠𝑒𝑐𝜃 𝑡𝑎𝑛𝜃
𝑡𝑎𝑛𝜃 𝑠𝑒𝑐𝜃

|     

Ans : 1 

3. If   |
1 0 0
0 1 0
0 0 1

| = |
0 0 1
0 1 0
𝑥 0 0

|, then find the value of  x    

Ans : x = -1 

4. Find the minimum value of    |
𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥

−𝑐𝑜𝑠𝑥 1 + 𝑠𝑖𝑛𝑥
|     where  Rx   

Ans: 0    

5. Find the maximum value of   | 𝑠𝑖𝑛2𝑥 𝑠𝑖𝑛𝑥. 𝑐𝑜𝑠𝑥
−𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑥

|     where Rx       

Ans : 1      

6. tdeterminantheofvaluethefindunity,ofrootcubetheisωIf     |
1 𝑤 𝑤2

𝑤 𝑤2 1
𝑤2 1 𝑤

|            

Ans :  0    

7. Find the value of the determinant        |
1 1 1
1 1 1
1 1 1

|                                         

Ans :  0   

8. If   |
𝑎 𝑏 𝑐
𝑏 𝑎 𝑏
𝑥 𝑏 𝑐

| = 0  , then find  x 

Ans : x=a  

9. Solve   |
4 𝑥 + 1
3 𝑥

| = 5           

Ans : x=8 
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10. Solve   |
2 −3
4 3

|=|
𝑥 1

−2 𝑥
|  

 Ans : 4  

Questions carrying 5 marks 

1. Solve    |
1 + 𝑥 1 1

1 1 + 𝑥 1
1 1 1 + 𝑥

| = 0        

Ans: x=0 or x= -3 

2. Solve    |
𝑥 + 𝑎 𝑏 𝑐

𝑏 𝑥 + 𝑐 𝑎
𝑐 𝑎 𝑥 + 𝑐

| = 0  

Ans: x= ( ) cabcabcbacba −−−++++− 222or  

3. Solve    |
𝑥 𝑎 𝑎
𝑚 𝑚 𝑚
𝑏 𝑥 𝑏

| = 0         

Ans: bxax == or  

4. Solve    |

𝑥 + 1 𝑤 𝑤2

𝑤 𝑥 + 𝑤2 1

𝑤2 1 𝑥 + 𝑤

| = 0  where ω is cube root of unity. 

 Ans: x=0 

5. Prove without expanding that   |

𝑏𝑐 𝑎 𝑎2

𝑐𝑎 𝑏 𝑏2

𝑎𝑏 𝑐 𝑐2

| = |

1 𝑎2 𝑎3

1 𝑏2 𝑏3

1 𝑐2 𝑐3

| 

6. Prove that        |

1 1 1

𝑎 𝑏 𝑐

𝑎2 𝑏2 𝑐2

| = (𝑎 − 𝑏)(𝑏 − 𝑐)(𝑐 − 𝑎) 

7. Prove that        |

1 1 1

𝑥2 𝑦2 𝑧2

𝑥3 𝑦3 𝑧3

| = (𝑥 − 𝑦)(𝑦 − 𝑧)(𝑧 − 𝑥)(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) 
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8. Prove that        |

𝑥 𝑦 𝑧

𝑥2 𝑦2 𝑧2

𝑥3 𝑦3 𝑧3

| = 𝑥𝑦𝑧(𝑥 − 𝑦)(𝑦 − 𝑧)(𝑧 − 𝑥) 

9. Prove that        |

𝑥 + 𝑎 𝑏 𝑐

𝑎 𝑥 + 𝑏 𝑐

𝑎 𝑏 𝑥 + 𝑐

| = 𝑥2(𝑥 + 𝑎 + 𝑏 + 𝑐) 

10. Prove that         |

1 + 𝑎 1 1

1 1 + 𝑏 1

1 1 1 + 𝑐

| = 𝑎𝑏𝑐 (1 +
cba

111
++ ) 

11. Prove that         |

1 1 1

𝑏 + 𝑐 𝑐 + 𝑎 𝑎 + 𝑏

𝑏2 + 𝑐2 𝑐2 + 𝑎2 𝑎2 + 𝑏2

| = (𝑏 − 𝑐)(𝑐 − 𝑎)(𝑎 − 𝑏) 

12. Prove that         |

𝑎 − 𝑏 − 𝑐 2𝑎 2𝑎

2𝑏 𝑏 − 𝑐 − 𝑎 2𝑏

2𝑐 2𝑐 𝑐 − 𝑎 − 𝑏

| = ( )3cba ++  

13. Solve by Cramer’s  rule: 

(i) 825,94 =+=− yxyx        

Ans: 1,2 −== yx  

(ii) 133,22 =+=− yxyx  

 Ans: 4,3 == yx  

(iii) 1243,7532,1 −=−−=−+=+− zyxzyxzyx  

Ans :
32

15
,

32

53
,

16

35
=== zyx  

(iv) 142,9432,3 −=−+=++=++ zyxzyxzyx  

Ans: 1,1,1 === zyx  

 


